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Thf following volume i=! a sLquel to im tieatise on the 
Ui3(,rential Ciknlus, aod, hke th'it, is wiitten is i text-book. 
The last chnpt^jr bowe^ei, i Kej to the Solution of Diifei-ential 
Equations, maj piove of ser\ice to woikmg matliematiciaus. 

I hi^e used fieelj tliewoiks ot Beitiand, Benjimin Peirce, 
Todhunter, ind Boole , and 1 im much indebted to Professor 
J M Pence foi ciiticisms and su^oestion-, 

I refei ciii'-tiiitlj to mi -noik on the Differentnl Calcuhia 
IS Volume I and fii the sake of nomemeni-e I have added 
Chiptei V of that hook T\hicli ticat« ot Integiition, as an 
ippendix to the pie^ent \olumt, 

V, L BYEHLY, 

CaiibkidoE, 1631. 
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PREFACE TO SECOND EDITION. 



In enlarging my Integral Csileulus I have user] freely 
Schltimilch's " Compeudiuin der Hoheren Analysis," Cayley's 
"Elliptic Functions," Meyer's " Bestimmte Integrale," For- 
syth's " Differential Equations," and Williamson's "Integral 
Calculus." 

The chapter on. Theory of Functions was sketched out and 
in part written by Professor B. O, Peiree, to whom I am 
greatly indebted for numerous valuable suggestions touching 
other portions of the book, and who has kindly allowed me 
to have his Short Table of Integrals bound in with this volume. 

W. B. BYEELY. 
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CHAPTER I. 

SYJIBOLS OF Ol'REATION. 



1. It 19 often convenient to regaiiH a functional sjTnbol as 
indicating an operation to be performed upon tlie es^resaion 
■which is written after the si/ttibol. From this point of view the 
symbol is called a symbol of operation, and the expression writ- 
ten after the symbol is called the subject of the operation. 

Tiius the symbol D, in D,{x''ti) indicates that the operation of 
differentiating with respect to a; is to be performed npon the 
subject (x'y). 

2. If the result of one operation is taken as the subject of a 
second, there is formed what is called a compound function. 

Thus logsina; is a compound function, and we may speak of 
the taking of the logsin as a compound operation. 

S. When two operations are so related that the compound 
operation, in which the result of performing the first on any 
subject ia taken as the subject of the second, leads to the same 
result as the compound operation, in which the result of per- 
forming the second on the same subject is taken as the subject 
of the first, tlie two operations are commutative or relatively free. 

Or to formulate ; if 

the operations indicated by/ and P are commutative. 
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For example ; the operations of partial differentiation with 
respect to two independent variables x and y are commutative, 
for we know that 

D^D^u = D,D^u. (I. Art.197). 

The operations of taking the sine and of taking the logarithm 
are not commutative, for logsinw is not equal to sinlogw. 

4. If f{u±v)=fu±fv 

where u and v are any subjects, the operation/is distributive or 
linear. 

The operation indicated by d and the operation indicated by 
D^ are distributive, for we know that 

d{u±v) = du±dv, 
and that D^{u ±v) = D,u ± D,v. 

The operation sin is not distributive, for sin(M + )i) is not 
equal to sinw + sinu. 

5. The compounds of distributive operations are distributive. 
Let / and F indicate distributive operations, then fF will be 

distributive ; for 

F(u ±v) = Fa±Fv, 
thereforfi fF(u ± v) =f{Fu ± Fv) =fFu ±fFv. 

6. The rf^tit'ion of any operation is indicated by writing an 
exponent, equal to the number of limPS the operation is pier- 
formed, after the ajTnbol of the operation. 

Thus log*iC means loglt^loga*; d^u means d/ldu. 

In the single case of the trigonometric functions a different 
use of the exponent is sanctioned by custom, and =in^i( moans 
(sinw)" and not ain sinw. 

7. If m and n are vihole numbers it is easily proved that 

f"f"u=r'*"u. 
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This formula is assumed for all values of m and n, and nega- 
tive and fractional exponents are interpreted by its aid. It is 
called the law of indices. 

8. To And what interpretation must be given to a zero ex- 
^''"'"'' ^"* m ^ in the formula of Art. 7. 

f''fu^r^~u=r^i, 

or, ilenoting/»w by v, fv = v. 

That is ; a symbol of operation •with the exponent zero lias no 
effect on the subject, and may be regarded as multiplying it by 
unity. 

9. To interpret a negative exponent, lot 

m = —n in the formula of Art. 7. 

If we call fu = V, then f-'v = u. 

If « = 1 

wcget f-^fu^u. 

and the exponent —1 indicates what we have called the anti- 
function of /m. (I. Art. 72.) 

The exponent — 1 is used in this sense even with trigonometric 
fanctions. 

10. When two operations are commutative and distributive, 
the symbols which represent tliem may be combined precisely as 
if they were algebraic quantities. 

For they obey the laws, 

on which all the operations of arithmetic and algebra are founded. 
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For example; if the operation {D^ + D^) is to be performed 
n times in succession on a subject u, we can expand {D^ + D^Y 
precisely as if it were a binominal, and then perform on m the 
operations indicated by the expanded expression. 

= Dill + bDiD,u + ZD^DJ'u + Dy^u. 
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CHAPTER II. 
IJIAGINAEIES. 



11. Ao iraacjinary is usually defined in algebra as the indi- 
cated even root of a negative quaviity, and although it is clear 
that there can be no quaniity that raised to an even power wiU 
be negative, the assumption vi made that an im^nary ;;an be 
ti'sated like any algebraic quantity. 

Imaginaries are first forced upon our notice in connection 
with the subject of quadratic equations. Considerii^ the typical 
quadratic ^ . t_ 7, _ a 

we find that it has two roots, and that these roots possess cer- 
tain important properties. For example ; their aura is —a and 
their product is b. We are led to the conclusion that every 
quadratic has two roots whose sura and whose product are 
simply related to the coefficients of the equation. 

On trial, however, we find that there are quadratics having 
but one root, and quadratics having no root. 

For example ; if we solve the equation 

K= — 2a,- + l = 0, 

we find that the only value of x ivliic^h will satisfy it is unity ; 
and if we attempt to solve 

we find that there is no value of x which will satisfy the equation. 

As these results are apparently inconsistent with the conclu- 
sion to which we were led on solving the general equation, we 
naturally endeavor to reconcile them with it. 

The difficulty in the case of the equation which has but one 
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root is easily overcome hy regarding it as having two equal roots. 
Thus we can say that each of the two roots of the equation 

is equal to 1 ; and there is a decided advantage in looking at the 
question from this point of view, for the roots of this equation 
wiU possess the same properties as those of a quadratic having 
unequal roots. The sum of the roots 1 and 1 is minus the co- 
efficient of X in the equation, and their product is the constant 

To overcome the difficulty presented by the equation which 
has no root we are driven to the conception of imaginaries. 

12. An imaginary is not o, qtiantUy, and the treatment of 
imaginaries is purely arbitrary and eonventiondl. We begin by 
laying down a few arbitrary rales for onr imaginary expressions 
to obey, which must not involve any conti'adiction ; and we 
must perform all oar operations upon imaginaries, and must 
interpret all our results by the aid of these rules. 

Since imaginaries occur as roots of equations, they bear a close 
analogj' with ordinary algebraic quantities, and they have to be 
subjected to the same operations as ordmary quantities ; there- 
fore our riiles ought to be so chosen that the results may be 
comparable with the results obtained when we are dealing with 
real quantities. 

13. By adopting the convention tl^at 

where a is supposed to be real^ we can reduce all our imaginary 
algebi'aic expressions to forms where V— 1 is the only peculiar 
symbol. This symbol V —1 we shall define and use as the sym- 
bol of some operation, at present unknown, the repetition of which 
has the effect of changing the si gn of the subject of the operation. 
Thus in a V^l the symbol V— 1 indicates that an operation 
is performed upon a which, if repeated, wUl change the sign 
of a. That is, __ 

«(V-i)^=-«. 
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From this point of view it would be more natural to write tlie 
symbol before instead of ifter the subject on which it operates, 
(V — l)(i m^tend ol «V — 1 incl this is sometimes done; but 
as the usi^e of mathematicians is overwhelmingly in favor of the 
second form we shill emjloj it merely as a matter of con- 
venience, and lemeral eiing that a is the subject and the V — 1 
the symbol of operat on 

14. The rul s in ac td\ i u i\ th wliich we shall use our new 
symbol are hr^.t 

aV"l + &V^ = (a + 6) V^l. [1] 

In other wokIs, the operation indicated by V— 1 is to be dis- 
tributive (Ait. 4) ; and second, 

„V— l = (V^l)(., [2] 

or our symbol ia to be commutative with the symbols of quantity 
(Art. 3)\ 

These two conventions will enable us to use onr symbol in 
algebraic operations precisely as if it were a quantity (Art. 10). 

When no coefficient is written before V —1 the coefficient 1 
will be undei:9tood, or unity will be regarded as the subject of 
the operation. 

15. Let us sec what interpretation we can get for powers of 
V — 1 ; that is, for repetitions of the operation indicated by the 
symbol. 

(-/^)"=1- (Art. 8), 

{V^l) = = -1, by definition (Art-. 13), 

(■sfZTif^ (V^n)=V^n!= -V^^, by definition, 
(V^T)*--(V^T)^ ^1, 

(V^-l)«=(V^r7)^ =_1, 

and so on, the values V— 1, —1, — V— 1, 1, occurring in 
cycles of four. 
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16, The defluitioii we have given for the square root of a 
ii^;ative quantity, and the mles we have adopted concerning its 
use, enable ns to remove entirely the difficulty felt in dealing 
with a quadratic which does not have real roots. Talfe the 
equation 

9?-2x + b = 0. (1) 

Solving by the usual method, wc get 

a; = 1 ± V^^ ; 

V^^ = 2 V^I, hy Art, 13 [1] ; 

hence i«=l + 2V"^ or 1-2V"^. 

On substituting these results in turn in the equation (1), per- 
forming the operations by the aid of our conventjoas (Art. 14 
[1] and [2]), and interpreting (V— l)^ by Art. 15, we find that 
they both satisfy the equation, and that they can therefore be 
regai-ded as entirely analogous to real roots. We find, too, that 
their sum is 2 and that their product is 5, and consequently that 
they bear the same relations to the coefficients of tlie equation as 
real roots. 

17. An ims^nary root of a quadratic can always be reduced 
to the form a + b V^ where a and 6 are real, and this is talten 
as the general tj-pe of an imaginary ; and part of our work will 
be to show that when we snbjeet ims^naries to the ordinary 
functional opei-ations, all our results are reducible to this tj-pical 
form. 

If two imi^inaries ffl + dV — 1 and c + dV—i are equal, 
a must be equal to c, and h must be equal to cl. 

For we have a + &V— 1 = c + <iV— 1- 

Tlieref ore « - c =(fl-h) V^ , 

or a real is equal to an imaginary, unless a — v~0 = d — b. 

Since obviously a real and an imaginary cannot be equal, it 
follows that a = c and & = d. 
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IMAGINARIES. 



18. We have defined V — 1 as the symbol of an operation 
whose repetition changes the sign of tlie subiert 

Several different mterpietations of this opeiation have been 
suggested, and the following one, in wliich every imaginary is 
gi'aphically represented bj the position of i point in a plane, is 
commonly adopted, and is found exceedinglj useflil in suggest- 
ing and interpreting relations between dilfeient imaginaries and 
between imaginane? and leal^ 

In the Oaiculiis of ImarfmariPt, a + & v — 1 is taken aa the 
general sj'mbol ot qnantitj . If 6 is equal to zero, a + 6 V — 1 
reduces to a, and is real ; if , a is equal to zero, a + ft V — 1 re- 
duces to 6 V— 1, and is called a pure imaginary. 

a + 6 V — 1 is represented by the position of a point referred 
to a pair of rectangular axes, as in analytic geometry, a being 
talicn as the abscissa of the 
point and 6 as its ordinate. 
Tlins in the flgui-e the position 
of the point P represents the 
ims^inary a + b V — 1 . 

If & = 0, and our qaantity is 

real, P will lie on the axis of 

X, whvch on that account is 
called the ffiBiso/reoJs; if «=0, 
and we have a pure imaginary, 
P will lie On the axis of Y, 
which is called the axis of pure vmaginaries. 

It follows from Ai't. 17 that if two imaginai-ies are equal, the 
points representing them wiU coincide. 

Since a and aV — 1 are represented by points equally distant 
from the origin, and lying on the axis of reals and the axis of 
pure imaginaries respectively, we may regard the operation 
indicate<l by V— 1 as causing the point representing the subject 
of the operation to rotate about the origin through an angle of 
90". A repetition of the operation ought to cause the point to 
rotate 90° further, and it does ; for 

„(V^)> — a, 
and is represented by a point at the same distance from the 
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origin as a, and lying on the opposite side of the origin ; again 
repeat the operation, 

and the point has rotated 90° furtliei- ; repeat again, 

<.(V^l)' = a, 

and the point has rotated through 360°. We see, then, that if 
the subject is a real or a pure imaginary the effect of perfonning 
on it the operation indicated by V — 1 is to rotate it about the 
origin tlirough the angle 90°. We shall see later that even when 
the subject is neither a real nor a pure imaginary, the effect of 
operating on it with v — 1 is still to produce the rotation just 
described. 

19. The sum, the product, a nd t he quotient of any two imagt- 
naries,ffl + &V — 1 and c + dV — 1, are ims^inaries of the typi- 
cal form. 

a + ftV^T + c + clV3i ^a + c + (h + d)^^l. [1] 

(a + &V^l) (c + d-\r-i)^aG-'bd+ (ho + ad)-^r-i. [2] 

c+d-^j-l~ (c+fiV^) (c-dV^) '=' + f*' 

ac + M he -ad j— 

All these results are of the form jI + BV— 1- 

20. The graphical representation we have suggested for 
imaginaries suggests a second typical form for an imaginary. 
Given the imaginary' 'x-\-y\l ~\, let the polar coordinates of 
the point P which represents x-^y V — 1 be r and ^. 

r is called the moO/ulua and ^ the argument of the imaginary- 
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The figure eniibles us to establisii veiy 
simple relations between x, y, r, and i^. 





[1] 


^=taii-^|. 


m 


+ y'J^ = r cos ^+(-J^)rsm<j> 




= r(cosi^+V^.sinc^), 


[3] 



wliei'G the imaginary is expressed in terms of its modulus and 
argument. 

The value of r given by our formulas [2] is ambiguous in 
sign ; and <}> may have any one of an infinite number of values 
differing by multiples of «■. In practice we always talse the 
positive v^ue of r, and a value of * which will bring the point 
in question into the right quadrant. In the caae of any given 
im^nary then, r can have but one value, wbile may have any 
one of an infinite number of values differing by multiples of 25r. 

The modulus )■ is sometimes called the absolute value of the 
imaginary. 



(1) Find the modulus and argument of 1 ; ofV — 1; of —4; 
of — SV^; of3+3V^^; of2+'lV^I; and express each of 
these quantities in the form r(cos</.+V — 1. sin^). 

(2) Sliow that every positive real has the ailment zero; 

everj' negative real the ailment tt ; every positive pure imagi- 

narj' the argument - ; and every negative pui-e imaginary the 

argument?^. 
2 

21. If we add two imagiuaries, the modulus of the sum is 
never greater than the sum of the moduli of the given imagi- 
naries. 
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The sura of a + &V^ aiid e +d-V^rT jg «. + c + (b+d)-'J^-i. 
The modulus of this sum is V(a + c)" + (i' + d)^; the sum of 
the moduli of a+&V^aud c +d-\f—i is V a* + 6" ■fVc' + d". 
"VVe wish to show that 

the sign -< meauing " equcd to or less than." 

Now -sJjoTcy + W+W -< V'c?T^+ V"?+~rf^, 

if (a + c)^ + (6 + (Z)^ -<«,= + J« + 2V(HM^(<^ + cO +c' + '*S 



that is, if cK + hd -< Wal'c' + a^d^ + b''c^ + b^<f ; 

or, squariug, if 

a^c* + 2 abed + ^I'd^ -< aV + crcP + 6V + b^d^ ; 

or, if -< (acl — ^c)'^. 

This last result is neeessai'ily ti'ue, as no veal can havii a 
square less than zei-o ; hence our proposition is established. 

22. The modvl-us of the product of two imaginaries is the 
product of the moduli of the given imaginaries, and tJie argument 
of the product is the sum oftlie arguments ofth^ imaginaries. 

Let us muitiplj' 

)i{eosi^i+V^.sini^i) by roCcos^.+V-T. siu./.^) ; 
we get 

'■j»'s[co8^iCOSi^2— sin^^iSiui^j+V— l(8ini^iCOs^2+'^os<^iSin^s)], 
cos ipi cos ^3 — sialyl sin <j>2 — cos (4>j, + ^2) 1 
sin 1^, cos 1^3 + cos i/)i sin ^2 = sin (^1 + 1^3) 
bj' Trigouometiy ; hence 

r^ (cosi^i + V — ) . sin ^i) r^ (cos 1^1 + V — 1 ■ sin t^^) 
= fi)-3[cos(^i+ 0,) + V^. siu(0i + ./.O], 
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and our result is in the typical form, r^rs being the modulus and 
<^i + ^2 the ailment of the product. 

If each factor has the modulus unitj-, this theorem enables us 
to construct very easily the product of the im^inaries ; it also 
enables us to show that the interpretation of the operation V — 1 , 
suggested in Art. 18, is perfectly general. 

Let ws operate on any imaginary subject, 

)-(eos^ + V^.sin^), with V^, 

tliatis, with 1[ cos^ + V— 1-aio^j. 

The modulus r wUI he unchanged, the ai^ument <^ will bo in- 
creased by -, and the effect will be to cause the point repre- 
senting the given imaginary to rotate about the origin tlirough 
an angle of 90°. 

23. Since division is the inverse of multiph cation, 
ri(cos^i + V — I. sini/ii) s- T2(eosi <l>.2 + V— l.sim^) 
will be equal to 

;^ [cos {<S>i - <!•■,) + V^I. sin (^, -<S>2)], 

since if we multiply this by ri(Gos4,2+ V — l.sin^^), according 
to the method established in Art. 22, we must get 

7-,(cos^, + V^.8in^,)- 

To divide one imaginary hy another, we have tlten to take the 
quotient obtained by dividing the modulus of the first by the 
modulus of the second, as our required modulus, and the argti- 
vnent of the first minus the argument of the second as our new 



24. If we are dealing with the product of n equal factors, or, 
n other words, if we are raising r(cos(/)-|- V— l-sin-J)) to the 



y Google 



IKTEGKAL CALCULUS, 



nth power, n being a positive wbole number, we shall liave, by 
Art. 22, 

[r{cos^ + V^.8in<^)]" = r"(cosii^ + -'/^.3in?t^). [1] 

If r is unity, we have merely to raultiply the ai^uraent by n, 
without changing the modulus ; so that in this case increasing 
the exponent by unitj- amounts to rotating the point represent- 
ing the imaginar;' through an angle equal to ^ witbout chaining 
its distance from the origin. 

25. Since extracting a root is the inverse of i-aising to a 
power, 

V[r(cos^ + V^.sin,^)] = ^(cos| + V^.sin^); [1] 

for, by Alt. 24, 

|^^cos^+ V^.sin^)]" = r (cos* + -J'~l. sm*). 



Sliow that Art. 24 [1] liolds even when n is negative or 
fractional. 

26. As the mfdnlas of evpi-y quantity, positive, negative, 
real, or imaginary, ia positive, it is alwa3-s possible to iind the 
modulus of iiny required root ; and as this modulus must be real 
and positive, it can never, in any given example, have more than 
one value. We know from algebra, however, that every equa- 
tion of the mth degree containing one iinknown has n roots, and 
that consequently every number must have n nth roots. Our 
formula, Art. 25 [1], appears to give us but one itth root for 
any given quantity. It must then be incomplete. 

We have seen (Art. 20) that while the modulus of a given 
imj^inary has but one value, its argument is indeterminate and 
may have any one of an mfinitt; number of values which differ by 
multiples of 27r. If i^) is one of the&u values, the full form of 



y Google 



CiIAP. II.] IMAGINAEIES. 15 

the imaginary is not r(eo8ii.|, + V^l.sim^), as we have hitherto 
written it, but is 

r[cos(*o + 2m7r) +V'^.sin(^ + 2m;r)], 

where m is zero or any whole' number positive or negative. 
Since angles differing by miiUiples of 2?r have the same trigo- 
nometric functions, it is easily seen that the introduction of tie 
term 2™3r into the ai^ument of an imaginary will not modify 
any of our results except that of Art. 25, whicli becomes 



Vr[cos(,fc+2m»)+V-l.!i 


ii(*, + 2m,)] 


= '^{»e-^^)--^- 


-(t-^)]. m 


Giving m the values 0, 1, 2, 8 .... , n 


-l,..,« + l,su<!oes«- 


ively, we get 




* *i+L', *i+2!5, *5 + ,,^ 


*'+(»-l,^, 



^ + 2^, li^ + — + 27r, 

s of our )ith root 

Of these values the first n, thit is, all except the last two, 
correspond to different points, luii theiefoie to different roots ; 
the next to the last gives the s'^me point as the flrat, and the 
last the same point as the second, \nd it is easilj seen that if we 
go on increasing m we shall get no new points The same thing 
is true of negative values of m. 

Hence we see that every quantity, real or imaginary, has n 
distinct nth roots, all having the same modulus, but with ail- 
ments differing by multiples of — , 

27. Any positive real differs from unity only in its modulus, 
and any negative real differs from —1 only in its modulus. All 
the nth roots of any number or of its negative may be obtained 
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[Art. 27. 



by multiplyiug the «tli roots of 1 or of — 1 by the real positive 
tith root of the number. 

Let us consider some of tlie roots of 1 and of — 1 ; for ex- 
ample, the cube roots of 1 and of —1. The modulus of 1 
is 1, and iU aigument is 0. The modulus of each of the cube 
roots of 1 is 1, and their arguments are 0, -^, and -^; that is, 
0", 120°, and 240". The roote in question, then, are repre- 
sented by the points P,, P^, P^-, in the figure. Their values are 

l(eosO + V^. sinO), 
1(003120" + V^.s!nl20°), 
and l(cos240" + V^T.sin240''), 
or 1, -l + '^V^, -^-^V^. 

The modulus of —1 is I, and its 

argument is tt. The moduhis of tlie 

, and their arguments are -, -+ — , 

iO", 300°. The roots in question, tlien, 

are represented by tlie jwints P^, Pa, 

Pj, ill the figure. Their values are 

i + ^V=i, -1, i--?V^. 

Examples. 
(1) What are the square roots of 
1 and — 1 ? the 4th roots ? the 5th 
roots ? the Ctli roots ? 




cube roots of — 
^ + -^, that is,' 




(2) Find the cube roots of -8 ; the Sth roots of 32. 

(3) Show that an imagioarj- can have no real jith root ; that 
a positive real has two real nth roots if n is even, one if n is 
odd ; tliat a negative real bas one real nth i-oot if n is odd, none 
if n is even. 
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28, Imaginaries having equal moduli, and argumenta diffei'lng 
only in sign, are called conjugate iinaginaries. 

r(co3<(i + V— l.sin^), and r[cos(— i^) + V~l.sin(— <^)], 
or r(eo9^ — V— l.sin^) are conjugate. 

They can be written x + y^ — l and x — y^~l, and we see 
that the points corresponding to them have tiie same abscissa, 
and ordinates which arc equal with opposite signs. 

Examples. 

(1) Prove that conjugate imaginaries have a real sum and a 
real product. 

(2) Prove, by considering in detail the substitution of 
tt + 6 V — 1 and a — b V^ in turn for x in any algebraic poly- 
nomial in X with real coefHcienta, that if any algebraic equation 
with real coefficienta has an imaginarj- root the conjugate of that 
root is also a root of the equation. 

(3) Prove that if in any fraction where the numerator and 
denominator are ratioual algebraic polynomials in «, we substi- 
tute a + bV— 1 and a — b^J — l in turn for x, the results are 
conjugate. 

TranscPniJenli'l Functions uf Imaginaries. 

29. We have adopted a definition of an imaginary and laid 
down rules to govern its uie, that enable us to deal with it, in 
all expressions involving only algebraic operations, precisely as 
if it-were a quantity. If we are going further, and are to sub- 
ject it to transceiulental operations, we must carefully define 
each function that we are going to use, and establish the rules 
which the function must obey. 

The principal transcendental fiinctione are e^, \ogx, and sina;, 
and we wish to define and study these when x is replaced by an 
imaginary variatle z. 

As our conception and treatment of imaginaries have been 
entirely algebraic, we naturally wish to define our transcendental 
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fuBctions by the aid of algebraic functions ; and since we know 
tiiat the ti-anscendental ilinctions of a real variable can be ex- 
pressed in terms of algebraic ftinctions only by the aid of infiaite 
series, we are led to use such series in defining transcendental 
flinctiona of an imaginary variable ; but we must first establish 
a proposition concerning the convergency of a series containing 
imaginary terms. 

30. If the moduli of the terms of a series containing imaginary 
terms form a convergent sems, the given series is convergent. 

Let Mc + M[ -(- Ma + + M„ + be a series containing imagi- 
nary terms. 

Let 

i(o — 7Jo{eos*i,-|- V — 1.8in*o), i!i = fli(eos*i-hV— l.sin^i), &c., 

and suppose that the series iJo+^i-|-7S2 + + 7?, + is 

convergent ; then will the series %>+ Ui+ 11^+ be convergent. 

The series RD + Mi-i- is a convergent series composed of 

positive tenns ; if then we break up this series into parts in any 
way, each part will have a definite sum or will approach a defi- 
nite limit as the number of terms considered is increased in- 
definitely. 

The series mo + mi + Ms + ""-H '^'^'^ ^^ broken np into 

the two series 

JJoCOs*o + -RiCOS*! -1- ^3Cos*2 -h -i- 7?„eos*„ -!- (1) 

and 

V^(-RoSin*o + Bi8in*i-f-ffi!sin*2-H -f-K8in*„+ ). (2) 

(1) can be separated into two pai-ts, the first made up only 
of positive ternis, the second only of negative terms, and can 
therefore be regarded as the difference between two series, each 
consisting of positive terms. Each term in either series will be 

a term of the modulus series 11^ + 11, + Rs + multiplied by 

a quantity less than one, and the sum of n terms of each series 
will therefore approach a definite limit, as n increases indefi- 
nitely. The series (1), then, which is the abscissa of the point 
representing the given imaginary series, lias a finite sum. 
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In tlie same way it may tie shown Ibat the coefficient of V— 1 
in (2) lias a finite sum, and this is the ordinate of the point 
representing the given series. The sum of n terms of the given 
series, then, approaches a definite limit as w is increased indefi- 
nitely, and the series is convei^ent. 

31. We have seen (I. Art. 133 [2]) that 

"^+1+$+$+$+ m 

when a; is real, and that this aeries is convergent for all values of a;. 
Let ua define e', where 2 = a;-f-J/V— 1, by the series 

^-='+i+lT+lT+fi+ __ m 

This series is convergent, for if b = )-(co3 ^ + V— 1. sin<^) the 
scries ^ 

'+I + lT + fT + ¥T + 

made up of the moduli of the terms of [2] is convergent by 
I. Art. 1S3, and therefore the vaiue we have chosen for e' is a 
determinate finite one. 

Write 3! -f-J/V— 1 for a, and we get 

e-wa^l I a'+jV^l I {i=+3-i^lY , (i+!/V^l)' | [3] 

The terms of this series can be expanded by the Binomial 
Theorem. Consider all the resulting terms containing any given 
power of X, say a^ ; we have 

^^ fi I '•'^^'^ I ^-y^'^^^y I- jy^^'^y I +iw^il"+ V 

pV I 2! S! n\ " 

or, separating the real terms and the imaginary terms, 

:^(i^!f + !l-t+ ) 



iV-i(s- 
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or — -(cosy + V — 1- sill w), by I. Art. 134. 

pi 

Giving p all values ft'oni 1 to « we get 

e.^.^'^^(cos;, + V=1.8iny)(l+^ + |^ + ^ + ^+ ) 

= <f(cOsi, + -^~l.smy), [4] 

which, by the way, is in one of our typical imaginary forms. 

If K - 0, in [4] , 

wc get <f-'^ = cosy + '\/—l.&\ny, [5] 

which suggests a new way of writing our tjiDical imaginary; 

Daniely, _ 

r(cos.^ + V-l.sinii>) =re'^-^-'. 

32. We have seen that 

gT+J~/^l^g«gV^^l; 

lot us see if all imaginary powers of e obey the Jaiv of indices; 
that is, if the equation 

8-e- = «"- [1] 

is universally true. 

Let u—Xi + yj"^ — ! and v = X2 + y2-\/ — i., 

then e"= e"^! + !'i ^^ = e»'i{cos!/i + V— 1. sini/O , 
e''^e'^= + !/s~^ = e^.(eos?/2 + V-l.siuya), 

e" e" - e^. e^= [cos (!/, + y^} + V^l . sin (;/i + >/,) ] 
= e^i+=^>[cos(;/i + ;/,)+V^.sin()/, + ;/s)] 

and the fundamental property of exponential functions holds for 
imaginaries as well as for reals. 

Example, 
Prove that «"«" = a""*"" when ri and v are imaginary. 
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Logarithmic Functions. 

33. As a logarithm is the inverse of an exponential, wc ought 
to be able to obtain the logaritlim of an imagiuaij- from the 
formula for 6*+""^'. We see readily that 

whence logs = logr + -i. V — 1 ; 

Of, more strictly, since 

3 = r [cos (^0 + 2)i7r) + V^. sin(</.„ + 2 mn-)], 

log^-log!-+ i<l>o + 2nw) -^~1 [1] 

whore n is any integer. 

If 2 = a: + ?/ V^3, r = yfaF+y^, and <l> = tan"'^ ; 
whence log2 = ilog(s[^ + i/=) + V-l.taii~'^. [2] 

Each of the expressions for log s is indeterminate, and repre- 
sents an infinite nnmber of values, differing by multiples of 

This indeterminateness in the logarithm might have been ex- 
pected a priori, for 

e^'^-^-i = cos27r-(-V^.sin27r=l, by Art. 81. 

Hence, adding 2xV— 1 to tbe logarithm of any quantity will 
have the effect of multiplying the quantity by 1, and therefore 
will not change its value. 



Show that if an expression is imaginary, all its logarithms are 
imaginary ; if it is real and positive, one logarithm ie real and 
the rest imaginai-y ; if it is real and negative, all are imaginary. 
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Trujomm^tric Funciimis. 




34. If z is real, 




31^51 7!^ 


[1] 


byI.Art.134. ^' *' '>' 


[2] 


If 3 = r(cos0 + V^.shi^}, 




the series of the moduli. 





are easily seen to be convei^ent ; therefore if :; is imaginary, the 
series [1] and [2] are convei^ent. "We shall take them as defl- 
nitions of the sine and cosine of an imaginary. 



From tlie formulas of Art. .SI, and from Art. 34 [1] and [2], 

show tliat 

e'-^i = cos2+ V^.sins, 

and e~°^"' — coss — V — l.sinis, for al! values of a. 

85. From the relations 



-'^ eosj+ V— t.si 
J-cosz-V^.si 



[I] 

[2] 



for all values of ^. 
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Let z = (c + y\/^. 

'K^+W-l)=^ _^L 

_ (cosa+V — l.siiia!)e"^+(coa3;--V— l.siiig)e° 

~ 2 ' 

by Art. 34, Ex., 

^cos^^-li^-V^.sm^^^"- [3] 



111 the same waj' it may be shown that 



;.+,V=T)-t!5-»i5+i^=i-"»Hl 



" (cosa; — V— l.siaaje' 



V-l.eosft^— - — [4] 



If J ia real in [1] and [2], wc have 



sin3; = V— !• 

If s = y V— 1, and is a pure imaginary, 

amy V- 1 = — '- — , [5] 

sin y ■sl~\ = '^^^ ■^~\ ; [6] 

whence we see that the cosine of a pure imaginary is real, while 
its sine is imaginary. 
By the aid of [5] and [6], [3j and [4] can be written : 

cos(iC + jV^) =:e08i);cosT/V— 1 — sinasin)/ V— 1, [7] 

sin (a: + 2/ V—T) = sinaicosT/V— 1 + cosMsiny V — 1. [8] 
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Examples. 

(1) From [1] and [2] show that sm^2+ cos^s = 1. 

(2) Trove tiat 

cos (u + v) = cosMeosu- shiKsinu, 
sm{u + v) —sinucosv + cosus'mv, 
where u and v are imaginary. 

The relations to be proved in examples (1) and (2) are the 
fiindamental foraiulas of Trigonometry, and they enable us to 
use trigonometric functions of imaginaries precisely as we use 
trigonometric functions of reals. 

Differentiation of Functions of Iinaginariea. 

36. A function of an imaginary variable, 

is, strictly speaking, a function of two independent variables, 
X aud y ; for we can change % by changing either x or y, or both 
X and y. Its diiferential will usually contain dx and dy, and not 
necessarUy dz \ and if we divide its differential by (fe to get its 
derivative with respect to z, the result will generally contain -^, 
which will be wholly indeterminate, since x and y are entirely 
independent in the expression x + ysl—l. It may happen, 
however, in the case of some simple functions, that dz will appear 
as a factor in the differential of the function, which in that case 
will have a single derivative. 

37. In differentiating, the V^l may be treated like a con- 
atant; for the operation of finding the differential of a function 
is an algebraic operation, and in all algebraic operations V— 1 
obeys the same laws as any constant. 
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Example. 
Prove that d {x^ V^) = 2x V"^ . dx ; 

ami that dV^.sinx= 'sP^. coax.dx. 

We have, by the aid of this principle, 
if z^x + y/^1, 

dz=dx + -sr^.dy; [1] 

if s = r {cos 1^ + V^. sin <^) , 

ds = f!c(eos <ii + V^ . sin </,) + 9-(Ji^ ( - sin ^ + V^l . cos *) 
= (dr + )■ V^. di>) (cos ^ + V^. sin >!>) . [2] 

38. Let us now consider the differentiation of e'", e', log^, 
sins, and cos2. 

Let e = r (cos rj> + V^ . sin ^) , 

2" = )-"(eosm<i!) + V^.sinm^), by Art. 24 [1] ; 

dz'^ = 'mj-"-hlr {cos m<li + -J^l.smra<!>) + 7nr'-d'l>{— sin m.<f> 

+V — l.cosm</j), 
cfe" = mj^-' [cos (m- 1) .^ + V^. sin(m-l) ^] {cos0 

+ V^.sio,^)(;i- 
+ mr'"[c08(m-I}<f,+y"l.sin(m-l)<t](cos./. 

+ -\/— 1. sin <li) -J — I. d4>, 
dz'-^^mr-' [cosim-l)<l> + V^_^n (--ft-l) ^] (*■ 

+ rV — l.(J^} {eosi^ + V— 1. sin^;.), 
rfs" = TO3"-'ds, [1] byArt.37 [2], 

f— -■ P] 

and a power of an imaginary variable has a single derivative. 
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39. If z=!a; + !/V^, 

e" = e'(cos?/+V — l.smj(), by Art. 31 [4], 

de' = €fdx{cosy +-^/^^. siny) + e''(—Hiny 

+ V^.coay) dy, 
de' == e'(cQsy + -^ — 1. siny) (da+V— 1. d^), 
de-^^dz, [1] 

Example. 
Show that da''=a'\oga.(M. 

40. If 3 = r(cos^ + V^. sin^), 

logs = logr + 'h V^, by Art. 33, 

_ dr+r-sP^.d'l> 






ilog^ 


f' 




d\o^z 
dz 


_i 








VTi 


sms = 






2V-1 




;.in.= 


e=^=-' + e-' 


■ sZ-l 


2 V-1 






e'^'-f-e-^ 


,^^ 




2 




[siiiE = 


eosa.da. 





[1] 

[2] 
bjArt.S5p], 



by Art. 35 [1], 
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2 2 V-1 

dcosg= — smz.dz. [2] 

42. We see, then, that wc get the same formulas for the dif- 
ferentiation of simple functiona of ims^uariea aa for the dif- 
ferentiation of the corresponding functions of reals. It follows 
that our fonnulas for direct integration (I. Art. 74) hold when x 
is imaginary. 



Hyperbolic Furu^ions. 
43. We have (Art. 35 [5] and [6]) 



cosx\ 



and 




sins^V- 


!-'",'■ 


-^V— 1, 




whert 


h X i 


isreal. ^+r ^ 


2 
is called the hyperbolic cosine 


:0f X, 


and i 


s written eosha; ; and 


'-^i> 


called the hyperbol 


ic sine 


of X, 


and 


13 written sinhai; 












,tah»,=«-i^ 


= - v'^ 


;.sin.t;V^, 


[i: 






cosl,«,-«- + «" 


^^COSfliV 


^. 


[2] 



The hyperbolic tangent is defined as the ratio of sinh to cosh ; 
and the hyperbolic cotangent, secant, and cosecant are the re- 
ciprocals of the tanh, cosh, and sinh respectively. 

These functions, which are real when x is real, resemble in 
their properties the ordinary ti'igonometric functions. 
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44. For example, 



[1] 



for cosh^a; = — ~- — ~ , 

4 

and sinh'^ic = — ' • 

4 

Examples. 

(1) Prove that 1 — tanh^M^secli^ai. 

(2) PrOYe that 1 — etntf k = — cseh^a;. 

(8) Prove that sinh(3! + y) = aiiih3;eo9hj/ + coshccsinh^. 
(4) Prove that cosa(x -i- y) ^^ eoahxco&hy + &inhx8uihy. 



45. 



dsmhx = d 

2 

rfsiuha;= coshic. 



- dx, 



Examples. 
(!) Prove (Icosh3; = ainiia;.^*. 

dtAuhx=a^(A^x.dic, 
detnhiB = — csdh^x.dx, 
dseclix= — seohxU.nh x.dse. 
dcschx = — eschxctnhx.dx. 

46. We can deal with anti-hyperbolic ftinctlons just as w 
anti-trigonometric functions. 
To find dsinh~'a;. 
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COshM= Vl+SiQh=M 


byArt.44[l], 


coshw= Vl +3^, 






[1] 


Examples. 
Prove the formulas 

C^CD-h-^T- ^^ ■ 




Va^-l 




dt&,ah-'x = ^^~. 




d-cch-'^ ^^ 




x^l-x^ 




^c"di-'t- ■'^^ 




x-sjx^+l 




47. The anti-liypei-boiic functions are 


easily expressed as 


logarithms. 




Let M = siuh-'a:, 








yGoosle 



30 INTEGRAL CALCULUS, [Aet. iS. 

as e" is necessarily positive, we may reject the negative value in 
the second member as impossible, aud we have 
e" = a: + vT+^i 

or siuh-i9;-=log(a;+ Vr+a?). [1] 

EXAJIPt,ES, 

Prove the formulas 

cosli"'a;= log(a:+ Va?'— 1). 
tauli 'a; = -^log — ■ — . 

sech-'3;=: logfi + -v A - A- 



csch-' X = log f\ + J\ + l\ . 



48. The principal advantage arising from the use of hyper- 
bolic functions is that they bring to light some curious analogies 
between the integrals of certain iiTational functions. 

From I. Art, 71 we obtain the formulas for direct integration. 

C~=. =««-■». [1] 

f-^ =tan-«. [2] 

From Art. 46 wc obtain the allied formulas : 

f — ^ — = sinh-' X = log(x+ V 1+^) . [4] 

J Vl +3^ 

r-^^ = coBh-'x = \ogix+-^W^l). [5] 

J Vii^- 1 
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/• dx 




= taQh-' fl! = i^ log ii^. 




[6] 


/• dx 




= seeh-'a; = log('l + -^i- 


")■ 


[7] 


Jwr; 


■3? 


/• dx 




— ^=,^l.-l:,-=1no-/'la-. l-l. 


A 


r«i 
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CHAPTER in. 

GENERAL BIETHODS OF INTEGRATING. 

49. We have defined the integral of any function of a single 
variable as the function which has the given /unction for its 
derivative (I. Art. 53) ; we have defined a definite integi'al as 
the limU of the sum of a set of differentials ; and we have shown 
that a definite integral is the difference between two values of an 
ordinary integral (I. Art. 183). 

Now that we have adopted the dilferential notation in place of 
the derivative notation, it is better to regard an integral as the 
inverse of a differential instead of as the inverse of a derivative. 
Hence the integral of fx.dx will be the function whose differ- 
ential is fx.dx ; and we shall indicate it by jfx.dx. In our old 
notation we should have indicated precisely the same function by 
j Jie; for if the derivative of a function is fx we know that its 
differential is fx.dx. 

50. Jtfx is any function whatever of x, fx.dx has an integral. 
For if we eonatmct the curve whose equation is y=fx, we know 
that the area included by the curve, tlie axis of X, any fixed 
ordinate, and the ordinate coiTesponding to tlie variable x, has 
for its differential ydie, or, in other words, fx.dx (I. Art. 51). 
Such an area always exists, and it is a determinate function of a:, 
except that, as the position of the initial ordinate is wholly arbi- 
traiy, the expression for the area will contain an arbitrary con- 
stant. Thus, iiFx is the area in question for some one position 
of the initial ordinate, we shall have 

C fx.dx = Fx + 0, 



fr 



1 arbitrary constant. 
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Moreover, 25*11; + is a complete expression for (fx.dx\ for if 
two functions of a; have the same differentia], they have the same 
derivative with reaiJect to x, and therefore they change at the 
same rate when x changes (I. Art. 38) ; they can differ, then, 
at any instant only by the difference between their initial values, 
which is some constant. 

Hence we see that eveiy expression of tJie form fx.dx has an 
integral, and, except for the presence of an arbitrary constant, 
but one integral. 

51. We have shown in I. Art. 183 that a dejinite integral 
is the difference between two values of an ordinary integral, and 
therefore contains no constant. Thus, if Fx + C is the int^'al 
of fx.dx, 

r fx.dx = Fb~ Fa. 

In the same way we shiill have 



j?-'"-'- 



and we see that a definite integral is a function of the values 
beliueen which the sum is taken and not of the variable with 
respect to which we integrate. 



Cfx.dx = Fa - Fb 



Example. 



Show that I fx.rlx+ I fx.dx = \ fx.di 



52. In what we have said concerning definite integrals we 
have tacitly assumed that the integral is a covMnuous function 
between the values between which the sum in question is taken. 
If it is not, we cannot regard the whole increment of Fx as equal 
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to the limit of the sum of the partial inflnitesiraal increments, 
and the i-easoning of I. Art. 183 ceaaes to be valid. 
Take, for example, f — . 



anci apparently 



J-=j. .<!. = _ = -_, by 



I. Art. 55 (7) ; 



But J -| ought to be the area between the curve y = 
axis of X, and the ordinates corresponding to a; = 1 and c 



-1, 



which evidently is not ~2 ; and we 

see that the fluietion — is discon- 

ar 
tinuous liet-wccn the values x= —I 
and a; = l. 

The area in question which the 
definite integi-al should represent is 
easily seen to be infinite, for 



f^^ 



dx 1 



, and 



X' 



dx 1 



and each of these expressions increases witliotit limit f 
preaches zero. 



53. Since a definite integral is the difference between two 
values of an indefinite integral, what we have to find first in any 
problem is the indefinite integral. This maj' be found by in- 
spection if the ftmetion to be integrated comes under any of the 
forms we have already obtained by differentiation, and we are 
then said to integrate directlj'. Direct integi-ation has been illus- 
trated, and the most important of the forms which can be in- 
tegrated directly have been given in I. Cliapter V. For the sake 
of convenience we rewrite these forms, using the differential 
notation, and adding one or two new forms from our sections on 
hyperbolic functions. 
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Cafdx = — — . 
J M + 1 

J log a 

I tana;, da; = — logcosa;. 
I ctnar.dK^ logsiiia;. 

= sm 'k. 

r__j£_-. = sinh-^a; = log(3; 4- Vr+^) . 
J Vl + ar* 



y Google 



INTEGRAL CALCULUS. [A) 



54. W(i took up in I. Chap. V. the principal d 
preparing a function for integration when it cannot be integrated 
■directly. 

The first of these methods, that of integration hy substitution, 
is simplified by the use of the differential notation, because the 
formula for change of variable {I. Art. 75 [1]), 

j ?(= j uDjiX becoming j udx= I u — dy, 

reduces to an identity and is no longer needed, and all that is 
required is a simple substitution. 

(a) For example, let us find | — Vl + loga;. 
Let l-Hloga; = E; then — = rfs, 

and r^ Vl + loga: = Cz^dz = |3^= |(1 + logic)^. 

When, as in this example, a factor of the quantity to be 
integrated is equal or proportional to the differential of some 
function occurring in the expression, the substitution of a new 
variable for the function in question will generally simplify the 
problem. 

(b) Required | ~ — -^• 

Let 6^ = )/; then e'd3: = dy, 

dx __ e'dx __ dy 

and r ^y = r-^ = tan-'a = tan-V. 

(c) Required j seca^-da. 
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Let z = s\nx; thea dz = cosx.dx, 

/•co^^^r* ^jl 1±»_ bjArt.53, 

I aeefl;.dx = ^log —t— — =logtaDf j + - V 

Examples. 

Prove that (1) i cscx.dx = i\og^^ — — = logtan — 
J 1 + cos;): 2 



(2) C- ^. ^^ =-lcos~'x- 



vnr^ 



vr 

lion: Let 3; = .co3S. 

65. The formula for integration by parts (I. Art. 79 [1]) 
becomes 

I v,dv = uv— I vdii, [I] 

whei] we use the differential notation. It is usert as in I, Chap, V. 

(a) For example, let na flud j a;" log x. da;. 

Let M = log3;, and dv = afdx; 

then du = — , 



J ° n + l ^ Jn + 1 n + l\ ^ n + lj 

(&) Required I a;sin~'ii:.(7a:. 

Let w = sin~'a;, and dv = xdx; 
then du == — ■ ^ : , 
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j Ksin"-'ic.dic = — sm~'a; + i(cos~'a: + 3;Vl —of). 
(c) Required J^^,. 



{l+xy 
then du = (xd" + e)dx = 6^(1 +!i!)rfa;, 






.i8 + -2x 



1) f ^'^— --■■ ^ 

^2) I 3:tan'"^iB.(to = -^ — tan~'a; — ^a;. 

''' Jcl^^^--^^;+^(l3l;r■ 
lation: Th^oyf 2 ax — (^ into the foiin a' — (k— a)'. 
6) Ji±«2|4t = log{« + smj!). 



y Google 



Chap. III.] GENERAL METHODS OF lUTEGEATING. 

^ ' J 1 + COS* 2 

Suggestion : Introduce ~ in place of x. 

(9) j- log (log ^) ^ = loga- [log(log3^) - 1] . 

(10) f^HlZ!£^ = 3tan3 + logco32:, whei-e^ = aiii-^a;. 
J (1— a,-^)i 

(n)r . ; =4,iogu..f;+|\ 

("J 91 C sin i c (Z.r __ _ log(a + &co3J!) 
^ -^Ja + 6cosK~ b 

(13) f- — ^^ . = tan-i (a! + 2) . 
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CHAPTER IV. 

EATIOXAL FRACTIONS. 

56. We shall now attempt to consider systematically the 
methods of integrating various ftiuctions; and to this end we 
shall begin with rational algebraic expressions. Any rational 
algebraiG polynomial can be integrated immediately by the aid of 
the formula 

J n + \ 

Take noxt a nitional fraction, that i~, a fraction nho^e nu- 
merator and denominator are rational algebraic polynomials. 
A rational fraction is p7-qper if it^ mimerator is of lower degree 
than its denominator ; improper if the degree of the numerator 
IB eyual to or greater than the degree of the denominator. Smc-e 
an improper fraction can always be reduced to a polynomial 
plus a proper fraction, by actually dividing the numerator by the 
denominator, we need only consider the treatment of proper 
fractious. 

57- Every proper rational fractiou can be reduced to (lie sum, 
of a set of simpler fractions eacJi of which has a constant for a 
numerator and some povKr of a binomial for its denominator; 
that ia, a set of fractions anyone of which is of the form— — "^r^' 

Let our given fraction be i ■ 



If a, b, c, &c. , are tlie roots of the equation, 



we have, from the Theory of Equations, 
Fx = A{x-a){x~b){x- 
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The equation (1) may iiave some equal roots, and then some of 
the factors in (2) will be repeated. Suppose a occurs j) times 
as a root of (1), b occurs q times, c occurs )■ times, &c., 

then Fx = A{x- a}" {x - 6)' {x - c)' (S) 

CaU A{x - by (x - cY = ^ ; 

then Fx= (x — a)"'^, 



f--^a-^- 



_.._. L ^:z 

Fx {X - a)" 4iX {x - ay <l>x {x- ay <l>x 



. fa 

%■ is a new proper fraction, but it can be reduced 

to a simpler form by dividing numerator and denomioator by 
X — rt, which is an exact divisor of the numerator because « is a 
root of the equation 

fx-J^^x = 0. 

If we represent by f^x the quotient arising from the division 
of fa; _ =^ d,a: by a; — a, we shall have 

fx ^a , Ax 



Fx {x-ay^{x-ay-'<t>x' 

where -M^ is a proper fraction, and may be treated 

preciaeiy as we have treated tlie original fraction. 

/,« 

Heno. £i = *' ,+ -^-f . . 

(a;-o)--',(,j, (,-ay-'^{o,-ay--4,x 

By continuing tliis proeesa we stall get 

fa M M /.-■<■ 



7 + 



jM <i>a f^x_ 



Fx («-»)■ (x-ay-^ (i-n)'- 
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In the same way i- eau be broken np into a set of fractiona 

tj>X 

having (x — 6)', (* — &)'"', &c., for denominators, plus a frac- 
tion wliich can be broken np into fractions having (x—c)', 

(x — c)''' 1 &c., for denominators; and we shall have, in 

the end, 

Fx (a, -a). + (0,-0).-'^ ^x-a^(x^l,y 

where K is the quotient obtained when we divide out the last 
factor of the denominator, and is consequently a constant. More 
than this, K must be zero, for as (1) is identically true, it must 



be true when ai = oo ; but when a; = eo, ^ becomes zei-o, be- 

Fx 
cause its denominator is of higher degree than its numerator, 
and each of tlie fractions in the second member also becomes 
zero; whence K=0. 

58. Since we now know the form into which any given rational 
fraction can be thrown, we can determine the numerators by the 
aid of known properties of an identical equation. 

Let it be i-eqnired to break up -z .^ . , -i-. i'^'^' simpler 

fVactions. ^^ ~ ^ ^* ' 

By Art. 57, 

3x-l _ A BO 

and we wish to determine A, B, and C. Clearing of fractions, 
we have 

3^-l = ^(.r+l) + B0.-l)(^ + l) + (?(^-l)=. (1) 

As this equation is identically true, the coefBcients of like 

powers of x in the two members must be equal ; and we have 

B + C=0, 

^-2C=3, 

A-B + C=-l\ 
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wlience wc find A=l. 



The labor of determining the required constants can often be 
lessened by simple algebraic devices. 

For example ; since the identical equation we start with ia 
true for all values of x, wc have a right to substitute for x values 
that will malie terms of the equation disappear. Take equa- 
tion [1] : 

Qx-l = A(_x + l) + B(x+l){x-i) + G{x-\y-. [1] 
Leta:=l, 2 = 2^, 

yl = l, 
then 2x-2 = B{x-{-l){x-l)-^0{x-\y; 

di\-ide by K - 1, 2 = B {x+ l) + {x~ 1). 

Leta;=l, 2 = 2iJ, 

B=^l, 
then -x+l=C(_x-l), 



ExAjrPLF.s. 

(1) Show that when we equate the coefficients of the same 
powers of 91 on the two sides of our identical equation, we shall 
always have equations enough to determine all our required 
numerators. 

(2) BreaJi up - '"'"' ~ into simpler fractions. 

59. The partial fractions corresponding to any given factor 
of the denominator can be determined directly. 
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Let US suppose that the factor ia question is of the iirst degree 
and occurs but once ; represent it by x — a. 



^tii 



by Art. ; 



Fx 

^— , 



80 that Fx = {x-€C)<),x. 

Clear (1) of fractions. 

f^ = A4a: + {x^a)f,x. (2) 

As (1) is an ideiitica] eqnatioii, (2) will bo true for any value 
ol X. Let x = a. 



-M. 



(3) 



a ixjsnlt agreeing with Art. 57, 

Hence, to find the numerator of the fraction a 
a fador (x — a) of the first degree, we liave merely to strike out 
from the denominator of our origincd fraction the factor in ques- 
tion, and then substitute a for x in the result. 

If the factor of the denominator is of the nth degree, there are 
n partial fractions corresponding to it. Let {x — ct)" be the 
factor in question. 

Multiply (4) by (a: — a)", and represent {x — a^r— by *iB. 
«.« = A + A(x - o) +A,(x - o)" + + A,i.x- o)--' 

+ ?(«-.)-. 
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Dittbrontiate successively both members of this identity, and put 
a; = a after differentiation, and wc get 



^1 


= ^a, 


A, 


= 0'a, 


A, 


-h-' 


A 


-in*" 



(.-1)! 

Although these results forai si complete solution of the prob- 
lem, aud one exceeclinglj' neat in theory, the labor of getting 
the successive derivatives of ^x is so great that it is usually 
easier in practice to use the methods of Art. 58 when we have to 
deal with factors of higher degree than the first. So far as the 
fractions corresponding to factors of the first degi'ee and to the 
highest powers of factors not of the first degree are concerned, 
the method of this article can be profitably combined with that 
of Art. 68. 

fiO. As an example ivhcro tlie mctliod of the last article 
applies well, consider 



Ux-2)(^ + l)i.o 2' 

y{x+i)U 6' 



i(a!_2)(a; + l) 2 
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Again, consider 

1 ^ 1 A 



1 ^v- 






1 + a? 2 a, + V3I 2 s,_V=l 



[2] 



61 . Let ue now consider a more difficult exampie, wliere it 1 
worth while to combine our methods. 
To breali up a^+i 

= (ii+l)(x-i-jV^)(i;-i + jV~3), 

a^' + l x' + l A 

(i-l)<("!' + l) (x-l)'(i! + i){!i!'-x+l) («-!)• 

^(»-l)"^(»i-l)'^J!-l^aj + l^j,_j_jV^ 
+ 2-=- (1 

L(»-l)'("i--« + l)I.-, 24' 

A-f ^±J 1 =1. 

L(«=+i)("^'-«'+i)i.. 

L(i;-l)<(a!+l)(>;-i + iV-8)J..M^ 8 

dJ ^-i =^1 =-1. 

L(«-l)'(i+l)(«-i-iV-S)>!-w-. 3 
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3 _ . 8 _ _ 1 (2it-l) 

Substitute these values aud clear (1) of fractions. 
24{>?+l)=24(a;+l)(a:'-»+l)+24A(a:-l)(>:+l)(i'-^+l) 
+ 21^.(s!-l)'(it+l)(J!'->!+l) + 24J.{j:-l)'(« + l) 
(a?_a,+l) + (a,_l)<(aJ_a:+l)_8(2»,-l)(>!-l» + l)i 

153^-51«'+45x'+63,^-5l3?^H-453!-9= 24^5(3; -1)(3;+1) 
(I-- rr + 1) + 244, (a. - 1)" (a; + 1) («" - O! + 1) + 244. 
(»_l).(« + i)(a;- + j,_I). 

Tile second member of tliis equation is divisible by 
(»-l)(x+l)(j,'-a,+ l), 
therefore the first member must be divisible by the same quantity. 
Divicling, we have 

Leta; = l, -12 = 24^;, 

and we get 

Divide by a^ — 1 ; 

15a; -21 = 24^3 + 24^i(3;-l}. 
Let 3;=!, -6 = 24^3> 

4 
lox-15 = 24At(x-l). 

Divide bya;-l; 15=^24,441 
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Hence 

x^ + l ^ 1 1 1 1 1 . 5 1 

(x-iy(x'+l) {x-iy :i\x-l)^ i'{x-ir 8x~i 

si'sj + i a'a-^-^V-a s'k-i+W"^ 

62. Having shown tliat any rational fl'action can be I'etlucecl 
to a Slim of fractions which always come under one of the two 

forms and , it remains to show that these forms 

(x — a)" x—a 
a be integrated. 



To find C-J^~ 
J (x-ay 



then <h = dx, 

and 

r Adx ^ . C^^^ 1 -^ = 1 A rn 

J(x-ar Jr (n-l)'.»- («_l)'(^._a)'-- L-" 

To find f-i^, 
J X— a 
let 2 = x - a, 

then dz = da;, 

and f-^^ = 'i/'— = ^log^ = Alog{x - a) . [2] 

Turning back to Art, 58 {2) , we find 

r (Sx-i)dx ^ r dx r dx _ r dx i_ 

J (x-iy(x+i) J (x-iy^Jx^i Jx+i~ x-i 

+ log(a;-l)-log(a; + l) = -~l-^ + log|^. 
Turning to Art. 60 (1) , we have 

r (Sx-\)dx ^ , rdx . r dx _ ^ / • dx 

J x{x-2)(x-l) V X V x-2 V x + l 
= ^log:); + tlog(a;-2)-|!og(«+l). 
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63. If imaginary values come in when we breals up our given 
fraction, they will disappear if wo combine our results properly 
after integrating. 

We know (Art. 28, Ex. 2) that if the denominator of our 
given fraction contains an imaginary' factor, {x — a — b V— 1)", 
it will also contain the conjugate of that factor, namely, 
(a! — a + b V— 1)". Moreover, since bj- Art. 59 the mimerator 
of the partial fraction coire spending to {x — a — &V— l)"willbe 
the same rational algebraic function of a + & V— 1 tiiat the nu- 
merator ofthe partial fraction corresponding to (x — a + h-^—iy 
is of n— &V — 1, these two numerators must be conjugate imagi- 
naries bj- Art. 28, Ex. 3. Hence, for every fraction of the 

form — - "*" ^ — — we shall have a second of the form 
(x^a-b^-iy 



(x-a+b^-iy 
C A + B-sf^ 









(«-l) (x-a-b^/-l) 




by Art. 02 


[!]■ 


1 (^I-BV^) 





■> («-a + sV-l)- (.1-1) (st-t 

Let (x~a + t>-^^l)-^' = S+Y-J- 

X and Y bluing real functions of s: ; 

then (3;-a-&V^)"-' = X-rV^ 






-> (i!~f.-sV^)- •> {X 

1 (A + B-J^^l) 1 jA-B V=I) 

^__J j^AX-'iBY) pi 

(«-l)'(i!'-2oj!+o" + 6=)"-'' 

a resnlt which is free from imaginarics. 
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a;— a+fiV-l 

f ^1 + -^V'-J_ (Ix = (4 + B V^l) log (!B - a - 6 V^) , 
by Art. G2 [2], 

log(a; - a - 6 V^ = ilog [{K - a)' + 6=] - V^. tan"' -J—, 

Hence f^ + ^V^ rf^+ r.l--BV^^ 
-* a;-ra-6 V^ -'a:-(i + 6V-l 

= ^log[(a;-«)= + 6^] + 2Btan-i-A., [2] 

which is real. 

The form of [2] eaa bo moclifled by adding a constant. 

^ + tan"' ■ — — = ^ + etn-' 2^^ = - ~ ctn"^ ^^-^^ = tan"' ^-^. 
2 x—a 2 6 2 6 6 

Hence Alog[(x-ay + b'2+-2Bt!xn-'^^^^ [a] 

diifei-s from [2] by the constant Btt, and therefore is a true 
value of r^+W=L,fc+ f-^-t-gy^a.,. 
•^0! — (X-6V^I ^w — fl + 6V— 1 
Turning back to Art. 61 (2) we find 
f "' + ' 111- C ''" if ''»^ 1 r liJ 



= -- i h + - ■ ^— + Slog (a; - 1 ) 

i-^\og(x + l)~ilog(a^~x+l). 
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rational teactions. 
Examples. 



' J(:,^l)(s;-2) ^ ^^-1 

3) f^ = toB-^. 
Jx'+L 

4) r_!^=ji„gi?i=i)i^j_ 

5) f-/!^= I t.„-'5 + ilogi±?. 
^ a* — iK* 2a* M 4a^ a —a; 

6) f '^ = ii„g?f±£±l+_L„„-.2£tl. 



.i2£+l_ 
V3 V3 



3 V2 



Jas' + ji' + l ' "is'+it+l 
•9) f *^ = ! ilog(«-l) 



4(i' + l) 



+ ilog(J?+l). 



E V2 + 1 



Jai' + l 4V2 !t" + a!V2 + l 

+ _5_[tan-K«V2+l} + tan-Ha!V2-l)]. 
2V2 

'Jai'+l 4V2 a^-jiV2 + i 2V2 yi-'-'J 
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CHAPTER V. 

EEDUCTION FOBMULAS. 



64 The method gi\en in the last chipi*i foi the integiitioii 
of rational frattiona is open to the piactical objecticn that it is 
often exceedingly lahoiious In many cises much of the lahor 
can be sa^cd b> making the required integration depend upon 
the nitration of a '■implei form This is usually done hi the 
aid of what is called a reduction formula. 

Let the function to be integi'ated be of the form a;°'"^(a+iw")^, 
where m, n, and p may be positive or negative. If they are in- 
tegers, the function in question is either an algebraic polynomial 
or a rational fraction; if they are fractions, the expression is 
irrational. The formulas we shall obtain will apply to either 

Denote ffl + Sa;" by 3 ; then we want lx'^~^z''dx. 



X™ (to = rfw, and integrate hy parts, 

du —pz"-'' dz — ftn^iC-i EP-' dx, 



This formula makes our integral depend upon the integral of 
an expression like the given one, except that the exponent of x 
has been increased while that of e has been decreased. 

We get from [1], by transptsition, 



J bnp bnpJ 



- — , -- ^dx. 
bnp bnp J 
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Change m + n into m and p—l into p, whence m is changed 
into m—n a,adp into_p+l, and we got 

J bn{p + 1) 6m(f> + 1) J ' l -i 

a fonnula that lowers the exponent of x while it raises that of z. 

Since s = a + bx", 

2"= £"-'(« + 63;''), 
hence 

+ b('x''-^"-''z>'^hlx; 
therefore, by [1], 

Change p into j)-i-l- 

f.--..a. = ig^ _ >(■»+«?+ ») r,...^.,.j». [3] 

J am am J 

Chaise m, into m — ji, and transpose. 

J 6(ni + np) b(m + iip)^ 

We have seen that 

fx^-^z^dx = a Cx-^-'z^-^dx + 6 Cx'''-^''-'z'-^dx, 
and, from [1], 
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hence 

J J np npJ 

r=.-v.te= ""^ +-gL f^-.^-cte. [5] 

J wi + nj3 m + npJ 

Change^ mtop+ 1, aiicl transpose. 

J anip + l) an(p + l)J 

Formula [3] enables us to raise, and formula [4] to lower, the 
exi^onent of x by n without affecting the exponent of z ; while 
formula [5] enables us to lower, and formula [6] to raise, the 
exponent of 3 by unity without affecting the exponent of x. 

Formulas [1] and [3] cannot be used when m = ; 

formulas [2] and [6] cajinot be used when p= —1; 

formulas [4] and [5] cannot be used when m — —vp ; 
for in all these cases infinite values will be brou^it into the sec- 
ond member of the formula. 

65. IfM= 1, s^a + bx, 

and our last four reduction formulas become 

J am am J 

Car-^s'-dx = ^'^ ^^. - ll'^T^l faf-Vdic. [4] 

J 6(m+j3) b(m+p)J 

Caf^-^z''dx = ^:^ + -^^ Cx~-'z'-'dx. [5] 

J m + p m+pJ 

Cor-'z^dx = - ^^-' + '«+J> + l f^-i,^*'dx. [6] 
J a(p + l)^ a{p + l) J 

If m and p are integers, and m>0 and p>0, a repeated use 
of [5] will reduce p to zero, and we shall have to find merely 



"/-' 
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If m<0 and p>0, [B] will enable ns to raise m to 0, and 
then [5} wUi enable us to lower j) to 0, and we shall need 

If m>0 and p<(i, [6] will raise p to -1, and [4] will then 
lower m to 1, and we shall need j — ■■ 

lfm<0 andp<0, [6] will raise pto -1, and [3] will raise 
m to 0, and we shall need j — 

J z J a + bx b 

f ^ = r_i^L_ = - hog " + ^'\ 
J x% J x(a + bx) a x 

Henee, when Jt =1, and m and p are integers, our reduction for- 
mulas always lead to the desired result. 



EXAJrPLES. 



0)/;^ 



--.log: 



a+bx. 



+bx) a' X a'x 2a=a^ Qci'a? iaiC' 

(2) Consider the ease where n = 2, rewriting the reduction 
formulas to suit the C£^e, and giving an exhaustive investi- 
gation. 

^^^ J (« 4- bs^y'^^ibia + b:^y '^ 8ab{ix + bx") 

+ _i_tan^'a.,(^. 
%{ab)i \a 
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CHAPTER VI. 

IRRATIONAL FORMS. 



66. We have seen that algebraic polynomials and rational 
fractions can alwaj's be integrated. When we come to irrational 
expressions, however, very few forms are integrable,.and most 
of these have to be rationalized by ingenious substitutions. 

If an algebraic function is irrational because of the presence 
of an expression of the first degree under the radical sign, it can 
be easily made rational. 

Let f{x, ■\/a + bx) be the function in question. 
Let z=-s/a-\~bx; 

then z" = o + bx. 



Hence j'f{x, ^u+bxyix^'^ffft-Jl^X-'-'dz, 
which is rational and can be treated by the methods of Chapter IV. 
Examples. 

(2) fy(a» + i)-d.^ = "y<'" + *>"' . 
(3)/[«-'%/<"! + i') + V("^ + «)]ite 



-+tV(«+o)'- 
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67. A case not unlike the last is I f(x, Vc + \/a + bx)dx. 



z=^c + Vfl + bx ; 
a" = c + Vn + bx, 
{z''-c)'"^a+bx. 



dx- 



nin{z--cr''z"-'dz 



if(x, Vc + \/« + bx)dx 



(1) Find f— 

•^ V 

(2) 7im-\ f- 



Examples. 



68. If the expression under the radical is of a higlici degree 
than the first the function cannot in general be iitionalized 
The only important exceptional ease is where the function to be 
integrated is irrational by reason of containnig the sijuaie loot 
of a quantity of the second degree. 

Required \f{x, Vtt + 6a; + ca?) dx. 

First Method. Let c be positive ; take out Vc as a factor, and 
the radical may be written V-^l +Bx + 3^. 
Let VA + Bx + x" = x + z, 

A + Bx + a^ = x^ + 2xz + s', 
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^^. _ n^-Bl + A),h 

aud the substitution of these \-al(ies will render the given func- 
tion rational. 

Second Method, Let c he positive ; take out Vc as a fiiotor, 
and, as before, the i-adical may be written V^ + Sx + x'. 
Let '•/A+W+x' = -^A-\-xz; 

A +Bx + x'^A-\-2-JA.m + ^z\ 
2-JA.z-S 

and the substitution of these values will render the given fune- 
tiou rational. 

If c is negative the radical can be reduced to the fonii 
Vj4 + Bx — x", and the method just given will present no 
difficulty. 

Third Method. Let c be positive ; tlie radical will reduce to 
wA -j- Bx + or'. Resolve the quantity under the radical into the 
product of two binomiaA factors {x — a){x — ft), a and fS being 
the roots of the equation A + Bx + i>f = 0. 

Lot ^{x^a){x~ff) = (x-a)z; 

{x-a)ix~^)^(x-ar:^, 
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and the substitution of these values will make the given function 
rational. 

If c is negative the i-adical will reduce to '■J A + Bx~x'', and 
may be written V(a — a;)(a; — /3) where a and ^ are the roots 
<s? a?—Bx — A = 0, and tJie method just explained will apply. 

In general, that one of the three methods is preferable which 
will avoid introducing imaginary constants ; the first, if c > ; 
the second, if e < and — > ; the third, if c < and — < 0. 
If the roots a and (i are imaginary, and A = ■— is negative, it 
will be impossible to avoid imaginaries, for in that case 
A + Bx — x' will be negative for all real values of x. 

69. Let us compare the working of the three methods just 
given by applying them in turn to the example | 



1st. Let ■s/J+dx + ^ = X + z ; 

r dx ^ r 2(a^-3a + 2)& 3-2e ^ TJ 

J V2 + 3^T^ -^ (3-2^)= '^"^3^ + 2 Js- 

= -log(3-22), 
r '^^ — = -log(3 + 2a;-2V-2+3a^ + ar') 



3 + 2x-2^/2 + 3x + x' 






■^2 + Bx + x^ = -^2 + xz ; 
'?~3s + -^2)dz 



r dx _ Ci-J'2.%^~3e + '.j2)dz 1-e^ 

= 2 f_^^=logii|. (Art.53) 
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r dx ^ j^^ a!-v'2 + V2 + 3 



_, a;'4-2a;V2 + 33; + ar' + 2 + 3a; + a!'^-2 
~ ''^ a?+2y2.a; + 2-2-33;-a^ 

_ S+2tB + 2V2 + 3a; + a^ 
~ ^^ 2V2-3 



- Iog(3 + 2a:+2 V2+3^+^) - log{2Va-3) , 
or, dropping the constant log(2^/2 — 3), 

f '^^ - = log(3 + 23; + 2V2 + 33; + a^). (2) 

•^ V2 + 3a; + a:' 



3d. Let V2 + 3 a; + 3^ = V (a; + 1) (a: + ^) = (» + 1 )2 

r_.a__=2 f-^i^^ 1^ = 2 r-^=io 

f-^^ =log ^^^1 V^+l + V^4 



= log- 



\x±2_ ""v^ipi-V^' + a 

+ 1 +2V2+3a;+a!^ + 3! 



* + ! —a; — 2 

= log {3 + 2 ic + 2 V2+^x+~^) + log ( - 1 ) , 

or, dropping the imaginary constant log ( — 1 ) , 

f , '^^ log (3 + 2a; + 2 VTT3F+^) . (3) 

•^ V2 + 3a: + a^ 

Examples. 

/» da; ]_, V-t + ii"^ — ■'j2"-~x ■ 

^ -* J (2+39!)V4^^~4V2 V4+T^+ V2^^ 

(2) J^^^ = log(i + a: + VS^+^). 

(3) r '^"^ = — log f-^ + X ./c 4- Vffl + 6a; + 1^\ 
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70. If the function is irrational through the presence, under 
the radical sign, of a fraction whose unmerator and denominator 
are of the first degree, it can always be rationalized. 



Required |/| 




(h" - ay ' 
and the substitution of these values will nialse the given function 
rational. 

Example. 



71. If the function to be integrated is of tlie form «'"-'{!:( +6a;")'', 
m, n, and p being any numbers positive oi' negative, and one at 
least of them being fractional, the reduction formulas of Art. 64 
will often lead to the desired integral. 



(1) f,,"''",. -!' 



Examples, 



1-vr^ 






^^=-(.„.-..,.^-+-^+».-™-^,-. 



^ 'J <o' + J?)l 3(o" + »?)l 
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72. Wc have said that wlieii an in-ational function contains a 
quantity of a higher degree than the second, vmdei' the square-root 
sign, it cannot o)-dinarUy be integrated. It would be more cor- 
rect to saj' that its integral cannot ordinarily be finitely expressed 
in terms of the flinctions with which we we familiar. 

The integrals of a lai^e class of such irrational expressions 
have been specially studied under the name of Elliptic Integrals, 
They have peculiar properties, and can be expressed in terms of 
ordinary functions only by the aid of infinite series. 
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CHAPTER VII. 

TRANSCENDESTAI, FUNCTIONS. 

73. Ill dealing with the iutegi'atioii of ti'ansc«iideiital functions 
the method of integration by parts is generally the most effective. 

For example. Required | ■^iVogxydx. 
Let « = {loga:)=, 

dv = x.dx ; 

2logx.dx 



J\-<log^)' = "V'S")' _ J'i„tog,.da, = I [(logs,)'- \osx + a. 
Again. Required ie'&lnx.dx. 

dv = e' dx ; 
(I?t = (xisx.dx, 

ies\\i.x.dx = e'sinx— le'cosx.dx, 
I e'cos3;.da: = e'cosa;+ | e'siwx.dx; 

C, . , e"fsiiia; — cosa;) 
whence I e' sin a^. etc = ^ ' i 

C, , e'fsinai + cosfl;) 
and I e'eos3;.rfa:= — ^^ '— 
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ExAMl'LES, 



(1) Jf.-(logai)=<!x=£^ [(log«)'- 



3(lng»)' 
111 + 1 

6 log a: 6 

'^im + rf (,ii+l)-_ 
x.dx _xltys: 



(2)r'^^=^^^^+iog(i-«). 

^ {l — xy J. —as 
(3) Je-V(l ~ «^'"}-'fo^ - ^ [e-V(l - e^"^) + sill-' e- J. 

74. The method of integration hy parts gives us important 
reduction formulas for transcenclental fuuctions. Let iis con- 
sider I ain''x.da!. 

ii — sm'"'x, 
dv = sinx.dx; 
cJu = {n—l)am''~^xcosx.dx, 

I &in"x.dx = — Bm"~^ X cosx + (n ^1) i ain'"^a;cos^a;.d^ 
~ — ain'"'xcoax + {n—l) i {Bm~~^x — sm"x)dx; 

ism''x.dx= sin""^3;cosa! + ^^-^ j sin" -^ a;, da;. [1] 

Transposing, and changing n into n -+• 2, we get 

JBm"x.dx = -sin''+'a;cosa; + ' ■ j sin"+*a!,(ic. [2] 

In lilse manner we get 

j cos"a!.<?a;= - sin a; cos""' a: H j Qos'"'''x.dx, [3] 

icos"x.dx= sin a; cos" "^'3! + " {(Ms^+^x.dx. [4] 

If ?i is a positive integer, formulas [1] and [3] will enable us 
to reduce the exponent of the sine or cosine to one or to aero, 
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and then we can integrate by inspection. If «, is a negative 
integer, formulas [2] and [4] will enable ns to raise the ex- 
ponent to zero or to minus one. In the latter case we shall need 

C-^, or C-^, which have been found in Art. 64 (c) . 
J cosie .J sina; 



(■2) j eos^a:.(Ja! = ^^"^""^ "' f cos'a; + - ) + — (sin x cos x+ x). 
J & \ 4J lb 

(4) Obtain the formulas 

I sinh"a;,da;=-8iLih''"'a;coshK j smh"~''x.dx. 

I sinh"3;,d3!= sinh''+'a;cosh3; ^^ \ sinh''+^3;.dcB. 

J M+1 n+lJ' 

j cosh''«.da!=-8inh3;cosii""^3;H — ^^ | ciosh''~^x.dx. 

I cosh"x.dx= Binh3;cosh"+^3;+ "-- ' j cosh^'''^x.dx. 

J n+1 n+lJ 

,-, r dx , cosh a; ,, coshai— 1 



75. The (sin'^a;}"!^;!! can be integrated by the aid of a reduc- 
tion formula. 



dx = cosz.dz, 
I {sm~^xYdx= lz''cosz.d:s. 
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Let u = z", 

dv = co&z.dz ; 



j s"coss.rf2 = 3"sin3 — )i Is" 'siu^.tfe. 

iz'"^%mz.dz Kun be reduced in the same way, and is equal 
to — 2""^cos2 + (w — 1) i %"~^ cos z.dz; 
hence 
|K"cosK.tfe = s"9inz + )ia"'''cos2 — m(Ji — 1) j s'^'coss.ifo, [1] 

or I {9in"'!u)"die = ce{sin~^a;)"+nVl — a^(sin"^a!)""^ 

-n(»-l)J(8in-'a;)''-=da;. [2] 

If m is a positive integer, this will enable us to make our re- 
quired integral depend upon I da; or isur^x.dx, the latter of 
which forms has been found in {I. Art. 81). 

EXAJIPLES. 

(1) Obtain a formula for I (vers"'a;)"da;. 

(2) r{ain-'a;)*^ = ic[;(sin-i3;)*-4. 3 .{siii-'a;)=+4 .3.2,1] 

+ 4 Vn^sin-'a; [(3in-'a;)=- 3 . 2]. 

76. Integration by substitution is sometimes a valuable method 
in dealing with transcendental forms, and in the case of the trigo- 
nometric ftinetions often enables us to reduce the given form to 
an algebraic one. Let it be rcquii-cd to find | (/sina;) cosx.dx. 
Let 5= sina;, 

dz = eosa;.^^; ; 
I {fs,mx)<xisx.dx= ifz.dz. 
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In the same way we see that 

r{/cosK)smcB.cfx =—Cfz.ds if s= COS at, 

and 

Clf (siux, cosx)'\cosx.dx= I [/(^i Vl— sOlt^ if s=sina;, 

j [/(eosa:, sinic)] a'mx.dx = — i [/(s, Vl— 2^)]rfs if 2=cosa!, 



f fisinx, Qosx)dx= f/(s, Vr:i?l— ^— if s=sia3;, 
./ ^ VI— s^ 

f /(Goaa!, sin3;)d« = - r/(;3, VI3gj__g^_ if 2=cosa;. 
J ^ Vl —a' 

Since any trigonometric function of x may be cxpressec! in 
terms of sina; and cos», the formulas just given enable us to 
make the integration of any trigonometric function depend on 
the integration of an algebraic function, which, however, is 
frequently complicated by the presence of the radical Vl— s^- 

77. A better substitution than that of the last article, when 
the form to be treated does not contain sin* or cosa: as a factor, 
i, . = t.n|. 

This gives us dx = r, 

" 1 +r 



whence if(siax, cosx)dx=2iff- -, -) ^ . [1] 

As an example, let us find \ '■ 

J a + bcosx 
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ffl-?y by I. Art. 77, Ex. 1. 

Hence f ^2— = ^ ^tao-'U/^^^^-tan-Y if a>6. 

78. I 6\d!°!s cQ^'^x.dx can be reairlily found by the method of 
Art. 76 if vh and n are positive integers, and if either of them 
is odd. Let n be odd, then 

cos''3!=cos""'a!eos:i; = (l — 9in^a;)^~cosa;, 
j 9in'"Kcos"a:.d3:= | sin"a(l — 6\.u^x)~^ CQSX.dx. 

Let s=sina!, 

(te = cos3;.(fe, 
I sin"'a!COs"ai.dK= | 3"(1 — 2^}~2"d3, 
which can be expanded into an algebraic polynomial and inte- 
grated directly. 

If m and % are positive integera, and are both even, 
I sin°'a!cos''a;.tl!i; = | ein"a;(l — sin^a;)^^^;. 

Bin"3;(l — sin^a:)^ can be expanded and thus integrated by 
Art. 74 [1]. 

If m or n is negative, and odd, we can write 

cos''3! = cos"~'a;cosK, or sin'°a; = sin"~-'^a! sins;, 
and reduce the function to be integrated to a rational fraction 
by the substitution of 

I sin"'a;cos"3!.cto can also be treated by the aid of reduction 
formulas easily obtained. 
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79. 1 tan^xda: and j - — — can be handled by the methods 
of Art, 78, bot they can be simplified gi'eatly by a reduction 
fojinula. 

We have 

i ta.Wx.dx— its,n''~^xto,n'x.dx= i tan"~''x(sed'x—l')dx 
= I tan"""-a;f!(tana:)— j t3,n"~^x.dx, 

Aan" x.dx = ^^"''"''" - rtau"-=ic.dK ; [1] 

/ dx _ rsee'a; — tap^a; , _ rd (tswa:) _ / * dx 
taii"K J tan"a! J tan''fl; J tan"~^.r' 

r dx 1 r da; p^-, 

J tan" a; (m — l) ta.n"~'a: J tan""^:*! 



) I sin^x cos'x.dx = 
2) I eos'a; VsinS.dfli = 



whence 
and 



CsivPx.dx 
VeoBX 



8) r!ih^^ =^^:;:i^_2cos*^. 

»/< 

) f-*L =_„_!_ + _!_ + 



iii'j; IN 
12 si 



aecK 4- log tan— 

""'" + -log tan-- 



2sio^2 
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■Jb + a + -^IV—li . tan- 



(8)r — ^ — 

(9) f__^_. 
^ 'J b + ABinx 

(10) f ~ = ilog sin- - log cos- + -log(3 + 2 cosa;). 



■^b'-a' V6 + a - Vi- - a . tan^ 



isxdto _5 sin 9! 



—tan [ -tan- 



(11) f_^ _ ...„ , „.„ 

^ V (5 + 4cosie)= 9 5 + 4 0033; 27 ^3 2 

I (d— c) taii- + ii 
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CHAPTER VIII. 



DBiUSITE INTEGRA 



"'SO. In I. Art. 183, a definite integral has been defined as the 
limit of a sum of infinitesimal terms, and lias been proved equal 
to the difference between two values of an ordinary integral. 

"We are now ready to put our definition into more precise, 
arid at the same time more general, form. 

If fx la finite, continuous, and single-valued between the 
values x = a and J; = 6, and we form the sum 



■+U% 



x.^,)M 



where Xi, x^, Xs---x^i are w — 1 successive values of x lying 
between a and b, the limit approached by this sum as n is in- 
definitely ineveased, while at the same time each of the increments 
(xi — a), (Xs — Xi) , etc., is made to approach zero, is the definite 
integral of fx from a to &, and will be denoted by I fx.dx. 

If we construct the eur\e v = fv m lectangaHi co oidm^tes, 
this definition clearly lequiies us to break up the projection on 
the axis of X of the poition of 
the curve between the pomt- 4. 
and -B into n internals to multi 
ply each interval by the ordniate 
at its beginning, and to take the , 
limit of the sum of these pi oducts 
as each interval is indefinitely decreased ; that is, the limit of 
the sum of the small rectangles in the figure, and this is easily 
proved to be the area ABA,B,. 

Now the area ABAiBi, found by the method of I, Chap. V., 
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Therefore Cfx.dx = [ r/a;.da; | - \ Cfx.dx] . [1] 

That is, j fx.dx is the increment produced in | fx.dx by 

changing x from a tab. 

It ia to be noted that the successive increments (x^ — a), 
{Xi — xi), (X3 — SC2), etc., that is, the successive values of dx, 
ai'e not necessarily equal ; and also, that if we multiply each 
interval, not by the ordinate at its beginning, but by an ordinate 
erected at any point of its length, the limit of our sum will be 
unaltered, (v. I. Arts. 161, 149.) 

y 81. It is instructive to And a few definite integrals by actu- 
ally performing the summation suggested in tlie definition 
(Art. 80), and then finding the limit of the sam. 



Let lis divide the interval from a to 6 into n equal parts, and 
call each of them dx. 

Then ndx = b~a. 

Our sum is 
S = ailx-^{a+dx)<lx+{a + 'idx)<.lx-'!- ■•• -\-(a + (_n—l)dx)dx 

= nad^ + (1 + 2 + 3 + ■ - + (» - 1 ) ) rfLe= 

since ndx ~ 5 — a, and the sum of the arithmetical progression 

2 "^ '22 

Hence S= ^^~^' - ^^~^^\ lx. 
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As we increase n indefinitely, dx approaches zei'o, and 
r' ^,,- limit [ 6^ -g^ (b-a)dx -]_!f a' 

(6) C e'dx. 

Let dx = 

Sr= e'dx + e'+^'dx + e-^^^dx + ... +e'*f''-'>^<ix 
= e'-dxll+e'^ + e'^' + e''^ +... +6"-""^] ; 

but 1 + e'^ -}- e^' -\ f-e*"-^'"^ is a geometrical progression, 

and its snm is 

Hence S = ^7' ~ \ ■ ^''^^ = (e' - e") ^^i 

but as dx approaches zero, -^ — - approaches the indeterminate 
form - ; but since the true valve of 

j e'^dx^e'' — e°. 

{c) I cos^x.dx. 

Let dx = -, and let n be an odd number. 

Then 
S = dx + cos*dx- dx + cos^2dx-dx + •■• +cos'(m — 2) dx-dx 

+ co^{n — l)dx-dx 
= dx + cos^dx-dx + coB^2dx.dx + •■■ +cos'(7r~ 2dx) -dx 

+ cos' (tr — dx) . dx 
= dx + cos'dx-dx + cos^^dx-dx'\- cos^ 2 dx-dx 

— cos^dx-dx, 
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since cos {Tr — <j>) = — cos <[>. 

Heuce the terms cancel in pairs, and we have left 

and I co&'x.dx = . ^ a ^^^ = 0- 

(d) C siu^a^.d^. 

Let dx = -^, and let n be an odd number. 

S = sia'Q ■ dx+am^dx- dx+siii'idx- dx -\ \- sin" (n— 2) dx-dx 

+sin^(«— 1) dx-dx 

~Bin''dx-dx+aia" 2dx-dx-\ \-s'm^{^—2dxY1x+Bin''f^—dx\dx 

= siry'dx-dx+sm"2dx-dx+---+cos?2dx-diB+cos^dK'dx, 



Then 


S = dx + dx-i-dx 


noc 


sm^<^+cosV = l 


Therefore 


-I 2' 


id 


i""°'-""i- 


(«) 


£f 



Here it is best to divide the interval between a and b into 
unequal parts. 

Let the valnes i^i, a^, xg---x^_i be such as to form with a and 
b a geometrical progression. 



For this purpose take g = -V--, so that aq" = b. 



-^ 
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Theo the values in questioa are aq, aq^, a(f ■■■ aq''~', aad the 
intervals are a (g— 1), aq(q~l), aq'^{q — 1) ■■■a(f-^{q — 1), 
aud the sum 

^_ '*(g-l) I «g(5'-l) , a9'(g- ^)_)_..._|_'-'g ""'(g -l) 
a uq aq' aq" ' 

= n{q^l). 

To prove our division legitimate we have ouly to show that 
each of our iiit«rval8, a(q—l), a,q(q — l) ■■■ og^-^g — 1), 
approaches the limit zero as n increases iudefiaitelj. Since 



the limiting value of q as n increases must be 1, as otherwise 
'™'' 9" would not he finite. 

Therefore ^^^^ [a<^(5 - D] == ^f^ {a^iq - 1 )] = 0. 
We have then 

ri»s- 1 

limit a, ,. 
since )ilog5 = log-- 



But 



limit 



'« !!^ (g- 1)1 _ log^ ""'''flrJ-l = 

■e I — — logi — log! 



For r?^1 =' - 1=1- 
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Examples. 

(1) Prove by the methods of this article that 

J. log ft 

(2) By the aid of the trigonometric formulas 

C08(9 + C08 2fl + COs3eH h cos (m — 1)9 

= ^fsinM^ ctn^ - 1 - cosjiel, 
s\a$ +sm2e +smSe + — + sm{n-l)& 



prove that C cosx.d^e = siu& — s 


inc., 


and 1 smx.dx =cosa~c 


o.h. 


(3) Show that r\in'x.dx = <}. 




aud that ( cos'^x.dx — -- 

A 2 




tl\ OI,„„ .l.„I- i '„M ,T„. " f' 


■ 


\^ ) KjllOW Lliy.L. 1 X tut, — ^ 


using ths method oi 


Art. 81 (e). 





82. When the Indefinite integral can be found, the definite 
integral | fx.dx can usually be moat easily obtained by em- 
ploying the formula [I] Art. 80, and this can always be done 
with safety when fx is finite, continuous, and single-valued 
between x = a and x=b. 

Of course, if the indefinite integral is a multiple -valued func- 
tion, we must choose the values of the indefinite integral cor- 
responding to a: = d and a; == &, so that they may be ordinates 

of the same branch of the curve ?/ = | fx.dx. 
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Consider, for example, I — — -• The indefluite integral 

( - = 1:An~^9! and tau"^x is a multiple -valued functiou. 

Indeed, j/ = tan~'» is a curve consisting of au infinite number 
of separate branches so related that ordioates eori-eaponding to 
the aame value of x differ by multiples of tt. On tlie branch 
which passes through the origin, when x— — 1, j/=tan~^a;— — - ; 
on the same branch, when a; = 1 , y = tau~' a: = j- On the next 
branch above, when a; = — 1, )/=tan~'iC = — ; and when a;=l, 
y = —■ On any branch, when at=~ 1, )/ = tan~'a;= — ^-f-mr; 

and on the same branch, when iK = 1 , y = -. + mr. 

i 

Hence J|^-tan-'(l}- tan-'(-l) = ^ + ^ = |; 

J"^ dx -n , / T , \ 1! 

-.TT5=J + "''-r! + "'J-2- 

By I fx.dx we mean the limit approached by I fx.dx as b 
is indefinitely increased. 

Examples. 
(1) Work the examples of Art. 81 by the method of Ai't. 8-2. 



''i^\nx.dx 
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(6) Ce-'^dx =i if a>0. 

(7) I e"" siamx.dx! =— — — ^ if a>0. 

(8) f e-"eosmai.*i3! = , " ■■ if «>0. 
(-9) f ^^ = ^ . 

(10) f — -„ = -^- 

83. Wlieii /a^ is finite and single- valued between k = a and 
x — b. but has a finite discontinuity at some intermediate value 

T C fx.dx= Cfx.dx+ C fx.dx, 

re I fx.dx can be found by 



j I [ and tlierefore I 

°r* "> b ^Yt. 82 when the indefinite integral 

ijiB.dse can be obtained; but when fx becomes infinite for 
x = a, or foi x= b, or for some intermediate value x = c, 
special cave must be eserciaed, and some special investigatioQ 
is usually required. 

If fx is infinite when x = a and j fx.dx approaches a finite 
limit as c approaches zero, this limit is what we shall mean by 

X fx.dx; if I fx.dx increases indefinitely aa e approaches 
zero, we shall say that I fx.dx is JDflnite ; and if I fx.dx 
neither approaches a finite limit nor increases indefinitely as e 
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approaches zero, wo shall aay that j fx.dx is indetei'minate. 
It is ia the first oase only that | fxAx can be safely employed 
in mathematical work. 

If fx is infinite when x — b and 1 fx.dx approaches a finite 
limit as e approaches zero, that limit is the value of j fx.dx. 

If fx is infinite when a; = c, and each of the expressions 
j fx.dx and j fx.dx approaches a finite limit as c approaches 
zero, the sum of these limits is j fx.dx. Should either or 
both of the expressions, 

j fx.dx, j fx.dx, 
fail to approach a finite limit as c approaches zero, | fx.dx is 
either infinite or indeterminate, and cannot be safely used. 

Wlien the iodeflnite integral of fx.dx can be obtained there 
is little difliculty in deciding on the nature of | fx.dx in any 
of the cases just considered, or in getting its value when that 
value is finite and determinate. 

For example, 

(«) j ^_ is infinite, since 

J — = loga;andJ^ '^ = log(l) - loge = log-, 
i increases indefinitely as « approaches zero. 

-- is not finite and determinate, (or 



(') fr. 



X'l 



= ilog- 



l+x 



and increases indelinitely a 
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«rv;fc;='- 


lite and determinate, for 




'"1 




,-.«_^'-sin-.0 = sin-. 


and its limiting value as 


« approaclies zevo is ain' 


W r "^,, is finite and determinate, for 




;i-»)'-i(i-x)>, 


J. (!-.)!- = 


'-|.'-t+l, 


and ita limiting value as 


e approaches zero ia 1 — 


r^ xdx 


t-f + }"'+i<% 


and its limiting value a 


s < approaclies zero is 


cousequeiitly 






-l-i-t=-i- 



-f, and 



84. When, as ia sometitnes the ease, the indefinite integral 
cannot be obtained, and the function to he integrated bet-omes 
infinite at or between the limits of integration, it is only neces- 
sary to investigate the limiting value of £f(a + e) as « ap- 
proadies zero if fx becomes infinite when x = a; of e/(6 — t) 
if fx becomes infinite when x = b ; and of both e/(c — «) and 
cf{c -\- f) if fx becomes ioflnite when x = c. If each of the 
values in (Question has zero for its limit, j fx.clx is finite and 
deteiininate, otherwise it v^ infinite or indeterminate. 
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81 



For, ID order that the area EE'B'B should not increase 
indefinitely as £ approaches 
zero, the rectangle AA'E'E, 
whose area is e/(a + £), must 
approach zero as its limit ; and 
the same reasoning holds good 
for the other cases considered 
above. 

Let us apply this test to the ~1) " 
examples considered in Art. 83. 




, , C^O,x . limit re~l 

W in-' ".cause, ^„|_-J. 

(;,) C _^ is indeterminate, for 



limit [ ^ ~ 



limit r c '] _ limit r 1 



.'2"[i-(i+.)-. 



s finite and determinate, for 



limit r € I limit [ t "| _ limit f ^ "1 „ r. 

{d) I is finite and determinate, for 



-oL<i -('-<))'. 



:(i-.) l_;™>«r.!(i-<)]=o, 



mitf" t(l + "]_ limit pj,. , ,,-,_|, 
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[Art. 84. 



Even when, sis in the examples just given, the indefinite 
integral can be obtained, there i^ a decided advantage in using 
the vei-y simple method of this article. For if the application 
of tJie test shows that the definite integral in question is infinite 
or indeterminate, the labor of finding the indefinite integral is 
saved; and if the application of the test proves the definite 
integi-al finite and determinate, it follows that the indefinite 
integral does not become infinite for the value of x which 
makes the given function infinite, and consequently when the 
indefinite integral has been obtained, the method of Art. 82 
can be used without hesitation. 

As an es-ample, where the indefinite integral cannot be ob- 
tained, let ns consider afc some length 



X'('° 



If n is positive, [log-j is continuous and single-valued be- 
tween fl! = and a; = 1, but becomes infinite when a: = 0. We 
must then investigate the limiting valne of tf log-j as t ap- 
proaches zero. 

eflog.-j is indetoi-minate when £ = 0, but its true valv,e is 
easily found to be zero if n is positive, whether n is wliole or 
fractional. For positive values of n, I flog-J da; is, then, 
finite and determinate. 

If n is negative, call 

Then 



is continuoas 

eomes infinite when a 




-valued from x^O to x = l, but be- 
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Ira 

which proves to be ^'"^nf ^—-^ 2- 

'■'"' r;) J 



r' dx_ 



if m<l, this is zero; if m=l, it is 1; and if m>l, it i 



, then, finite and determinate if m < 1, but infinite if m = l 
■ m > 1 ; and we reach the result tbat 



£H)- 



is finite and detenuinate if tj > — 1, but infinite if )i = — 1 or 
)i<-l. 

ESAHPLES. 

(1) Prove that 

Je l—X Ja I —x^ Jo X \^—xJ 

are fiuit« and determinate. 

(2) Prove tliat 
C dx C x^dx 



X". ^^.. , f -fT^^. where m and ii are integers, and 
l-x* Jo l-x''^ ^ 

(3) Find for what values of w j (logo;)"! 



not finite and determlnate- 

dx is finite and 



determinate. 
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(4) Find for wbat values of m and n I s^flog- j dx ■ 



finite and determinate. 



(5) Show tliat I K" -"(l — x)" ^dx is finite and determinate 
if m and n are positive. 



■'X'" 



ax.dx is finite and detenuinate. 



(7) Show that the following integrals are finite and deter- 
minate, and obtain their values ; 




85. It was stated iu Art. 82 that by i fx.dx we mean the 

Xi Jo 

fx.dx as b is in[lefiuitely increased, and, 

as we have seen, if the indefinite integral i fx.dx can be fonnd, 

there is no difficulty in investigating the nature of j fx.dx and 

in obtaining its value if it is finite and determinate. There are, 

however, many exceedingly important definite integrals of the 

form I fx.dx whose values arc obtained by ingenious devices 

without employing the indefinite integral, and these devices 

are valid only provided that the integral in question is finite and 

determinate, since an infinite value not recognized and treated 
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as such, or a value absolutely indeterminate, renders inconclu- 
sive any piece of mathematical reasoning into which it enters. 
If we construct the curve 



->•!>- 



.dx is the limit- 




ing value approached by the 
area^5£iJ,i, as OBi is in- 
definitely inci'eased ; and i 
order that this area should 

be finite and determinate, it is clearly necessary that the area 
BCC,B, should approach zero as its limit as OBi and 0(?, are 
indefinitely increased, however great the amount by which OCi 
exceeds OB^. 

That is, limit p -.5 -1 

must be equal to zero no matter how much more rapidly c in- 
creases than b. 

80. The investigation of the limiting value of | fx.dx, as b 
and c ai'e indefinitely increase'd, is usually made with the aid of 
the following important theorem known as the Moioimum- 
Minimum. TTieorem. 

If a given Junction of x is the product of two functions, one 

of which V does not change its sign between x = a and x = b, 

and i/M is algebraically the greatest and N the least value of the 

other fa<im' u between s = a ami x = b, | uv.ds lies between 

v.dx and N I v-dx. 

To prove this theorem, let us first suppose that v is positive 
between x — a and x — b. Now, M—ii is positive for the 
values of x considered, (M— u)v is positive, and therefore 

('l3I-u)v.dx>0 and MCv.dx> Cuv.d^. (1) 
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w — JV also is positive for all values of a; between x=a and 
x=b, {h — N')v is positive, and therefore 

fill - N)v.dx > and Cuv.dx > nCvAx. (2) 

Hence j uv.dx lies between Mi v.dx and NX v.dx. 

It is easy to modify this proof to meet the case wbere v is 
negative. 

(a) As an example of the use of this theorem, we ivill prove 
I e-^dx finite and determinate. 

e~^ is single- valued, finite, and continuous for all positive 
values of x ; if, then, we can show that | e-'^'dx has the limit 
zero as b and c are indefinitely increased, c remaining greater 
than 6, our proof is complete. 

e-^' can be written a^e-^' . — , and -: never changes its sign. 
a? ir 

As X increases a^e-^^ eventaally decreases, and continues 
to decrease toward zero as x increases indefinitely, as may be 
proved by determining its value for ic = co. 

Hence, eventually the greatest value of x^e~^' between x = h 
tind x=c is If'e-''^, and the least value is c'e-"'.. 
Therefore, by the Maximum -Minimum Theorem, 

I.2_,J r'f^a: r% rs dX^ 2„rf /'=d35 

'"-'ii-f).>£'^"">^'-ii-i} 

As b and e are indefinitely increased, the first and third mem- 
hers oj our last inequality approach the same limit, zero. Con- 
sequently the limiting value of j e-^dx is zero, and 
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j e-'^dx is finite and determinate. 

(b) Let us consider 1 -. da:. 

^"^'^^ is equal to a wheu a:= 0, aud is single-Yiilued, finite, 
and continuous for all positive values of x. 
By integration by pai'ts, 

J X ax aJ sf 

Therefore 

.h X ah ac ajh or 

.,,..,■ , cosflfi , oosac 

As 6 and c ai-e indefimtely increased, — — - and ■ 

•' ab ac 

approach the limiting value zero. 

_ does not change s^n between x = b and a; = c, aud the 
greatest value of eosaw is 1, and its least valae is —1. 
"dx 



TT , C dx C cosax ^ ^ , i"dx 

and the limiting value of | — ^-dx as h and c increase is 

zero. The same thing is true of j dx ; and therefore 

/•■» gin (m; 

I (to is finite and determinate. 

(c) j cos(3;^)da; is finite and determinate. 

For eos(flr') is single- valued, finite, and continuous for aU 
positive values of x\ and it is not dilficult to prove that 
I cos(fl^)(iii; approaches the limit zero as & and c are indefinitely 



increased. 
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The limiting value of ?2^^ _ ^'^t^ . ) as b and c are in- 
creaaediiK^efimtely iszero; and the limiting value of 1^ — ^ — '"^ 
can be proved zero by the method followed in (b) . 

Examples. 

(1) Constiiict tlie curves y — e~''; »/ = ; y = coe{x''). 

(2) Prove that the following integrals are iinite and deter- 
minate : 

X51?-^ . dx, I 51^ . dx, I — -il — — . dx, 

C e-'^'^iioabx-dx, C e-'^x^'^.dx, f e~^~°^'.(Jx, 

(3) Show that j x"e-'.dx is finite and determinate for all 
values of n greater than —1. 



87. When we have occasion to use a reduction formula in 
finding tlie value of a definite integral, it is often worth while 
to substitute the limits of integration in the general formula 
before attempting to apply it to the particular problem. 

For example, let us find | ' ' ■ 

We can reduee the exponent of x by [4], Art. 64, 

r m-1 p^ - x "-"!^*^ a(m-n) r„»-»-i,j^~ 
J'" ''"^''-b(m + np) b{m + np)J 
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For our example this becomes 

J "■ ' -m+1 -m+1 J ^ 

When a; = 0, aud also when k = a, ^"^ (« —wf _ ^^ 

- m + 1 
Hence 

= 5 5 1 flfi f" t?a,- 
6 ■ 4 ■ 2 ■ " Jo Va^"^^' 

Therefore I — -■ ■ =;-■-■-■ 

Jo -4^^? 2 4 6 2 







(2) J, Vo--ie'-to ==j^- 




(3)XVVS^'.*..i-f- 




(4)P(«--rf,'... = l.i.™'. 




(5, /%i„...<,. '-'.'rf;' 


- ■ ^ when « is even, 


_-2.4.6...(n-r 
3. 5. 7. ..TO 


^ when )i is odd. 
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(6) Show that j coa''x.dx= I sin' 
^ ' Jo -/iZI^ 2.4. 6. ..2k 



(8) r^^= 



2.4.G...2n 



< Vr^^ 3.5.7...(2« + l) 
(9) From Ess, 7 and 8 obtain Wallis's formula 
IT 2.2.4.4.6.6.8.8... 



1.3.3.5.5.7.7.9... 

Vl-a;^ Jt, Vl - x' •'" VP^^ 

88. When in finding j fx.dx fhe metliod of integration by 
substitution is used, and y=Fx is introduced in place of x, we 
can regard the new integral as a definite integral, the limits of 
integration being Fa and Fh, and thus avoid the tabor of re- 
placing y by its value in terms of x in the result of the indefinite 
integration. 

Let us find J eWl — e^"' ■ dx. 

Substitute y = &■"'. 

dy = ae'^dx. 

Hence ( e'""^l — e^'".dx = ~i^ll—y^.dy. 

When a! = — CO, !/ = 0, and when k = 0, y=l. 

Therefore ( e'^^ll — <:""■ .dx = - \ s/l —y^.dy= ~- 
J--' "-Jii 4 a 

There is one rather rare class of cases where special eare is 
needed in using the method just described. It is when y has a 
maximum or a minimum value between x = a and x = b, say 
for a; — c, and ic is a multiple-valued function of y. 
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For suppose y a maximum when a; = c, then si 
from atob, y increases to the value Fc, and then decreases to 
the value Fb, instead of simply increasing or decreasing from 
Fa to Fb. If « is a single-valued function of y, and -^{y^dy is 
the result of substituting y for x in fa.dx, 4>y is a single-valued 

function of y, and j^y.dy:^ i^y.dy~\- j ^y.dy, and there is 

no error in using iljiy.dy for j fx.dx. But if » is a multiple- 
valued function of y,'it will always happen that when y passes 
through a maximum, we pass from one set of values of a; to 
another, and therefore from one set of values of (py to another, 
1 that case it is necessary to express our required integral 



IS j -py.dy + I <!>y-dy, taking pains to select the correct set of 

aluca for tjiy in each integral. 

If J/ is a minimum between t 
ame reasoning holds good. 

A couple of examples will ma 



values for tjiy in each integral. 

If ^ is a minimum between tc = « and a; = &, essentially the 
same reasoning holds good. 

A couple of examples will make this clearer. 
x.dx 



-2{a — x) = when a 



^=- 


, and y is 


a maximum when 
x = a±^a''-y. 


x = a 










' 3Va^-j/ 




!=(X to a; 


is positive 
= 2a, dx 


from a; = to a: = 

- '^y and '. 
2-sla?-y 


■-a, and ne; 


f ative from 
'■ — y from 


: = to X 


-a, and 
to x = 2a 


2\/a'-y 


and 


x==a 


; + V; 


i'-y 
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Let v = Bmx + cosx. -^ = co9a! — siiia! = when a; = -- 
dx 4 

— ^ = — sinai — eo833 = ~V2 when x = -- Therefore y has 
cW _ i 

a maximum value v2 when ai = -, 
i 

?/ = sma; + cos3i = V^ .cosf- — as], 

x = COS -^, cte = ± — -^ - ■■ — 

4 V2 V2 - y^ 

Since ^ = and ^ < when a: = ^, it follows tiat ^ is 
dx ax' 4 dx 

positive fi-om cc = to ^ = ^i and negative from a; = j to ic = ^■ 

Hence wo liswe 

X ^ d x _ p dx n dx 

(siQK + cosa^y i)ii {^mx + cosxf J„(8in3: + eosai)^ 

Ji H^^' X^i/W23^ Ji /V2^ 
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Let -^=siue; 



and 






(sma: + 



cos X)- 

Ex AMPLE. 



(1) Show that f ,g|p^^ 



009 Xf 



89. Differentiation of a definite integral. 

We have seen in Art. 51 that a defiuite integral is a function 
of the limits of iTdegration, and not of the variable with respect 
to which we integrate ; that is, that I fx.dx is a function of a 

Jo ,i 

and b, and not a functioa of x. Strictly speaking, I fx.dx is 
a fQuction of a and b, and of any constants that fx niay con- 
tain, where hy cojistaitt we mean any quaatity that is indepen- 
dent of X. 

If the limits a and b are variables, they are always indepen- 
dent of the X with respect to which the integration is perfoi-med, 
which must from the nature of the case disappear when the 
definite integral is formed, as it always may be in theory, fi-oni 
the indefinite integral ; and this assertion holds good even when 
the same letter which is used for the variable with respect to 
which the integration is performed appears explicijly in the 
limits of integration. 

Thus if we write j sina'.(Jj', the x in sin a;. (fa; and the j; which 
if* the upjier limit of integration do not represent the same 
variable, and are eutirely unconnteted. Indeed, the former x 
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may be replaced by any other letter without affecting the value 
of the integral. For 

Let UB now consider the possibility ol' difforcatiating a definite 
integral. 

Required I>„ | /(a.-, a.) dx, where a is independent of x, and 
« and b do not depend upon a. 

We have 

Hence ^-J/i^^ ") '^^ =X'^"^'^'^'^' "^^ '^' 1^'^ 

atld we find that wc have merely to differentiate under the sign 
of iDtegration. 

The truth of the converse of the last proposition can be easily 
established, and we have 

/ Ifj^''' "^'^'^l "^^ ^S.]f^^''' o.jd^ldx, [2] 

or even 

£'\f/i^' a) Ctel da =fJf/(^> «) da'\ dx, [3] 

if a, b, c, and 0, are entirely independent, 

Suppose now that we are dealing with variable limits of 
integration. 
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Let us find flrat 



iJ>'-- 



Let Cfx.dx = Fx, then i'fx.dx=2i^— Fa; and since by 

definition 5^ =>, it follows tliat ^^=fz. 
dx dz 

dzj^ dz 

111 the same way it may be shown that 

|jr/....=~A m 

Let us now taie the most complicated case, Earaely, to find 
— j f{x, a) dx, where a aud & are functions of a. 

Let f-^^^' ") 'i^ = ^(.^'< ") ; 

then u =Cf(^^ ") '^^■^ = ^(&> ") - -^C^i ") ' 

an da da 

but as 6 and a are fuactions of a, 

'Mii-l _ B. ^(S, a) * + a i?(4, „) , 

,„1 *£(i!liO_o_j'(t.,-)^ + Il.Ji-(a,.), 

(la da 

by I. Art. 200. 
D,F{b,a)=f(J,,„), 

D.J?(a, «)=/((., a). 
Henc« I? = D. [F(t, a)~F{a, a)] +/(S, .) £ -/(o, .) ||, 

|_£'/(a;, .) (to =_£(!)./(=!,.)) aai +/(6, a) £ -/(o, .) '|. [6] 
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Examples. 

(1) 4- n'u {X + y)dx = {x+ 1) siD (x^ + p)- siny. 

(2) ^&x = l 

(3) 4XV1- cos .^. (■?<(. = e*Vl -cose*. 

90. ^^ hen tht indefinite integial ciQiiot he found, the [iiob 
lem of (ihtiiniug thv, ^^lueot the defanite mtc^iil UBiullj be- 
comes a more oi le^>s difficult mathematical puzzle, which can 
be solYcd, if solved at all, only by the e'^eicise of great inge- 
nuity, bome of the lesiilts aiii\ed at, howevei, aie lo impoi- 
taQt, and some of the devices employed so mteiesting, that we 
shall piesent them briefly heie But we must lepeat the waining 
that most of the methods are lahd only m case the definite 
integral is finite and determinate ; and erroneous results have 
more than once been obtained and published when a little atten- 
tion to the precautions described in Articles 83-86 would have 
prevented the mistake. 

91. Jntegralion hy developme7it in senes. 

(a) r^&l.dx. (v. Art. 84, Ex. 1.) 

^-L_ =(i_a,-)-i^l+ai-p!c^ + a,-' + ..., if k<1. 

f "^ .dx= C {logx + xlogx + a?\Qgx-\ )dx. 

(v. Art. 55 (a).) 



X-' 



(.+1)' 

Therefore 



Jo l-i ^P^2' 3'^4'^ J 6 

{v. Toclhuiiter'9 Trigonometry, Chap. XXIII,, Ex. 1.) 
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(b) Clogf^^^cU. (v. Art. 86, Ex. 2.) 

(I. Art. 130.) 
Hence 

But f. + 5-. + l + f,+ - = f 

(v. Todliuntev's Trig., Cliap. XXIII., Ex. 1.) 

Therefore ( ^'^S (^^^3^) '^'^ = ^■ 

EXAJIPLES. 
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-(S)'l-] "■<■• 

92. Integration by ingenious devices. 

(a) r logsiuii!.^. (v. Art. 84, Ex. 6.) 

Let i(= I \ogsmx.dx. 

Substitnte y^f-x. 

M = — j lcgcoBy.dy= I logeosai.da;. 

2m=! I (log sin 3! + log cos a;) dc= I \og{&mxcosx)dx 

= — -log(2)+ I logsm2a;.d3! 
^^^log{2) + ^£logsmx.dx. 

I logsm3;.da;= 1 ^log sinx.i^^-f- j log sinai.f^a; 
= M+J logsma;.da;. 
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then 



j logsiua;.da; = — j \ogsmy.dy= | log s,mx. dx = u. 

Hence 2m = - ^ log (2) + u, 

d 

u= i log sin a;, (to = j logeo33!.d3! = — ^log(2). [1] 

(6) r e-'^dx. (v. Art. 86 (ix).) 

Let M= j e'^^dx, and let x^^ay; 

we-"'— j ae ''■^"'"""dx, 

uCe-^'da^u"^ C f Cae-'-'*'^''''da\dx, hy [3], Alt. 89. 
But 

Hence w^ = S f ;^rii = 7' 

(c) I" sin ma! _ ^_ (v. Art. 86 (^).) 

"We have i = f e^'^da if a; > 0. (Art. 82, Ex. 6.) 
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r-^ 


•*=i'("»~X"-"- 


doAdx 




-rd"'-"-"""-*-)"' 




" Pf C^"" sinmce.da;'] do., bj [3], Art, 89. 


Therefore 


_ p mtiii _ (Art. 82, Ex. 7.) 


r^ 


^.dx= 1 if m>0 






= -i if"'<0 


[3] 




= if TO = 


by Art. 82, Ex.5. 



(!)_£"». log .ia 


«.& =-^log(2). 


(2) j;"log(»' + 


Suggestion: let a; = tan 5 


(3) r'e-"'^c!ic 


-iv,. 


-\/logj 


=v;. 


(^)r^ 


— .da; =0 ifm<-l or m>l 
= ^ if m = -l or m=l 




4 
= ; it -l<m<l,. 
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(6) I ^"^ ^ dx = "■ Suggestion : integrate by parts. 

93. Differentiation or ■ integration with respect to a quantity 
which k independent of x. (v. Art. 89.) 

(ci) We have f e-'^dx = ^. (Art. 82, Ex. 6.) 

Differentiate both members with respect to a, 

C(-xe-'''tM) = -\ or f iKe-"^dx= \- 

DiHerentiate again, 

Differentiating n times, 

rVe-™rfa; = ■— [1] (v. Art. 86, Ex. 3.) 

{}j) Welmve X^'""''"^^^^' (^'■'^■»2,Ex.3.) 

Differentiating n times with respect to «, 

{v. Art. 86, Ex. 2.) 
(c) "VVeliare rV"cta.---. (Art. 82, Ex. 6.) 

Multiply by dc, and integrate from a to 6, 

Hence C f . "'' ~ ^''^ dx =log-. [S] 

1^ a; a 



y Google 



)2 


INTEGRAL CALCULUS. 


(d) 


{" x-dx = — — 

A a + 1 


Multiply by rfa, and integrate frooi b to a, 




XIX""")--X"^- 


Heoce 


I'tS'- -°<m)- 






(1) Fro 


J. »■ + <. 2 Va 




r" da; ^ 1.3.5... (2ji 



M 



(2) From i ^dx — obtain 

*■ Jo w + 1 

(3) From j e^°°'cosma:,c(x = — ^^ — obtain 

Jo a^ + wi' 

(4) From ( e"' s.\nmx.dx = -j^^ 

r- 



obtain 
s.iu'tnx.do- = tau~^^ — t 



94. Tbe method illustrated in Art, 93 can be applied to 
much more complicated forms. 

(a) Ce ''-» . dx. (v. Art. 86, Ex. 2.) 
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Let M = r e"^ ^-dx; 

da Je ar 



and *f==-2 C f'' °h;2 = -2 pe "' ^da: = -2M. 

da J" i/a 

Hence ^' = -,2rfa. 

Integrating, 

and M = (?^e~^". 

When asO, it = r'°e-"'d3; = | V^. (Art. 92 (!.) [2].) 

Therefore C' = -J^ Vx, 

and u=£^-^-^f>.x = ''^^^- [1] 

(&) r e-""'co363;.i;3!. (v. Art. 86, Ex. 2.) 

Let M= I e"-""^ v.Ki'ihxAx, 

then ^ = _ r"xe-""''sm&3;.(?a;. 

(i6 Jo 

Integrating by parts, 

X3;e"°'''sm6ci!.c?a! = — ■ ( e""''' coste.(^ii; = — -u. 
2aV<i 2ffl* 

dM__ h_ 

db'^ 2a'^'' 
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lute g rating, we have 

or u=C^e~^'. 

When h 



0, n= Ce-^'^dx='^. (Art. 92, Ex. 3.) 
Jo 2a ^ 

,( = C e- "'" cos 6a;. dx='^ e"^. [2 J 



«r^ 



ExAi.iPL]':s. 



(2) f ^"^^^ '-cto =%-'\ 

Suggestion: — — ^ = ^ f «e ""'"*''' rfn. 

95. Introd'iLctioH of imaginary constants. 

C coa(9^)t}x. (v.Ai-t. 8i5(c).) 

We have ( e""'"' dt: = i- V^. (Art. 92, Ex. 3.) 

Then a_c('oos^ + V=T8ia^)_2-^-!(l+ V~l), 

(Alt. 25.) 
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Hence f'e "^"''^ti^ = ^ J| ■ (1 ~V^. 

But ,—.V-i ^cosCc!"*")- V-lsin(e're"). 

([5] Art. SI.) 
Therefore 

j"cos (!?>;■) dr - V^_£"Bln (c'l") tli - ~ ^1 <' ^ "'"'^'' 

(Art. 17.) 
Let c=l, 

and J"co«(»')<ii!=J*»m(«')cte = 4.y|t [2] 

If we substitute t/ = fl;- in [2] , we get 

Jo Jy Ja -Jy >2 



Gainnia Fanctions. 



98. It was ahowu iii Art. 84 that j [log-] dx is finite and 
detei'iniiiate for all values of !i greater tliau —1, aiici infinite 
when n is equal to or less than —1. Tho substitution of 
y=:log- reduces this integral to I y^e~'dy, or, wliat is the 
same thing, to I ^e"'dx; and in Art. 86, Ex. 3, the student 
has been required to show that this integral is finite and deter- 
minate for all values of n greater than —1. 

I x''e~'dx = — x'^e~' + Ji j x'^~^e~''dx, 
by integration by parts. 
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I is greater than zero, 

ofe-'~0 when » = 0, 
;"e"" is iuduterminatc when x—x. Its true value when 
J, obtainerl by the method of I. Art. HI, is, however, zero. 






Therefore C x''e-'dx^nf i 

for all positive values of n. 

If K is an integer, & repeated use of [)] gives 
I x''e~'dx~n\\ e~'dx; 
but I e~'dx = 1, 



[1] 



and we liave 
provided that 



m 



\ greater than 



s a positive whole n 
If n is not a positive integer, 
I ic"e~'daj is a finite and determinate function of n, and its 
value can be computed to any required degree of accuracy by 
methods which we have not space to consider here. 

( af'~^e~'dx ia generally represented by T{n), and has been 
very carefully studied under the name of the Cfamma Function. 
If n is. a positive integer, we have from [2] 

r(« + i). 

From [3], r(2) . 

Since r(l) =(""='« 

r(l) =1. 
We have always from [1] 

r(« + i) = .,r(»), 

if n is greater than zero. 



'dx= i i 



[4] 



[5] 
[6] 
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107 



Since 



i"-- 



; iufiiiite wheu n is equal to or leas tliau 
-1, it follows from the, definition of r{n) tliat r()() = «> if 
« is equal to or less thau zero. It has, bowever, been found 
convenient to adopt formula [6] as the deflnitioo of V(n) when 
n is equal to or less than zero, and to restrict the original defi- 
nition to positive values of n. The resnlt easily deduced is 
that r (n) is infinite when n is equal to zero or to a negative 
integer, but is finite and determinate for all other values of n. 

97. We may regard the formula 

as a sort of reiJi chon Joimula lud since each time we apply 
it we can raise oi lower the ^alut of n by unity, we can obtain 
any required Gamma Function by the aid of a table containing 
the values of V (n) coiTesponding to the values of n between 
Roy two arbitraiilj chosen coQMecutive whole numbers. 

Such tables have been computed and we give one here con- 
taining the common Ic^aiithms of the vahiea of T{n) fi-om 
n=l to n = '2 The table is coined out to four decimal 
places, and each logaiithm ib piinttd with the characteristic 9, 
whicb, of course, is ten units tco laige, tbe true characteristic 
being —1. 

io+iosr(»). 



„ 


« 


1- 


« 


3 


« 


^ 


6 


7 


s 1 « 


1.0 




997^ 


9951 


993R 


9905 


9SS3 


9S62 


9841 


9S21 '■ 9802 


l.l 


9.9783 


9765 


9748 


9731 


9715 


9699 


9684 


9669 


9655 


9642 






9617 


9605 


9594 


9583 


957.1 


9564 


9554 


9S46 


953S 








9516 


9510 


9505 


9500 


9495 


9491 


9487 




1.4 


9.9t81 


9+78 


9476 


9475 


9473 


9473 


9472 


9473 


9473 


9474 


1.5 


9,947S 


9477 


9479 


9482 


mss 


94RR 


9492 


9496 


9501 


9506 


1.6 


9.9511 


9'i]7 


9W,S 


957.9 


9536 


9543 


9,550 


9558 


9566 


9575 


i.r 


9.9584 


9593 


96n^ 


9613 


967,3 


963.1 


9644 


9656 


9667 


9f>79 


1.8 


9.9691 


9704 


9717 


9730 


9743 


9757 


9771 


97R6 


9900 


9RI5 


1.9 


9.9831 


9846 


9862 


9878 


9895 


9912 


9929 ' 9946 


9964 


9982 
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Such a table enables us to compute with Gamma Functions 
as readily as witb Trigononieti'ic Functions, and consequently 
the problem of obtaiuing the value of a defliiit* integral is 
practically solved if the integral in question can be expressed 
in terms of Gamma Functions. 

For example, let us consider 

(a) C x''e""^ch:. 

Let y = ax ; 

then r x"e-'"'dic — ——^ j y^ e-" dy = - ^^ i x"e-'dx. 

Hence rx''e-"^dx = '^^^±^, [1] 

provided tliat a is positive aad m>— 1. 

(6) C x^flog-Jdx. (v. Art. 84, Ex. 4.) 

Let y = -losx. 

iUeii r arflogl]flx = j" y"e-('"^'''Hly. 

Heuco, by [1], 



(c) r e-'-'-<lx. 

Let y = x'^; 

then I e '^'dx^^ i ?--dy = i | arie-^da;. 

Jc Jo -^y Jn 

Hence f s-" dx = '^V {^) . [3] 
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98. 



r V-' (1 - xy-'dx = B (m, n) [1] 

is an exceedingly important integral that can be expressed in 
terms of Gamma Functions ; it is known as the Beta Function, 
or the First Eiilerian Integral,, r{w) being sometimes called the 
Second Eulenan Integral. 

In the Beta Function, m and n are positive, and B(m,n) is 
always finite and determinate. (v. Art. 84, Ex. 5. j 

■In C x^-'il -x'y-'-dx let y ^ \ - x, 

and we get 

J^a.-"-'(i-K)''-'cte=J^ y-'-'il-yy-'dy, 

or B(',n,n')=B{n,m). [l>] 

In f a;"-' ( 1 — x)"-' dx let x -= -^—, 

Ja '■ ' 1+7/' 

and we get 

fa,— (1 - a,)-'<te = f g"'''" _ r '■"' ifa. 

J. ^ ' J. (1 +<;)"■ J. (l+«)— 

Hence f"^-?!:! — dx^B(m,n}. [3] 

We have seen in [1] Art, 97 (a) that 

I x"e "'dx ^ ' ^^^, — -• 

Hence r(m) == Pa"'^-'e-°^rij;, 

r(m) o- e- -£i'-*-' >!-' «-»" ((«, 
r(™) ( a~-'e-'da= C 3!" '( f 0™+''-^e-"''+^.>dayZic, 

r(i»)r(«)= fV-i ''"" + '!liii. 
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T. 99. 


Therefore 


r(m)r<„) r- c«-' 

r(m + ..) J. (l+j,)-" 


[4] 


orbv[S], 






Bi-r 


••">=J>-(>-'---?5^- 


[5] 


If K = 1 - i 


TO, then aiaee r(l)=l, 





C ^^ ' dx= C J^ dx=T{m)Tn - m). [6] 

Jo (l-a;}" Jo 1+a; '■ ' ^ ' L J 

Formula [6] leads to au interesting coufirraatioQ of Art. 
92(»). 

Let m = ^, and we have from [6] 

L ^^'-l J. (l+a;)VS 



Snbstitate 
and 



Jo (H-a^)Va: J" 1+i/' 
Hence r(^)= V^; [7] 

anil since by Art. 97 (c) 

99. Dy the aid of formulas [4], [5], and [7] of Art. 98 
a number of important integrals can be obtained. 
For example, let us consider 

j sin"a;.rfK, where n is greater than — 1. 

Let T/^sinx, 

and we have y &\\i!'-x.dx-= j ■f(\—f-Y^dy. 
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Let, now, s = ^, 

jV(l_;,.)-icJj_ijy-'(l_j)-l(fc 

= ij'f.'r-' ( 1 - c.) >-' to = js (^^, ly 

But 

£/!L±2, l\ = \ ^ J by [5] Art. 98 



r^ + i 

Hence 



bj[7] Art.! 



f.in-».to = * Vj_;. [1] 



If « is a whole number, tliis will reduce to the result given 
in Art- 87, Ex. 5. 



(J) I sin a; cos x.ax , n — 
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r(i>+i)r('!i+l~) 



(4) J\ 



'ii -x"ydx=. 



"r(, + ,+!L±>) 



y Google 



LENGTHS OF CURVES. 



CHAPTER IX. 







LENGTHS ' 


O-P CUEVES. 












100. If we 


use rectangular coordinates, we 


liave 


seen 


(I- 


Art. 


2 


7) that 

11(3 (I. Arts. 


52 and 


tanT 
181) that 


dy 
= da? + chf. 








[1] 

[2] 




From these 


we get 


siiiT 


(hi 
rfs' 








[3] 
[4] 



by the aid of a little elementarj' Trigonometry. 

Tliese formulas are of great importance in dealing with all 
proi>erfcies of cui-ves that concern in any way the iengtha of arcs. 

We have already considered the use of [2] in the first volume 
of the Calculus, and we have worked several examples by its 
aid in rectification of curves. Before going on to more of the 
same sort we shall find it worth while to obtam the equations of 
two very interesting transcendental cuiTes, the catenary and the 
tractrix. 

T/ie Catenary. 

101. The common catenary is the curve in which a uniform 
heavy flexible string hangs when its ends are supported. 

As the string is flexible, tlie only force exeited by one portion 
of the string on an adjacent portion is a pull along the string, 
which we sliaU call the tension of the string, and shall represent 
by T. T of course has diflferent values at different points of the 
string, and is some ftinction of the coordinates of tlie point in 
question. 
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[Am 



Tho tension at any point has to support the weiglit of the por- 
tion of the string below the point, and a certain amount of side 
pull, due to the fact that the string would hang vertically wei-e 
it not that its ends are forcibly held apart. 

Let the origin be takeu at the lowest point of the curve, and 
supi>ose the string fastened 
at that point. 

Let s be the arc OP, 
P being any point of the 
string. As the string isnni- 
form, the weight of OP is 
proportional to its length ; 
^ we shall call this weight ms. 
This weight acts verti- 
cally downward, and must be balanced by the vertical effect of T, 
which, by I. Ai-t. 112, is rsiur. 
Hence TsinT = m8. (1) 

As there is no extermX horizontal force acting, the horizontal 
effect of the tension at one end of any portion of the string most 
be the same as the horizontal effect at the other end. In other 
■words, 7'cosT = c (2) 

where c is a constant. Dividing (1) by (2) we get 




where a is some constant. From tliis we want to get an equa- 
tion in terms of a! and j/. 






Integrate both members. 
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when x = G, s = 0, 

hence G—aloga, 

and log(s + ■Va^+ s^) = - + loga, 

s = -(e^ — e"") = atanT by (3). 

Hence ti^-- (e«-e-»}, 

and y = (j(^el + e--') + C. 

If we change oiir axes, taking the origin at a point a units 
below the lowest point of the curve, y = a when as = 0, and 
therefore C7 = 0, and we get, as tlie equation of the catenary, 



Find the curve in whfcli the cables of a suspension-bridge 
must hang. Ans. A parabola. 

The Tractrix. 

102, If iwo particles are attached to a string, and rest on a 
rough horizontal plane, and one, starting with the string stretched, 
moves in a straight line at right angles with the initial position 
of the string, dragging the other partide after it, the path of the 
second particle is called the traatrix. 

Take as the axis of X the path of the first particle, and as 
the axis of Y the initial position of the string, and let a be 
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the length of the sti'iug, From the nature of the curve the 
string is always a tangent, and we shall Iiilvq for .any point P 



for T lying in the fourth quadrant has a negative 



[1] 




'— , = sin''r = - 



f*')= 


a'df 




,fdx' = 


(«•- 


!/■)*■, 




, ("' 


~'f)M, 



y\dx^ 



and 

is the differential equation of the tractr 

On the right-hand half of the curve t 

-^ or tanr is negative, and we shall write the equation 
dx 



the fourth quadrant. 



[2] 



If we allow the radical to be ambiguous in sign we shall get 
also the curve that would be described if the first ]Dartielc went 
to the left instead of to the right. The tractrix curve, generally 
considered, includes these two portions. 

Integrating both members of [2] , and determining the arbi- 
trary constant, we get 



a, = -\/a'-f 
s the equation of the traciru 



h Va' 



[3] 
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(1) Show by Art. 102 (1) that iu the tractrix s = alog- 
f 8 is measured from the starting-point, " 

(2) Find the evohite of the tractrix. (I. Art. 93.) 



Rectification of Curves. 

103. In finding the length of an arc of a given curve we 
lan regard it as the limit of the sum of the differentials of the 
,rc, and express it by a definite integral. 



We shall have 



=Jv^+^- 



Of course in using this formula we must express ■•/doF+dy^ 
in terms of x only, or of y only, or of some single variable on 
which X and y depend, before we can integrate. 

For example ; let us find the lengtli of an arc of the circle 



^ + f-a: 




2x.dx + '2y.dy = 0, 




J x.clx 




«^ + *' = ^'"^ = '^« = 5 


^^«, 


, op ''^ Jem-'"' 


""'?)■ 



The length of a quadrant = a I — -■ — — ; 

the length of a circumference = 2 -n-a. 
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Length of Arc of Cydoid. 
104. For the cycloid we have 



dx = a{l — coii6)dd = yd6, 

do^i 'k ^ 



-J2ay-f 



ds= V2ra.- 



■^/2a-y 
s^ -^Ta^' , '^^_ = = 2V2'a(V277^, - V277^). 

If the arc is measured from the cusp, j/g = 0, 

s = 4a-2V2aV2a-i/i. [1] 

If the arc is measured to the highest point, ji = 2 a, 

The whole arch = 8 a. 



Taking the origin at the vertex, and taking tho dii'eetion down- 
ward as the positive direction for y, the equations become 



= a9 + a sin 6 \ 
= « — « cos 6 -I 



(I. Art. 100.) 



Show that 8=^2-^ 2 ay when the are is measured from the 
summit of the curve. 
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105. "We can rectify the cycloid without elimioatiDg 9. 
y= a — acosS ) 

ffx^ + (7/ = 2n'd^(l - cosiS), 
and s = a V 2 r (1 - cos6)hdd, 

If 60 = and ^, = 2 JT, we get s = 8a as the whole curve. 



lOfl. Let UK find llie luiigtk of an arch of the epicycloid. 

)/=(« + h) siu ^ — 6 sin 
dx 



L(LArt.l09[l].) 

r_ (n + b) sin 6 + (a + ?>) sin'i±^ Jd^, 
dy=\ (a + b) cos^ - (a + 6) coa^!-t-^e~]rW. 
ds" = in + 6)^rfepr2- 2 ^cos^^e cos^ + sin'iJl^e sinS"]"] 

s = (a + &)V2 rYl-cos^e")V 

To get a complete avch we must let flo=0 and B^ = — ^t. 
Hence, for a whole arch, 

Sb(a+b) 
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Examples. 
(1) Find the length of an arch of a hypocycloid. 



Ans. 



Sbia-b) 



J+v^^n 



(2) Find the Ici^th of an arch of tlie curve 
and show that it agrees with tfie result of Ex. 1. 

(v. I. Art. 109, Ex. 2.) 
107. Let us attempt to iiud the lengtli. of an arc of Ike ellipse 



S + F = 


1. 


2xdx 2ydy 


^=-1 




a^-^ 


•^.' 



where e is the eccentricity of the ellipse. 

Hence ' "X." [^^^ '*' ^'^ 

The length of the elliptic quadrant is 

These integrals cannot be obtained directlv, but 

can be expanded by the Binomial Theorem, and the terms of 
the result can be integrated separately, and we shall have the 
required length expressed by a scries. 

A. more convenient way of dealing with the problem is to use 
an auxiliary angle. Instead of -^ + i^ = 1 we can use the pair 
of equations _^ ■ i,t 

r'°l ' (I. Art. 150), 
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dx = acosi^.di^, 
dy = — biim^.d^, 

where e is the eccentricity of the ellipse. 

a = af*'(l-e^8inV}=c;.^ [3] 

= aj*'[l— ie^sin^^-i-ie*siaV-i-i-|e«siiiV-]^'^- 
For the arc of a quadrant we have 
s, = ajr'[l-e^sin=<^]5rf.i.. [4] 

Examples. 

(1) Obtain s, as a series from [2], and also from [4], and 
compare tlie results with Art, 91, Ex. 5. 

(2) Show that the length of an arc of the hyberbola is 

Polar FormuluB. 

108. If we use polar coordinates we have 

ds = V^'"+7^rf?, (I. Art. 207, Ex. 2.) 

tanc=^, (I. Art. 207.) 

dr 

From these we get, by Trigonometry, 

rddi dr 

smi = — -■, cos£ = — 

ds ds 

109. Let na find the equation of the curve which crosses all 
its radii vectores at the same angle. Here 
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t 
r = he. (1) 

where 6 is some conataut depeudiEg u tion the poaitiou of the origin. 
This curve is known as tlie Logarithmic or Equiangular Spiral. 

110. To rectify the LogarilJiinic Spiral. We liave, from 
109(1), ^_ ,. 



rd4'= '^^^'i 



(1) Find ths length of an arc of the parabola from its polar 
equation 



(■2) Find the length of an arc of the Spiral of Archimedes 

111, To rectif}' the Cardioide. We have 

r = 2ffl(l-C08^), (I. Art. 109, Ex. 1), 

rfr^2fflsini^.di^, 

ds' = ia^suC-^.d-i? + U<,\1 -cos,^)^rf-^= 
= 8tt2d^^{l-cos^), 

s=2V2.«rtl-eos^)i(i<^=8arcos|^-c03|'1 
= 16fl for the whole perimeter. 
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Involutes. 



112. If we can express the length of the arc of a given curve, 
mefisured from a fixed point, in terms of the coordinates of its 
variable extremitj^, we can find the equation of the involute of 
the curve. 

We have found the equations of the evolute of y^fx in the 



Wo have proved that tan v = tan 

and that — = 1 < 

- . */' 

Sim- =-f-i 

as 



(I. Ai't. yi). 
{I. Art. 9.^), 
(I. Art. 96) ; 

(Art. 100). 



As normal and radius of curvature have opposite directions, 
ye sliaJl consider v = 180° + t'. 
Thon sinv = — sinr' and cosv = — cost'. 

Hence 



= 7/ + P 



da' 






(1) 

(2) 



Since dp = ds', 

p = s- + l (3) 

where I is an arbiti-ary constant. Since x and y are the coSrdinates 
of any point of the involute^ it is only necessary to eliminate x', 
)/', and p by combining equations (1), (2), and (3) with the equa- 
tion of the evolute. 

As we are supposed to start with the equation of tiie evolute 
and worli towards the equation of the involute, it will be more 
natural to accent the lettera belonging to the latter curve instead 
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of those goiug with the foi-mer ; and our equations may be 
written 
X = x+pj- ; y = y+ p-^ ; p = s + (■ (4) 

Since p'~l when s = 0, it follows that I is the free portioa 
of the string with which we start. (I. Art. 97.) By varying I 
we may get different involutes of the same curve. 

To test our method, let us find the involute of the curve 

27m "■ •^ ' (oj 

for which i = m. We must first find s. 
2 rjdy = -^ (x — mYdx, 

3 m 

s=-^ rc2x + m)idx = —^(2x + m)i-m, 
VSmX 3V3m 



'' = ' + ™ = 3V5;.< 


2i + m)!, 


. = ..-±=, 




4 (2« + i 


")(—»)■ 



a; = 3ic'+m, 

^ y' ' 
Substituting in (5) the values of x and y just obtained, we have 
y-'=^2mx- 
IS the equations of Llie required involute. 
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Example. 
Find an involute of a'f = x-. 

lis. An involute of the cycloid is easily found. Take equa- 
tions I. Art. 100 (0). 

x= aO + asmd ] 
y = —a + acosO ) 
Let p = s, 

dx = a(l + cose)dd =2ocos=^(W, 

dy = -a sm6.de = - 2asmf^<^os^dO, 

ds^ = 2nV!tP(l + cosiS) = 4 a'rf^coa^^, 

s = 2a 

)-4«9in^ 



-r- 



2 2 
y = y' - 4a sin=- = y' - 2a(l - eosg; 



a cycloid witli its cusp at tiie summit of the given cycloid. 



ExAMrLE. 
From the equations of a circle 



obtain the equations of the iuvolute of the circle. Let I = 0. 

Ans. ^'=ci(oos-^ + <Jsin 0) "! 

;/'=«(siu</,-,^cos./,) , 
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Intrinsic Equation of a Curve. 

114. All equation coanecting the length of the arc, measured 
from a fixed poiut of any curye to a variable point, with the 
angle between the tangent at the fixed poiut ancl the tangent at 
the variable point, is the intrinsic equation of the curve. If the 
fixed point is the origin and the fixed tangent the axis of X, the 
variables in the intrinsic equation are s and r. 

We have already such an equation for the catenary 

s-=fltanT, Art. 101(3), [1] 

the origin being the lowest point of the cui've. 

The intrinsic equation of a circle is obviously 

s = c», [2] 

whatever origin we may take. 

The intiinsic equation of the tractrix is easily obtained. We 
have 

y^-asiiiT, Art. 102 (1), 

and s = a log- ; Art. 102, Ex. 1. 

y 

hence s — a log(— csct) 

where t is measured fi'om the axis of X, and s is measured from 
tlie ix)int where the curve crosses tlie axis of Y. Aa the curve is 
tangent to the axis of Y, we must repla€e t by r — 90", and we 

^^ s^alogsecT [3] 

as the intrinsic equation of tiie ti'actrix. 

Example. 

Show that the intrinsic equation of an invei-tcd cycloid, when 
the vertex is origin, is 

s = 4«siur; (1) 

when the cusp is origin, is 

s = 4a(l-cosr). (2) 
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115. To flDd the iDti'inaic equation of the epicycloid we can 
use the results obtaiucd hi Art. 106, 

by tlie foi'iniJas of Trigonometry 

sill a - sm/i = 2cosK" + ^) sini(a -^), 

cos^- cosa = 2 sin K« + 0) sin,i(a- ^) ; 

tan T — ^ = tan — ■ 0, 

dx 2 b 

hence t := — ~ — & ; 

»=i^^>(l-™^6)l.yA,L106[l]i 

is the intrinsic equation of the epicycloid, with the cxiq) as origin, 
If we take the origin at a vertex instead of at a cusp 



4S(, 


^ + 6) 


x(fl 


+ 26> 


46( 


2a 
(1 + 61, 


4i( 


CI + b) . 



a + 2;/ 
9 the intrinsic equation of an epicycloid referred to a vertex. 
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Obtain the intrinsie equation of the hypocycloid in the forms 
s = — i '-{1 -cos --T- , (1) 



__ 4b(a-b) . a 



116. The ill tritisie equation of tlie Logarithmic Spiralis found 
without difflculty. 

We have r=be'', (Art. 109), 

and s=Vr + a'0-i-M- (Art. 110). 

If wo measure the arc from the jjoint where the spiral crosses 
tlie initial line, r,, = b, and we iiave 

s = &Vr+7(Xe"-l). 

In polar cooiiilinates t = + e, and in this case e = tan""'n ; if 
we measure our angle fV'om tlie tangent at the beginning of the 
arc we must subtract t from the value just given, and we have 

or, more briefly, s = k{c^ — 1 ) . k and c being constants. 

117. If we wish to gut tiio intrinsic equation of a curiae directly 
from tlie equation in rectangular coordinates, the following method 
will seiTe : 

Let the axis of X be tangent to tlie curve at tlie point we talje 
as origin. 

'»'=!■ <'> 

and as the equation of the cun'c enables ua to express y in terms 
olx, (1) will give us a; in terms of r, say x = Fr; 



y Google 



CllAP, IX,] LENGTHS OF CUEVES. 129 

then dx = F't-iIt, divide by ds ; 



hence ds = secTi^'r.riT. (2) 

Integrating both members we shaJI have the required intrinsic 
equation. 

For example, let ns talse s? = '2'niy, which is tangent to the 
axis of X at the origin. 



2mte = 


= 2mdy, 








da; 


= taiiT = 


'm 






rfiB = 


= msee^' 


r.dr, 






dx 
ds'' 


^eos.= 


2 f77 




dS: 


= msec» 


r.tJr, 




J OOS't 


=I[S;- 


■log tar 


when T 


■ = 0; 




C=0. 


^f[i 


in-r 


+ log tar 


<!- 


■i)} 



+ c, 



(1) Devise a method when the curve is tangent to the axis 
of y, and apply it to / = ^mx. 

(2) Obtain the intrinsic equation of j/* = —^— {x — my. 

(3) Obtain the intrinsic equation of the involute of a circle. 
(Alt. 113, Ex.) 
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ISTEGRAL CALCULUS. 



118. The evolute or the involute of a curve is easily found 
from its intrinsic equation. 





If the curvature of tJie gi\-en cuito decreases iis we pass along 



the c 



, and 



s' = p-p„. (I. Art.9G). 

If the eufvatnre increases, p decreases, and 

S' =(H, — p. 

Hence always s' = ±{p — pa) ; [1] 

p = —, (I. Art3.8iiand90). 

We sec from the figure that t' = r. 

•■-[(I)„.-(I),..} 

or, as we shall write it for brei'ity, 

119, The evolute of the tractrix s = a log sec r is 

s = a — - ^' — — 1 — ntauT, the catenary. 



The evolute of the circle s = « 



"It"- - 
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Chap, IS.] LBJIGTHS Or CURVES, ;[3J 

The ovoliite of the cycloid s = 4c[(l — eosr) is 

, (!(1 — cosrir , 
dr j(, 
an equal cycloid, with its vertex at tlie origin. 

EXAII[PI,ES. 

(1) Prove that the evolute of the logarithmic spiral is an 
equal logai'ithmic spiral. 

(2) Find the evolute of a parabola. 

(3) Find the evolute of the catenary. 

120. The evolute of an epicycloid is a similar ei)icycloid, witli 
each veiiex at a cusp of the given curve. 
Take the equation 

Art. 115 [1]. 



[1] 

'flio form of [1] is that of an epicycloid referred to a vertex 
as origin ; let us find a' and &', the radii of the flsed and rolling 
circles, 

'='"'' '°l^'''' ''°;?fw"' ''y^"-"°P3; 



,= 


JjH 


:"+")(, 


a + 21, 


')• 


r the evolute. 




:»..,<' 








ib\ 


-«°'rih 


^.h\ 


" 




dr 






46i 


+ 26 c. 


a 






+ 2S 





hence, 



45'(»' + 6') _ 46(a + 6) 
a' (1 + 2& ' 
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Solving these equations, we got 



and tlie radii of the fixed and rolling circles have the same ratio 
in the evolute as in the original epicycloid ; therefore the two 
curves are similar. 



Show that the evolute of a hypocycloid is a similar hypo- 
cycloid. 

121. We have seen that in involute and evolute t has the same 
value ; that is, t — r'. 

If s' and t' refer to the evolute, and s and r to the involute, we 
have found that 



or s' — I, I being a constant, 

dr' 

the length of the radius of curvature at the origin. 
{s' + l)dr' = ds, 

S=JJ{s'+l)dT' 

is the equation of the involute. 
The involute of the catenary s = a tanr is, when I = 0, 



"'Ji 



tanT.cZr = alogsecT, the tractrix. 
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Chap, IX.] LENGTHS OP CURVES. 133 

Tke involute of the cycloid s = ia sin r when 1 = is 

s = 4« ( sim-.cir = 4a(l — cost), 

an equal c)'clold referred to its cnsp as origin. 

The involute of a cycloid i-efei-red to its cusp s=4(i(l- 
when i = is 



") 



4oJ'(l^c. 



r)*=4-i(r + sii„), 



!i curve we have not studied. 
The involute of a circle s = 



r when i — is 



•='j:;-=f' 



122. While any given curve has but one evolute, it has ai 
infinite number of invohites, since the equation of tlie involute 



-Si' 



+ l)dT 



contains an arbitrary constant I ; and the natui'e of the invokite 
will in general be different for different values of I. 

If we form the involute of a given curve, taking a particular 
value for l, and form tlie involute of this involute, taking the same 
value of I, aud so on indefinitely, the curves obtained will con- 
tinually approach the li^arithmic spiral. 

Let s=/r (1) 

be the given curve. 



is the first involute ; 



-!'(' 



+ fryir = h- 



+!>■' 



s the second involute ; 

•-''+'t+'^+ +!r;+X "■''■*" <^' 



is the 7!th involute. 
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134 INTEGRAL CALCULUS. [Art. J 

By Maclani'iii's Tlieorem, 

/r =fo + t/'o + l!/"o +ii/'"o + 

But s = when r =^ ; hence fu — 0, aud 

/t = At +=i','+^;,- + 



,dr =:2!,« + 



A J 



as « increases indeflniteSy all the terms of (3) approach zero 
(I. Art. 133), and the limiting form of (2) is 

,s = ;. + 'if+^+ 

2! 3! 

=<'+i+5^+i^+ -■} 

s = ;(e^-]) by I. Art.l33[2], 

which is a logarithmie spiral. 

123. The equation of a cuitg in rectangular coordinates is 
readily obtained &om the intrinsic equation. 

Given s — /t, 

we know that siuT = ^, 



rfa! = eosTrfs = cosT/'T.dr, 
di/ = sin -rds •= sin t/'tAt, 
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Chap. IX.] LENGTHS OP CURVES. 135 

The eliminatioa of r between these equations will give us the 
equation of the carve in terms of x and y. Let us apply this 
method to the catenary. 




secr = Ke" + e-;), 

the equation of the catenary referred to its lowest point as origin. 

Gufves in Space. 

124. The length of the arc of a curve of double cur\-ature is 
the limit of the sum of the chords of smaller arcs into which the 
given arc may be broken up, as the number of these smaller arcs 
is indefinitely increased. Let (x,y, z), (x + dx, y + iyy, z + Ak) 
be the coordinates of the extremities of any one of the small arcs 
in question; clx,Ay,Az are inflnitesima! ; Vrfa^+Aj/'+Aa" is the 
length of the chord of the arc. In dealii^ with the limit of the 
sum of these chords, any one may be replaced by a quantity dif- 
fering from it by infinitesimals of higher order than the first. 
V(fa^ 4- (!/+ dz^ is such a valne ; 

hence * ~ f ^'^^'^ + ^^^ + '^^^- 
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Let us rectify the helix. 

3; = ftcos^ 

y = aBhie . (1. Ji 

z-=kS \ 
dx = — asin$.cW, 

(fa = kd6, 

EXAJll'LES. 

(1) Find the length of the curve /''/ = —, s = ^V 
V 2 (( 6 ((7 



(2) ^ = 2V<« 



l-yA-- Ans. S = X+y-z + l 



y Google 



CHAPTER X. 



125. We have found and used a formula for tbe area bounded 
by a given curve, the axis of X, aud a pair of ordiaates. 



A 



=fydx. 



We cau readily get this- forniulit as 
area in the figure is the sum of the 
slices into which it is divided by tlie 
ordinates; if Ax, the base of each 
slice, is indefinitely decreased, the 
slice is infinitesimal. The area of 
any slice differs from j/Ax by less 
than AyAx, which is of the second 
order if Ax is the principal infini- 
tesimal. We have then 






I definite integral. The 



^0 ^y^'^ 



=i>^- 



[1] 



If the curve in question lies above the axis of X, and Xa is 
less than x,, each ordinate is positive, each Ax is positive, each 
,erm of the sum whose limit is required is positive, the sum ia 
[>ositive, and the limit of the sum or the area sought is positive, 
f, however, the curve lies below the axis of X, and x^ is less 
3^1, each ordinate is negative, each Ax is positive, each 
of the sum is negative, the sum is negative, and the limit 
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of the sum or the area sought is negative. If, then, the curve 
happens to cross the axis between a^j and Xi, Ibraiula [1] gives 
us the difference between tbe portioQ of the area above the axis 
of X and the portion below the axis of X, but throws no light 
upon the magnitudes of the separate portious. Consequently, 
in any actual geometrical problem it ia usually necessary to find 
the portion of the required area above the axis of X and the 
portion below the axis of X separately ; and for this pm-pose 
it is essential to know at what points the cun'e crosses the axis. 
Indeed, if the problem is in the least complicated, it is neces- 
sai-y to begin by carefully tracing the given curve from its 
equation, and then to keep iLs form and position in mind during 
the whole process of solutiou. 



(1) Show that I xdy is the area bounded by a cui-ve, the 

axis of Y, and perpendiculars let fall from the ends of the 
bounding arc upon the axis of Y. 

(2) If the axes are inclined at the angle m, show that these 
formulas become 



■"i V'^'c^sinioJ^ 'xdi/. 



(3) Find the area bounded by the axis of X, the curve 
ar' + 4)/= 0, and the oi-dinate of the point corresponding to the 
abscissa 4. Ans. 5^, 

(4) Find the area bounded by the axis of X, the curve 
y = a?, and the oi'dinates con'esponding to the absoissEe —2 
and 2. Ans. 8. 

(5). Find the area bounded by the axis of X, the axis of F, 
the curve y = cosx, aud the ordinate corresponding to tbe 
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120. In polar coordinates we can I'egard tlie area between two 



radii vectores and the ciirvi 




the limit of the sum of sectors. 
The area in question is the smn 
of the smaller sectorial areas, any 
ouc of which differs from ^i^A<ji by 
leas than the differeuce between tlie 
two circular sectors |(r + iir)°a0 
and ^)-^A<^; that is, by less tliaii 



TArA<j, + i 
second order if A<1, is tlie ijriiiei]ial infinitesimal. 



which is of the 



limit fi vVaa1 



127. Let us find the area between the catenary, the axis of 
X, the axis of Y, and any ordinate. 



i=£ydx='ij\e- + e-'i)i 






-')=,. 



and the area in question is the lengfli of t!ic arc multiplied by the 
distance of tlie lowest point of the curve from the origin. 

128. Let us find the area between tlie traetilx and the axis 
ofX 



We have 



A ^Jydx = -Jihj^/a^ - f. 



(Art. 102.) 
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The area in question is 

A = -£<iy Va-- / = -^ . 
which is the area of the quadrant of a cirolo with a as vadius. 



Give, by the aid of infinitesimals, a geometric pi-oof of tlie 
result just obtained for the traetiix. 

129. In tlie last section we found the area tetween a euvve 
and its asymptote, and obtained a finite result. Of course this 
means that, as our second bounding oixUnate recedes from the 
origin, the area in question, instead of inci-easing indeflnitelv, 
approaches a finite limit, which is tlie area obtained. Whether 
the ai'ea between a eui've and its asymptote is finite or infinite 
will depend upon the nature of the curve. 

Let us find tiie ai'ea between an hyperbola and its asymptote. 

The equation of the hyperbola referred to its asymptotes as 
axesi. , , 

.j = ^. 

Let (u be the angle between the asymptotes ; then 
Take the curve f x =^ l a° {i a -a;), 



any value of x will give two values of y equal witli opposite 
signs ; tliereibre tJie axis of x is au axis of symmetry of the 
curve. 

When a! = 2a, !/ = 0; as a; decreases, y increases ; and when 
i« = 0, !/= w . If i' is negative, or greater than 2a, y is imagi- 
nary. The shape of the curve is something like tliat in the 
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figure, the axis of I'beiug an asymptote. The aren, lietwpei 
curve and the asymptote is then cither 

A^2 fydx or A = 2 Cxdy ; 

by the first formula, 

A = 4a p°.^|'- " ''— . .dx = 4 ifV ; 

by the second. 



(1) Find the area between the curve y"{x- + tr) = ct^x^ and lis 
asymptote j/ = a. Ans. A = 2fl'. 

(2) Find tUe area between s^(2a— a;) = a-^ and its asymptote 
a! = 2 a. ^lii.s. A = -:,-7ra-. 




.if(«+^ , 



(3) Find the area l>oniided by the eur\-e y^ ■■ 
its asymptote a^ = a . 

Ans. A = 



130. If the cooi-clinat«s of the points of a eur(-e sire ex- 
pressed in terms of an auxiliai'j' variable, no new difficulty is 



Take the case of the circle x- + y^~ «', which may be written 

y=:a sin * \ ' 
dy = a cos rj>(l<li. 
The whole area A = a^ j eos^ t^rfc^ = 7r«', 



y Google 



INTEGRAI-. CALCULUS. 



EXAMI 



{l) The whole area of an ellipse ^ ^i^^v I jg ^^jj^ 
y=^b 8111 ^ ) 

(2) The area of an arch of the cycloid is 3 tto.^. 

(3) The area of an arch of the companion to the cycloid 
; — aO, y = «(1 — eoa6) is 27ra^ 



131. If we wish to find the ai'ea between two em-vos, or the 
area bounded hi i closed curve, the altitude of our elementary 
rectangle is the difteience between the two values of y, which 
correspond to a single \aJue of x. If the area between two 
euvves is leqaued ^e muit find the abscisaas of their ^joints of 
intersection, and tliej will be our limits of integration ; if the 
whole area bounded b^ a closed curve is required, we must find 
the values of a: belonging to the points of contact of tangents 
parallel to the axis of Y. 

Let us find the whole area of tlie curve 

or a'^y^ = l/s?{a^~x') . 

The cun'e is symmetiical with i-eferenee to the axis of X, and 
[lasses througii the origin. It consists of two loops whose areas 
must be found separately. Let ns find where the tangents are 
parallel to the asis of Y. 



e yfii? — a?, 



T = ^ when tanr = ;», that is, wlien a 



2.^, Cx-^a" - a?.dx + 2 ^ H Vrt^ 
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, ^—^— — = oo when x~ ± a. 



CllAr. X.] AREAS. 

Again ; find the whole aroa of {if — xY = a^ — x'. 

A~ i (y'—y")dx= j 2 \'<r —a^ ,dx. 
To find the limits of integration, we must see where 

V 

A ^= 2 i Vfl^ — a?.dx=: TTffl^ 
Examples. 

(1) Find the area of the loop of the curve f= ^ (a + x) ^ 

Ans. 2a^(l-jy 

(2) Find the area between the curves y' — iax—D and 

3 

(3) Find the whole area of the curve x= + y^ = a*. Aiis. f n-al 

(4) Find theareaof a loop of aV = ^C«^ — ^)- -^"s. — — 

(5) Find the whole area of the curve 

2 f (a" + ^)-iay {a' - x') + {a' ~ x^f = 0. 

Ans. a'^U-^-^. 
132. We have seen that in iJolar coordinates 

A = i(' Vd<^. 
Let us try one or two examples, 
(a) To find the whole area of a circle. 
The polar equation ia r = a. 
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(h) To find t!ie area of the caitlioide ?■= 2«{1 - cos</.). 

(c) To find the area between an arch of the epicjcloid and the 
eircmnferenee of tlie fixed cn-cle. 

y = (a + b)sm i9 ~ ?/ sin ^^ 6 

We can get the ai-ea bounded by two radii vectores and the 
arch in question, and subtract the area of the corresponding 
sector of the fixed cu-cle. 

Clianging to polar coordinates, 



r cos <^, 



l^Cr'^d4>. 



hence 
and 



, i-cosi^, sec^ = 
■]d^ __xdy-ydx 



i^d^ = x(hj—ydx\ 
dx = {a + b)(-sm$+An'^^e\d6, 

chj = (« +6)('cose ^ cos^lii A«. 

xdy - ydx = {a + b) (« + 2 ^) A - cos ^ 6\dd = i^d<t,. 

Our limits of integration are obviously and ?~- 
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Ileiic* A = i(a + b){a+2b)f^fl - casjO\ dd, 

A^^{a + b){a + '2b), 

is the area of the sector of the epicycloid. Subtract the area of 
the circular sector ircib, and we get 

as the area in question. 

(d) To flnd the area of a loop of the curve 'i''~a^cos2^. 
For any value of ^ the values of r are equal witli opposite 
signs. Hence the origin is a centre. 
When <p = 0, r = ±a\ as ^ increases, r decreases in length 

till * = - , when »■ = ; as soon as 6 > -, )■ is imaginary. If •!> 

4 4 

decreases from 0, )■ deci-eases in length until 0= ~p when r ^ ; 

and when i/i < -, )■ is imaginarj'. To get the area of a loop, 

then, we must integrate from -^1= — - to <fi = -■ 






(1) Find tlio area of a sector of the parabola r= 

1 + cos^ 

(2) Find tlio area of a loop of the curve r^cos^ — «^sin3^. 

Ans. ^-|log2, 

(3) Find the whole area of tlie curve ?' = fl(cos2^ + sin2^) 

Ans. TTfi" 

(4) Find the area of a loop of the cm-ve )-cos^ = acos2i^. 

An,. (2 -!),.■ 

(5) Find the area between )■ =a{seci^+tani^) and its asymp- 
ote,-»s+ = 2«. ^„^ (i + 2)"'- 
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133. When the equation of a curve is given in rectangular 
coSi-clinates, we can often simplify the problem of finding its area 
l)y transforming to polar cofirdinates. 

For example, let us find the area of 





{^ + y'Y = iu'x' + ilff. 






Transform to polar coordiaates. 








r* = 4 


^(fl^cos^ + y'sin^^), 








,'~l 


(a^cosV + t^sinV), 








A = 2fil-^. 


<j> + b^siv?>P) (!<!> = 2 Tr{ 


a' + f). 




(!) 


Finil tlie area of 


a loop of the curve (x^ 


l-j')' = 4t 
Am 




(-') 


Find tlie whole a 


,a„ftho curve :;+:;;; 


-?[«■ + 


-y 






A... gJc- + »-). 


(3) 


Fiiifl tlie area of 


i\ loop of the cui-ve f - 


Haxy + x^ 
An, 


= 0. 



134. The area between a curve and its cvolute can easily be 
found from the intrinsic equation of the curve. 

It is easily seen that the ai'ea 
bounded by the radii of curvature 
at two points infinitely near, by 
the curve and by the evolute, dif- 
fers fi'om \^d-r by an infinitesimal 
of higher oi-der. The area bounded 
by two given radii vectores, the 
curve and the evolute, is tiien 



-< 




P^cIt. 
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(Is 

Hence A = ij''(~\h. 

For example, the area between a cycloid and its evolnte i* 






= and Ti = -- ; 



'«■!'• 



Examples. 

(1) Find the area between a circle and its eyolute. 

(2) Find tho area between the circle and its involnte. 



IIoMitch's TIteorevi. 



curve which is always 




point of contact of the i 
AB = a + b = c. 



move with its ends on anj' closed 
toward it, the ai'ea hetweea the 
curve and the loeusof'a given 
point of the moving line is 
equal to the area of an el- 
lipse, of which the segments 
into which the line is divided 
by the given point are the 

Let the figure represent 
the given curve, the locus 
of P, and the envelope of tlie 
moving line. 

Lot AJ'= a and PB = ?», 
and let CB = p, heing the 
line witli its envelope. Let 
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The area between tlie first curve and the second is the area 
between the first curve and the envelope, minus the area between 
the second curve and the envelope. 

Let $ be the angle which 
the moving line makes at 
any instant with some fixed 
db-ection. Let the figure 
represent two near positions 
of the moving line ; A^, the 
angle between these posi- 
tions, being the principal in- 
finitesimal. 

PB = p, P'B' = p + ^p. 

The area PBB'P'P differs 
ftom ^p^dO by an'infinitesi- 
mal of higher order than the first. 

isp'de is the area oi PBMP, and differs from PP'NB by less 
than the rectangle on PM and PQ, which is of higher order than 
the first, by I. Art. 153. But PP'NB differs ft-om PP'B'B by 
less than the rectangle on BN and iVB', which is of liiglier order 
than the first, since NB\ which is less than PP'+ ip, is infini- 
tesimal and A^ is infinitesimal. 

The area between the first curve and the envelope is then 
^ I p^d6 ; or, since we can take PP'A'A just as well for our 
elementary area, ^ I {c — p)-d6. 

Hence i j"f^d6 - J He - p^dO ; 

2cCpdO = 2c'7r, 

or Jjpde^^,. (1) 

The area between llie second curve and the envelope is 

ij^{p~byde. 
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The area between the fii-st curve and the second is then 



which is the area of 



A-i£/do^i£{f-brde 




= sJpcM - 6V 




^^bc-Vr 


!>)- (1). 


= rb(a + b)-b'^. 




-1 = TTOb, 


(2) 


of an ellipse of whicli « and b a 


e semi-axes. 



Examples. 

(1) If a line of fixed length move witli its estreniities on two 
lines at right angles with each other, the area of the locus of a 
given point of the line is that of an ellipse on the segments of 
the line aa semi-axes. 

(2) The result of (1) holds even when the fixed lines are not 
perpendicular. 

Areas by Double Tatecp-ation. 

136. If we talfe a; and y as the coordinates of any point P 
within om- ai'ea, a; and y will be independent variables, and 
we can find the ai-ea bounded by two 
given curves y = f>- and v = -^i 
bj •». double mtegiation buppose 
the aiea in question dmded into 
fill e*! bj lines diawn pariUel to the 
ixis of Y and these slices subdi 
iided into parallelogiams b> lines 
diawn parallel to the ixis ot X 
The 'wea ot anj one of the smalt 
paiallclogiams is A/Ao, If we 
keep X eonitant and take the sum 
of these rectangles from y^ f3.io v = Fx we «hall get a lesult 
difi"ering from the area ol the conctioudmg "lice bj les« than 
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2 Ax\y, which is infinitesimal of the second order if Ax and Ay 
are of the first order. 



1 Ax.dy = Ax i dy 



is the area of the slice in question. If now we take the limit of 
the sum of all these slices, choosing our initial and final values 
of X, so that we shall include the whole area, we shall get the 
area i-cquired. 

Hence A=i '( idy\dx. 

In writing a double integral, the parentheses are usually omit- 
ted for the sake of conciseness, and this formula is given as 



— i j dydx, 



the order in which the integrations are to be performed being the 
same as if the parentheses were actually written. 

Ifwebeginby keeping y constant, and integrating with respect 
to X, we shall get the area of a slice formed by lines parallel to 
tlie axis of X, and we shall have to take the limit of the sum of 
these slices vai'jing y in such a way as to include the wliole area 
desh'ed. In that case we should use the formula 

^ = 1 I dxdy. 

137. For example, let us find the area bounded by the para- 
bolas / — 4(!3! aud x^ = iay. 
The parabolas intersect at the origin and at the point (4fl, ia). 



« 



^ = 1 1. ''!"'*' 






Tlie second fommla gives the same result. 



\dx=-^ 
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EXAJIPLF.S. 

(1) Find the area of a rectangle by double integration ; of .a 
parallelogram ; of a triangle. 

(2) Find the area between the parabola 1/ = ax and the circle 

(3) Find the whole area of the curve (ij - mx - c)= = a' - xK 



138. If we use poki 
by double integration. 



eooixiinatea we can still find our areas 




Let r— /^ and r = F<j, 
be two curves. Divide the 
area between them into 
slices by drawing radii 
vectores ; then subdivide 
these slices by drawing 
arcs of circles, with the 
origin as centre. 

Let P, with cooi'dinat«s 
r and ^, be any point 
within the space whose 
area is souglit. The cnn'iliQeav rectangle at P has the base rA^ 
and the altitude ir ; its area differs from rAifiAi- by an infinitesi- 
mal of higher order than i-A-^Aj-. 

The area of any slice as aba'b' is 1 rAijiclr, ip and Ai^ beinj 
constant, that is A^ 1 rdr. The whole ai 
sum of such slices is ^ = 1 | rdrdij>. 

Or we may first sum our rectangles, ki 



and we get as the area of efe'f 

rAr 1 ,dfj>, and J. = I f rdijidi 



p being 
, tlie limit of tlie 

(1) 

ling r unchanged, 



(2) 
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[Aet. 138. 



It must be kept m minel that r in (1) and (2) is the radius 
vector of any point within tlie area sought, and not of a point 
on the boundary. 

For example, the aiea between two concentric circles, r = a 

A= f Crd'Pdr= C Crdrd<i) = w{a?-b^). 

Again, let us find the area between two 
tangent circles and a diameter through the 
point of contact. 

Let a and b be the two radii, 

)-=2ocos.^ (1) 

and r = 26cos<i!. (2) 

are the equations of the two circles. 

A^ C Cl^Td^ = 2 (a^ - &^) fcos^ -^■^ = ? («^ - &") ■ 

i/O Jib cosf Jo ^ 

If we wish to reverse tlie order of onr integrations we mnat 
break our ai'ea into two parts by an arc described from the origin 
as a centre, and with 2 6 as a radius ; tlien we have 

^1=1 I rd4.dr + 1 j i-d<f>dr 

Jo J r Jib Jo 

Find the area between the axis of X and two coils of tlie 
spiral r = arfi. 
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CHAPTER XI. 



AS OF SURFACES. 



Surfaces of Revolution. 

139. If a plane curve y=fx revolves about tbe axis of X, the 
area of the surface generated is the limit of the sum of the areas 
generated by the chords of the infinitesimal 
arcs into which the whole arc may be broken 
up. Each of these chords will generate the 
surface of the fcustum of a cone of revolution 
if it revolves completely around the axis ; 
and the area of the surface of a frustum 
of a cone of revolution is, by elementary 
Geometry, one-half the sum of the circum- 
ferences of the bases multiplied by the slant height. The fvnstnm 
generated by the chord in the figure will have an area differing 
by infinitesimals of higher order ft-om ir{y-^y + ^y)^s or from 
2tryds. The area generated by any given arc is then 



;S'=2 



-j\ls. 



[1] 



If the arc revolves through an angle H instead of makiog a 
complete revolution, the surface generated is 



s = e 



'£"' 



[2] 

It must be noted that [1] and [2] will give a positive value 
for S if tbe generating curve lies wholly above the axis of X at 
the start, and a negative value for S if it lies wholly below the 
axis of X at the start. If the curve happens to cross the axis 
of X between the points whose ordinates are j/o and yi, [1] and 
[2] give not the area of the surface generated by the curve in 
question, but the difference between tbe areas generated by the 
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portion originally above the axis, aiid the 
below the axis. 

Example. 

Show that if the arc revolves about the axis of T, S 



= 2,r p 



axis. 



140. To find the area of a cylinder of revolution. 

Take the axis of the cylinder aa the axis of X. Let a be the 
altitude and 6 the radius of tlie base of tlie 
cjliuder. The equation of the revolving 



dy^O, 



__J ds = VtZiC^ + dy''' — da; ; 

S^2Tr("'ydx=2Trab, 
or the product of the altitude by the circumference of the base. 
Again, let us find the surface of a zone. 
The equation of the generating circle is 



2 TT I adx = 



2a,r(x,-Xt,). 



It ! 



and Xi = a, S = ia^ir. 

Hence the surface of a zone is the altitude of the zone multi- 
plied b^ the (.ircumfeience of a great circle, and the surface of 
a spheie is equal to the areis of four great circles. 

Again, take the surtace generated by the revolution of a 
cycloid about its base 



acosS j 



ds = <i<ZflV2(l 



- cos 0) , 
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ARBAS or SURFACES. 



(1) The area of the surface generated liy the revohition of 
the ellipse ^ j_ ?^ — i 

about the axis of X is ^-^abf-^/i -e^ + --"^^]\ 

about the axis of Y is 27ra^ (l + ^=-l' log \^\ 
\ 2e 1 — eJ 

„ ffl= - Zi' 
where e' = -—■ 

(2) Find the ai-ea of the surface generated by the revolution 
of the cateuaiy about the axis of X; about the axis of Y. 

(3) The whole surface generated by the revolution of the 
traetris about its asymptote is 4xti^. 

(4) The area generated by the revolution of a cycloid about 
its vertical axis is S?ra*(7r — ^). 

(5) The area generated by the levolutioii of a cycloid about 
the tangent at its vertex is ^ica". 

(6) The area generated by the revolution of the curve 
x^ + y^ = ffl* about its axis is ^-wo'. 

141. If we know the area generated by the revolution of a 

curve about any axis, we can get the area generated by the 

revolution about any parallel axis by an easy transformation of 

coordinates. 

Given the surface generated bj- the arc from % to Sj about 

,^^^_____^^^ OX, to find the area generated by 

^~^ the same aj'c when it revolves 

x' about OX'. 

Let S be the surface about OX, 
and S' about O'X'. 
We have 



5 = 2 -n- Cyds, S'= 2 77 Cy'ds". 
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By Anal. Geom., x = x', 

y = y>, + y'- 

Hence dx = dx,\ dy ~ dy', ds = ds', 

and S =2t!- i (yi, + y')ds= 271^0(5, — s„) + 27r ly'ds, 
= 2-!rr/n{Sj-Sa) + S'. 
Therefore S' = S - 2 Tryais^ - s^}. [1] 

sj — s is the length of the revolving curve- 2jrjio 19 tlie cir 
cumference of a circle of which ya is the ladms Hence tlie new 
area is equal to the old aiei minus the ■irea ot a cjhnder whose 
length 1^ the length jf the gnen arc and whose bise is 1 circle 
of nhich the distance betneen the two lines is radms 

In uiing this pimtii le caieful attention must be paid to the 
sign of ^0 *iid it niuat be noted thit the oiiginal formuH 

e 1 ^ue lor the atea ot 



= 2 TT j ids will alwa^ s gi^ e a negatu 



the suilace geneiated if the le^ohmg aic 'stiits tiom 1 eliw the 
axis and hen e that the surface generate 1 
bj the leiolntion of an> cuive alout an 
axis of sjinmetry will come out zero. 

As an example of the use of the princi- 
ple, let us find the surface of a ring. 

Let a be the distance of the centre of — - 
the circle from the axis, and 6 the radius of 
the circle. Since the area generated by tlie 
revolution of tlie circle about a diameter is zero, the required 

27rt.2n-a = 4A6. 



Find the area of the ring generated by the revolution of a 
myeloid about siiiy axis parallel to its base. 

Ans. S = 4a6x xH -!; . 
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Chai-. si.] areas of surfaces. 

142. If we use polar coordinates, 

rsmij/.ds. 



i = 2-n-Cr\ 



where ('s = Vrfi'^ + i^d4.\' 

For example ; let na flnd the area of the surface generated by 
the revolution of the upper Italf of a cai-dioide about the hoi-i- 
zontal axis. 



(W =^ B a" {1 — cos ijt) (><{>'', 
« = Stt r*' V2<(^(1 - cos ^)^siii <l>.di>. 



(1) Find the surface of a sphere from the polar er|uation, 

(2) Find the surface of a paraboloid of revolution from i 
polar equation of tlie parabola 



1- 



Cylindrical Snrfaoes. 

143. If a cylindrical surface is generated by a line which is 
always parallel to the axis of Z, the area of the portion bounded 
by two positions of tlie generating line, the plane of XY, and 
any cui-ve whose projection on the plane of XZ is given, is 
easily found. 

Let ABCD be the cylindrical area required. 
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be the equation of Cj-Di, 



y^f^ (1) 

be the equation of AB, the line of iuteraection of the surface 
with the plane XY; anrl let 

. = & (2) 

the yrojectiou of CD on the plane 
of XZ. 

If X, y, z arc the coofdinates of 
any point P of CI), the required 
area is evidently the linait of 
the anm of rectangles, of which 
PP'r'P"' is any one. The area 
of prp"_p>" diffei-s by an in- 
finiteaimal of higher order than 
ds fi'om sds, and therefore the 

required area ;S = I zds. 

x,z ai-e the cooi-dinates of J*i,and 
satisfy (2), and ds= -•J da? + df 
where x^y are the coordinates of 
P' and satisfy (1). 




We liave, then, S= i" z -^dx- + df. 



[3] 



For example, let AB be the quadrant of a circle, and let the 
projection of the required area on the plane of XZ be the quad- 
rant of an equal circle, so that the surface required is one-eighth 
of the surface of a groin. 



Here 

and 






ds = Vd«- + dy^ :^~dx = 



(5) 



y Google 



EAS OP SURFACES. 



Hr 



V. 



— (t I dx — a,. 



Again, let us find the area of the curved surface of the 
liortioo of a cjlinder of revolution included within a spherical 
surface, whose centre lies on the surface of the cylinder, and 
whose radius is equal to the diameter of the cylinder. 

If the centre of the spheve is taken as the origin* and a 
diametral plane of the cylinder aa the plane of XZ, the surface 
required is four times that indicated in the figure. 
The equation of the cylinder is 

x'~ax + f^Q, {(■>') 

and of the sphere 

a;= + y + ^^-ffl=-0. (7) 

Subti'act (6) from (7), and we get 

K' + a3!-n^=0 (8) 

as the equation of a cylindrical surface 

perpejidicular to the plane XZ, and 

passing through all the points of intersection of (6) and (7). 
(8) is, then, the equation of the projection on the plane of XZ 
of the line of intei'section of the given spherical surface and 
the given cylindrical surface. 




From (6), ds= -si da? + rf/ 







and the whole area requircJ, 
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(1) Find tlie area cut from the cyliiiflrical sui'face whose 
base iu the ijlaiic XY is a quadrant of the curve arS + j/^ = «l by 
the plane x = x. Ani^. f«^. 

(2) Find the area of that portion of a cylindrical sui'face 
whose base in the plane of XY is a quadrant of the elliijse 
— 4,^ = 1, and whose projection on the plane of XZ is bounded 

(3) Let the bise of the cylindrical surface be a tractrix, 
whose \eitex lies at a di-stance a to the left of the origin, and 
whose asymptote is tlie axis of Y, while its projection on the 
plane of XZ is houmled bj the parabola z° = — 2 ma;- 

Ana. 5 = 2aV2ma. 

(4) Let the base of the cylindrical surface be the upper half 
of a cycloid, having its vertex at the origin and its base parallel 
to the axis of Y, and at a distance 2 a from the oiTgin, while 
its projection on the plane of XZ is bounded by the parabola 

t''=^mx. Ans. S^icf/^i. 



Any Surface. 

144. Let X, y, 2 be the coordinates of any point P of the sur- 
face, and X + Ak, y + A?;, 2 + As the coordinates of a second 
point Q infinitely near the first. Draw planes through P and Q 
parallel to the planes of XT" and YZ. These planes will inter- 
cept a curved quadrilateral PQ on the surface ; its projection pq, 
a rectangle, on the plane of XZ ; and a parallelogram p'q' not 
shown in the figure, on the tangent plane at P, of which j)^ is 
the projection. PQ, will differ from p'q' by an infinitesimal of 
higher orfer, and therefore our required surface will be the limit 
of the sum of tlie parallelograms of which p'q' is any one. 
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If fi is tlie angle the taageiit iilane at P makes i 
p'q'cosli=pq or p'q' =pqsecl3 =A3;Aiis( 
face required, is equal to 
the double integral 

<T— i j set j8d iiJ^ 
tikeu letneen 1 mits so 
choaen aa to embrace the 
whole suiface 

The limit of the aotn. 
of the paralielogiacQS of 
which J q 18 a type will 
be the lequued sniface 
if the limit of the sum ot 
the rectangles, of which 
pq is a type, is the pro- 
jection of the surface hi 

question on the plane of XZ; ao that the values of x and s 
between which we integrate in o-= | j sec^dxdz are precisely 
those we should use if we were finding the area of the projection 
of cr by the double integration | | dxdz. (v. Ai-t. 136.) 

The equation of the tangent plane at P is 
(X - x,)D^J+ {y - y,)DyJ+ {% - z,)D.J= 0, by I. Art. 217, 
(*oi3/o)^) etandii^ for the coordinates of the point of contact, 
and /(a!,2/,s) = being the equation of the surface. 

The direction cosines of the perpendicular from the origin upon 
the plane are jj ^ 




cos^ = ^V^^ 

COS y = — '^-^ ■ 

by Anal. Gcom. of Three Dimensions. 
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Hence, di-oppiiig the accents, 



-V(-0./)' + (»J-)'+ (A/)",,,,,. . 


m 


DJ """■ • 


■V (-0./)' + {D,f)'+ (Djy,,„,,, 


m 


v.f 



„ ^ |-j- V(o./)-+a',/)-+(-p. /r,faa,. [1] 

By considei-ing the projections upon the other coorflinate planes 
we shall find 

In each oftlic formulas the derivatives are ijaitial derivatives. 
Let us find tlie area of the portion of the surface of tlie spliere 



intercepted by tlie three coordinate planes. 
D,f=2x, 

■J(.D,fY + (U,fY+{DJ)' - 2 o. 

"I'll**- <»> 

or "= r" f-f^fJa'; (2) 

Jo Joy 

'-1 J.;'^"'J- (3) 

For, in the second one, which agrees best with the figure, wc 
must take our limifes so that the limit of the sum of the projec- 
tions may be the quadrant in wliich the sphere is cut by the 
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plane XZ ; and the equation of this section is obtained bj- letting 
!/ = in the equation of the sphere, and is 



whence a = Va^ — x'. 

If wc take as our limits in the integral ( -tfe zero and Va^— a^' 

-^ y 

we shall get the area whose projection is a strip running from 
the axig of Xto the curve ; then, taking I [ j - (^) f'^ from to 
a, we shall get the area whose projection is the sum of all those 
strips, and that is our required surface. 



J> Jo Va'-ar'-E^ 



/■ 



if wo regard x s 



constant ; 



the leqnired aie\ Formulas (1) and (3) give the same result, 

145 Suppose two cjlinders of revolution drawn tangent to 
each other, and peipendicuUi to tlie plane of a great circle of a 
y. sphere, each having the radius of the 

great urcle as a diameter ; required the 
surface of the sphere not included by 
the cjlinderg. 

The surface required is eight times 
the surface of which the shaded portion 
of the figure is the projection. 

If we take the plane of the great 
circle as the plane of XT, 
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a^~ax + y^ = 

is the equation of the cylhider, and 

f^ + f- + &' = a' 
of tlie sphere. 

We havo . ^ff^W)'+(^jy^W)\ 
From(2) DJ=2x, 

DJ=2z; 

dydx 



(1) 

(2) 



f pa n c cu/d. 



Our limits of integration for y are Vna; ~ a^ and Va^ — x^ ; for 
X are and a. 

^a'-x'clyclx 



/V3 



dy_ 



■slu' 



'-'^^: 



To fine] I siii-^^l^^j — dx we must integrate by parts. 



rif = (?ic ; 



/"'""S'^ 



2(. 
.(ix^^sm"' 



^aIi 



rfa;; 



[_5 Vo f v« 
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iu = \lx ; 2 lodw = dx 



.S'^'-'iTh-"" ,- 



ntaii-'l — « = — +—— « = — - 



8cr = 8ffl^ is tlie whole surface in question. 

146. Let us find tiie area of tlie curved surface of a riglit 
cone wliose base is tbe curve a;^ -|- )/i = aS, and wLiose altitude 
is c. 

If we take the vertex of the cone as the origin of coordinates, 
and its axis aa the axis of Z, the equation of its curved surface 



faz\- 



rf + js-pi' *, (1) 



and the projection of tlie suvEaee on the plane of XY is bounded 
by the curve 

xi + yl = a%. (2) 

From (1) we get 



DJ \ ^c<? xly% ' 

where x,y are the coordinates of iiuj point within the projec- 
tion of the base of the cone. 

Since the four faces of the cone are equal, the required 
surface 

^ {d-xi)i 

17 = - I \x-^y-^-^a'aiiyt + c'{xi-^ysY.dydx. (3) 
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Let US substitute v^=x and w^ = y^ whence dx^^v^dv 
and d»/ = 3Mr'rfM), and we have 

or, since in a definite integral it malics no difference wbat letters 
we use for the variables, 

(T = 5 JTJJ^ V''-''^'/ + <^n«'-' + ff ■ ^ydx. (4) 

The X and j/ in (4), however, must not be confounded with the 
X and y in (3). 

The integral in (4) is precisely that which we should have to 
find if we sought the area of a surface of such a nature that its 
projection on the plane of XY was a quadrant of the circle 
x' + y^ = ai, and the secant of the angle made by the tangent 
plane at any point (x,y,%) of the surface with the plane of XY 
was a3/VaV;/^ + c*(^ + /)^ 

In the latter problem there is nothing to prevent our re- 
placing X and y in ct^ •^a^afy" + c^{x' + y^y by their values in 
terms of r and <^, the polar coordinates of any point of the 
projection x^ + y^ = «!, and dividing this projection into polar 
elements instead of rectangular elements, and then integrating 
between the limits which we should use if we were finding the 
area of the projection by the formula ^4 = j j rd4<dr. 

We have, then, 

<r=— - I j 9-^8ini^cos</j Va'r'siu-i/icos^i^ + o^r*. 5-(^i-d^, 



<T= — I j )-^sin<^cosi^ Va^sin^<i) cos^</) + c^. drd<l>, 
tr = 6 a I sin ^ cos ^ V«^ sin^ (j> cos^ '> + c^ di/i. 
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Substitute M = sin^<^, and 

(T = 3« r^a^u{i-~u) + c' . dw, 

Examples. 

(1) Fiad the area included by the cvlindera described in 
Art. 145 by direct integration. 

(2) A square hole is cut through a sphere, the axis of tlie 
hole coinciding with a diameter of the sphere ; find the area of 
the surface removed. 

(3) A cylinder is constructed on a single loop of the curve 
)' = acos?i'^, having its generating lines perpendicular to the 
plane of this curve ; determine the area of the portion of the 
surface of the sphere af + if + ^ — a^ whicb the cylinder inter- 
«ep'8- Ans. ifY|-l} 

(4) Find the area of the portion of the surface of the cone 
described in Ai-t. 146 included by the cylinder ^-\-'f = b^. 

(5) Find the area of the portion of the surface of the sphere 
a^ + ^-f s*= 2aj/ cut out by one nappe of the cone 

V(l+^)(1+S) 

(6) Find the area of the portion of the surface of the sphere 
x^ + if + -J^ = 2ay lying within the paraboloid y = Aa?-i-Bz'. 

Ans. ^1^. 
■^AB 

(7) The centre of a regular hexagon moves along a diameter 
of a given circle (radius = a), the plane of the hex^on being 
perpendicular to this diameter, and its magnitude varying in 
such a manner that one of its diagonals always coincides with 
a cliord of the circle ; find the surface generated. 

Ans. a=(27r + 3V3)- 
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CHAPTER XII. 



Shigle Integration. 

147. If sections of a solid are made hy parallel planes, and a 
set of cylmders drawn, each having for its base one of the sec- 
tions, and for its altitude the distance between two adjacent 
cutting planes, the limit of the snm of the volumes of these 
cylinders, as the distance between the sections is indefinitely 
decreased, is the volume of the sohd. 

We shall take as estabhahed by Geometiy the fact that the 
volnme of a cylinder or pvisni is the protlnct of the area of its 
base by its altitude. 

It follows from what lias just been said, that if, in a given 
solid, all of a set of parallel sections are equal, the volume of 
the solid is its base by its altitude, no matter how irregular its 

Let us find the volume of a pjTamid having h 
for tlie area of its base, and a for ite altitude. 

Divide the pyramid by planes parallel to the 
base, and let z be the area of a section at the dis-. 
tance a: from the vertex. 

"We know &om Geometry that - = - . 
b a' 

Hence ic = -^^. 

Let the distance between two adjacent sections be dx ; then 
the volume of the cylinder on 2 is 



and F", the required vohnne of the pyramid, is 
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Precisely the same reasoning applies to any cone, vhicii "ill 
therefore have for its volume one-thii-d the product of its base 
by its altitude. 

Example.;. 

1 nl th 1 n ot tl fi ti 1 1 nn.iiii (t 



148 If 1 1nn. I o\e I eepm^ alwi\9 pinllel tj a given plan*, 
an 1 touchu% a plane cm\e and i&tiiiglit Imc paiallel to the 
jl'uie jf the ume the suifacc geneiated is called a coi otd 
r<t us fintl the Aoliinie of i c no d when tin. duectoi line and 
tune ait peipcndi ulai to the ^iven plane 

Dn ide the conoid into Kmime by 
planes paiillel to the fls-ed plane 

Let Ay be the lis>taiice between 
two adjacent sections and let ^ be 
the length of the line m whicii any 
'iiction cuts the ba^ie of the conoid 
kt a be the altitude and 6 the aiea 
cf tilt ba.se ol ti e hguie 'i.n\ one of oiii elemental^ c\liiKleis 
^*il! have foi its \olume ^a-rAy since the aieaof its tiiangtilar 
base IS ia%, and we ht^e V=ia('<.dyy the limits of integia 
tion being so taken as to embrace the whole solid. | ccrfy be- 
tween the limits in question is the area of the base of the co- 
noid; hence its volume, 




(1) Find the volume of a conoid when the director line and 
curve are not perpendicular to tlie given plane. 

(2) A woodman fells a tree 2 feet in diameter, cutting half- 
way thi-ough from each side. The lower face of each c»it is 
horizontal, and the_ upper face makes an angle of 45" with the 
horizontal. How much wood does he cut out? 
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149. To find the volume of an ellipsoid. 



Take tlie cutting planes parallel to the plane oi XY. A sec- 
tion at the distance z from the origin will Imve 



for its equation, and — •Jc' —?? and - Vc^ —# for its semi-axes ; 

hence its area will be ^-r-fc^ — s')- 
& 

Any of tlio elementary cyliuders will Jiave for its volume 
^^(c' — 3^)As, and we shall have for the wliole solid 



v^^-fcy 



If fl, 6, and c are equal, tlic ellipsoid i 



(1) 


Find the volume 


iu chicled between 


sheet 




%-i^ 


-?-'■ 


and its 


! asymptotic cone 


?.+s- 


-!=»■ 



1 hyperboloid of one 



Ans. It is equal to a cj'Under of the same altitude as the 
solid in question, and having for a base the section made by the 
plane of XY. 

(2) Find the whole volume of tlie solid bounded by the sui-face 

iL+?^+^=l. 87rOi)C 
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(3) Find tlie volume uut from tlie siii-face 

b\- a plane parallel to the plane of ( YZ) at a distance a from h. 
Arts. TraP-\/(bc). 

(4) The centre of a regular hexagon moves along a diameter 
of a given circle (radius = fl}i the plane of the hexagon being 
perpendicular to this diameter, and its magnitude varying in 
such a manner that one of its diagonals always coincides with 
!i chord of the circle; find the volume generated. 

Ans. 2V3-«'- 

(5) A circle (radios = n) moves with its centre on the cir- 
cumference of an equal circle, and keeps parallel to a given 
plane which is periiendiculai- to the plane of the given circle ; 
find the volume of the solid it will generate. t, 3 

Ans. fiL(37r + 8). 



Solids of Mevolution. Single Integration. 

150. If a solid is generated bv the revolution of a plane cur\'e 
y=fx about the axis of x, sections nia<le by planes peiiiendicu- 
lai' to tlie axis are circles. The area of any such circle is iry^, 
the volume of the elementary cjlinder is ttj/^Ak, and 



v=^jy-<h 



is the volume of the solid generated. 

For example ; let us find the volume of the solid generated by 
the revokition of one branch of the traetrix about the axis of X. 
Here we must intcgi'ate from a; = to » = =0 . 



-j:= 



y'dx. 



We have dx = - ^ — -^-^ dy (Art. 102 [2].) 

u the case of the ti'actrlx ; 
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hence V~ -~ir\ y{'i? — f)idy. 

■\Vlieii x = 0, y = a, and wlioii x— :c, y = (). 
Tlicrofoi'e V= - ^fy («^ - y'}^<!ii = ^. 

Examples. 
(1) If tlie plane cuitg revoh'cs about the axis of Y, 



Tfi ''js'dy. 



(2) The volume of a sphere is \ ttci^. 

(3) The ^'olume of the solid formed hy the revohition of a 
cj-cloid about its base ia 5n^«^. 

(4) Tho carve y^(2a — a;) = ar' revolves about its asymptote; 
show that the volume generated is iir'aK 

(5) The curve x' + y'^ai revolves about the axis of X; 
show that the volume geiiei'ateil is ^^ttu". 



Solids cf Hevohition. Double Integration. 

151. If we supijose the area of the revolving curve broken up 
Into infinitesimal rectangles as in Art. 137, the element AasAy 
at any point P, whose coordinates are x and y, will generate 
a ring the volume of which will differ fVom ^iryinx^y by an 
amount which wiU be an infinitesimal of higher order than the 
second if we regai'd is and Ay as of the firet order. For 
the ring in question is obviously greater than a prism having 
the same cixias-section Acci^, and having an altitude equal to the 
inner circumference 2xyof the ring, and is less than a prism 
having AkAi/ for its base and 23r(y + A^), the outer circumfer- 
ence of the ring, for its altitude ; but these two prisms differ by 
27rAa;(Ai;)^, which is of the third order. 



y Google 



Chap. XII.] VOLUMES. 3 7S 

Ax I 2iri/c7j/, wliere the upper limit of integration is the ordi- 
nate of the point of the curve immediately above P, and must be 
expressed in tevms of x % the aid of the equation of the revolv- 
ing cuiTe, will give us the elementary cylinder used in Art. 150. 

The whole volume required wiU be the limit of the sum of 
these C3-linders ; that it 

[1] 



■^ f" fy^^yc^^- 



If the figure revolved is bounded by two curves, the rctquired 
volume can be found by the fonnula just obtained, if the liTiiits 
of integration ai'e suitably chosen. 

Let us consider the following example : 

A paraboloid of revolution has its axis coincident wilh the 
diameter of a sphere, and its vei-tex in the surface of the sphere ; 
required the volume between the two surfaces. 

Let / = 2ma; (1) 

be the parabola, and a--' + / — 2 aa; = (2) 

be the circle, which form the paraboloid and the sphere by their 
i-evolution. The abscissas of their points of intersection arc 
and2(a-m). 

We have V=2 irfjydyclx, 

and. in performing our firat integi'ation, our limits must be tlie 
values of y obtained from equations (1) and (2). 

"VVo get V^7rC[-2(a - m)x-ii?2f^x, 

and here our limits of integration are and 2(« — ra). 

Hence V=%7r(a~my = ^, 

if 7i is the altitude of the solid in question. 



(1) A cone of revolution and a paraboloid of revolution have 
the same vertex and the same base ; required the volume be- 
tween them, ^^^_ ,rmJ£^ ^.^^^^ j^ j^ ^j^^ ^^j^^^^ ^^ ^,^^ ^^,^g_ 
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(2) Find the volume incliidecl between a right cone, whose 
vertical angle is 30°, and a sphere of given radius touching it 
along a circle. ^^^^ ^_ 

6 
Solids of Revolution. Polar Formula. 

l.'>2. If we use polar coordinates, and suppose the revolving 
area broken np, aa in Art, 138, into elements of which rd<l>dT 
is the one at any point P whose coordinates ai'c r and •{>, the 
element rdijidr will generate a rii^ whose volume will differ 
from 2^-7^ sin i^i^r by an infinitesimal of higher order than the 
second, if we regard dijt and dr as of the first order ; for it will 
be less than a prism having for its base rd<j>dr, and for its alti- 
tude 2 TT (r + dr) sin ('ft + d'li), and greater than a prism having 
the same base and the altitude 27rrsin^; and these prisms 
differ bj' an amount which is inflniteaimal of higher order than 
the second. 

We shall have then 

V=2,rCfr^sin4,drd4,, [1] 

the limits being so taitcn as to bring in the whole of the gener- 
ating area. 

For example ; let us find the volume generated by the revolu- 
tion of a eaidioide about its axis. 

)■= 2o(l — cosi^) 
is the equation of the cai'dioide ; 



--//" 



n ^drd<i>. 



Our first integral must be talii'ii between tlie limits r 
= 2n(I— cosi^), and is 

^(l-cos^)'sin^rf^. 



3 Jo ' 



r-'i 
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A right cone has its vertex on the surface of a sphere, and its 
axis coincident with the diameter of the sphere passing through 
tliat point ; find the volnme commoo to the cone and the sphere. 



Volume of any Solid. Tnple Integration. 

153. If we suppose our solid divided into parallelopipeds by 
planes parallel to the three coordinate planes, the elementary 




parallelepiped at any point (x,y,z) within the solid will have for 
its volume \x\yAz, or, if we regard's:, y, and s as independent, 
dxdydz ; and the whole volume 

[1] 

the limits being so chosen as to embrace the whole solid. 

The integrations are independent, and may be performed in 
any order if the limits are suitably chosen. 

As it is important to have a perfectly clear conception of the 
geometrical interpretation of each step in the process of finding 



= j I j dcrAydz, 
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1 ^ol ime ! y i tuple lut ition we w 11 ons 1 i' one case in 

Jet the integritiODi le lufoimed m tit oidei indicated by 
the t iiiu {^ , /• 

Tf tl e 1 m tB lie correctly chosen o ii tiist i itegratioii gives 
us the volume of a piiBOi om. of whoie lateial edges passes 
tbiough inv chosen poiut P (^ y z) withm the solid, is parallel 
to the 1X1S of Z and leaches diiectlj acioss the solid from 
surface i> surface whde the ba=ie of the piisra is the rectangle 
di/dz our seconl integiatun gnes the volume of a i-ight cylin- 
der whose bise is a plane section of the s>l\d [ asses through 
the iwiat P aud is pii lUe! to the phne I Z ind whose altitude 
If- rf an i oui thu 1 inte^i ition gi% es the ^ ol ime of the whole 
•^olid 

The limifa in oui fiist integi iti n aie then the values of z 
belonaing to the point in the lowei bounding suiface and the 
point in the upper 1 ounding surface which have the coordinates 
J and 3/ the 1 imts m the second mtegiation aie the values of y 
belougin^ to the two } ints in the penmetei of the projection 
of the solid in the plane of XT which have the cofirdinate x ; 
and the limits in the thud iut«ffiition iie the least value and 
the greatest \alue of a belonging to points on the perimeter of 
the jiojettion of the solid on the pKne of YI 

It is easilj een fiom what his ju&t been said that the limits 
in the second and thiid integiitions aie piecisely those we 
sho lid use if we weie finding the irea of the pio]ection of the 
sobd by the f rmula ~ ^ 

Of coulee it IS necessan to ha\c a dtxi ilei of the form of 
tl e sol d wh ie ^ol me is leq le 1 

Fm eximple let is fiul the lolime cf the portion of the 
ellq so 1 

^ + |- + ^=1 
a^ b' c' 

cut off by the coordinate planes. 
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V= C f fchdndx, 



^v^ 



^f^ 



— J ; for ?/, and 

1 F t t ng at any point 

{ y ) 1 t g t th h I th th t alone varies, we 

t 1 f 1 tajpllliil having dxdy as a 

b Ip lath hthi t(y) To make this eol- 

m hftmthil \Ftoth f z must increase 

f tn th 1 t th 1 1 1 g to the point on tlie 

urf f th 11 1 1 h 1 1 tfi oo d tea a; and y ; that 

toth 1 -v/l f"*^^ *g ting on the hy- 

p tl th t !/ 1 h 11 um these columns and 

h II g t I f tl 1 d t tl u^h ( ?/,3) and having 

th tl k IT k h 1 h ompletely across 

th hdwmtlt?/ fmtl Uue zero to the 

g t t 1 t h tl 1 q t n; tliatis,totlie 

value which is the oitlinate of that point of the section of the 
ellipsoid by the plane Xy which has the abscissaa;. The section 
in question has the equation 



therefore the required value of y is b -* |1 ^- 

Last, in integrating on the hypothesis that x alone varies, we 
must choose our limits so as to include all the slices just de- 
scribed, and must inwease a! fi-om zero to a. 



f„. 



between the limits and 



°\" a' 6" 



'\'-?-? 
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--J-l>'f-$)-''-"« 



H\!Y 



-S 



.^|,- 



between the limits and b 












the volume requireLl. 



(1) Fiiitl the volume obtained in the present article, perform- 
ing the integrations in the order indicated by the formula, 



F= ^ C Cdxclydz. 



(2) Find the volume cut off from the surface 

by a plane parallel to that of YZ, at a distance a fi-om it. 

Ans. Tr(('V(6L')- 
(y) Find the volume enclosed by the surfaces, 

32 c 
(4) Obtain the \'ohune bounded by the surface 
s = o - VS^ + / 
and the planes a; = e and x = 0. Ans. —■ 
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(5) Find the volume of the conoid boiindcd by the surface 
j2 -I- tL|. = c' and the phmes x = and x = a. Ans. ^-^■ 

151. If we use polar coordinates we can take as our clement 
of volume 

r^sm<l>drdtfidd, 

an expression easily obtained from the element 2 td^ sin ijidrdrf) 
used in Art. 152. 

Then V= CCC^^sm<tidrd<l>f:ie, 

where the order of the integrations is usually immaterial if the 
limits are properly chosen. 

Examples. 

(1) Find the volume of a sphere by polar coordinates. 

(2) Find the whole volume of the solid bounded by 

(x' + f + ^f = 27 a^xyz. 
Suggestion: Transform to polar coordinates. Ans. -«'. 
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CHAPTER XIII. 



CENTRES OF GE 



155. The moment of a force about an axis perpendicular to its 
line of direction is the product of the magnitude of the foi'ce by 
the perpendicular distance of its line of direction from the axis, 
and measures the tendency of the force to produce rotation 
about the axis. 

The force exerted by gravity on any material body is propor- 
tional to the mass of the body, and may be measured by the 
mass of tlie body. 

The Centre of Gravity of a body is a point so situated that the 
force of gravity produces no tendencj' in the body to rotate aiiotit 
any axis passing through this point. 

The subject of centres of gravity belongs to Mechanics, and 
we shall accept the definitions and principles just stated as data 
for mathematical work, without investigating tlie mechanical 
grounds on which they rest. 

166. Suppose the points of a body referred to a set of three 
rectangular axes fixed in the body, and let ^,j/,s be the coordi- 
nates of the centre of gravity. Place 
the body with the axes of X and Z 
hoi-izontal, and consider the tendency 
of the pai-tieles of the body to produce 
rotation about an axis through (x,y,'z) 
parallel to OZ, under fbe influence of 
gravity. Represent the mass of an 
elementary parallelepiped at any point 
(x,y,z) by dm. The force exerted by 
gi-avit}' on dm is measured by dm, and 

its line of dh'ection is vertical. If the mass of dvi were concen- 
trated at P, the moment of the force excited on dm about the 
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axis through G would liu {x — x)din, ami this uiymcut would 
represent the tendency of dm to rotate about the axis m ques- 
tion ; the tendency of the whole body to lotate about this axis 
would be 1{x — x)dvi. If now we decrease dm indefinitely, the 
error committed in assuming that the mass of dm is concentrated 
at P decreases indefinitely, and we shall have as the true expres- 
sion for the tendency of the whole body to rotate about the axis 
through (7, I {a: ~ x)d7n, ; but this must be zero. 



j {x — x)dvi = 

I xdm —X ich, 

I xdiii 

jam 



[1] 



If we place the body so that the axes of T and X are iiori- 
zontal, the same reasoning will give us 






[2] 
dm 

and in like manner we can get 

[3] 



Since | dm is the mass of the whole body, if we represent it 
bj" M we shall have ^ 

I xdm 



M 
_fd 



ydm 
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Show that the effect of gravity in making a body tend to rotate 
about any given axis is precisely the same as if the mass of the 
body were concentrated at its centre of gravity, 

157. The mass of any homogeneous body is the product of 
its volume by its density. If tlie hotly is not hotnogenoous, the 
densitj' at any point will be a ftinetion of the position of that 
point. Let us represent it by k. Then we may regard dm as 
equal to kcIv if (Zu is the element of volume, and we shall have 






[1] 



and corresixinding formulas for y tmd e. 

If the body considered is homogeneous, « is constant, and we 
shall have 

I xdv I xdv 



j'ydv jydv 



[2] 



I zdv I zdv 

In any particular problem we have only to express dv m 
terms of the coordinates. 



158. If we use rectangular coordinates, and are dealing with 
a plane area, where the weight is uniformly disti'ibiited, we have 
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Hence, by 157, [2] and [3], 

j j zdxdy 

jjydxdy 



j jdxdy 



[1] 



e polar coordinates, 

dv = dA - 



JS" 



//"'** 
_//•"'»*"* 



//"' 



P] 



For example ; lot us find tlio centre of gravity of tlie arua bo- 
tweeo the cissoid and its asymptote. From the equation of the 
cissoid 



we see that the curve is symmetiical with respect to the axis 
of X, passes through tlie origin, and has the lijie x = a as an 
asymptote. From the symmetry of the area in question, ^=0, 
and we need only find S, 



I I xdydx I m/dx 
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g = '^°^' , ' = ^"' ' ; by Alt. G4 [4]. 



As an example of the use of the polar fovranlas [2], let us find 
the centre of gravity of tlie eardioide 



Here, from the fact that the axis of X is an axis of symmetfv, 
N6 know that ^ = 0. 

j i T'lrd'p 

i I f^con^d^ -^ j (1 --eos^)*cos</,rf^ 
i jr»^(^* 2 a^ (*(! - cos ^)= (-/</. 

j (eost/i— Soos^^ + Scos^c^— C08^;^)(iit = — -'t^tt ; 
md ( (1 — 2co8<i. + cosV)':^ = 37r. 



1. Show that foi-mulas [I] hold even when we use oblique 
coordinates. 

2. Find tlie centre of gravity of a segment of a parabola cut 
off by any chord. 

Ans. x=^a, y = 0. If the axes are the tangent parallel 
to the chord and the diameter bisecting the chord. 



y Google 



Chap. XIII.] CENTRES OF GRAVITY. 185 

3. Find the centre of gravity of the area bpuncled by tlie scmi- 
cnbical parabola ay^ = 3? and a double ordinate. Ana. x = ^x. 

4. Find the centre of gravity of a aemi-ellipse, the bisecting 
line being any diameter, 

Ans. If the bisecting diameter is taken as the axis of F, and 

the conjugate diameter as the axis of X, a; = — , ^ — 0. 

y. Find tlie centre of gravity of the curve y'' = !/ 

Ans. x — ^a. 
G. Find tlie centre of gravity of the cycloid. 

Ans. x = air, y=|fl. 

7. Find the centre of gravity of the lemniscate r' = fl'cos2(^. 

A„. i = l|I». 

8, Find the centre of gi'avity of a circular sector, 

Ans. If we take the radius bisecting the sector as the axis 
of X, and represent the angle of tlie sector by 2a, x = % 

9, Find the centre of gravity of the segment of an ellipse cut 
off by aquadrantal chord. Ans. ^ = 1-^^' ^ — t""^" 

10. Find the centre of gravity of a quadrant of the area of the 
curve xi + y'i^ai. -4'*s. x = y = ^^-. 

159. If wo are dealing with a homogeneous solid fomied by 
the revolution of a plane curve about the axis of X, we have 

dv^2-n-ydydx. (Art. 151 [1]) 

Hence, by Art. 157 [2], 



j jxydxdy 
jj ychdy 
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If we use polar coordinates, 

dv = 2-^i^sm4,drd^. {Art. 152 [1].) 

j j j'^ sill di cos tbdrdA 
-JJ [2] 



//■' 



For example ; let us find the centre of gravity of a liemiaplie 
The equation of the revolving carve is ar" + y^ = ci*. 



f Cxydydx 

^^ •^0 ^ ^P" = 3(1. 

j I ydydx 
B polar coordinates the equation of the revolving curve 



rp 



1 . Find the centre of gravity of the solid formed by the revolu- 
tion of the sector of a circle about one of its extreme radii. 

Ans. a; = |acos^^/3, where ^ is the angle of the sector. 

2. Find the centre of gravity of the segment of a paraboloid 
of revolution cut off by a plane perpendicular to the axis. 

Ans. X = ^fl, where a; = a is the plane, 

3. Find the centre of gravity of the solid formed by scooping 
out a cone from a given paraboloid of revolution, the bases of 
the two volumes being coincident as well as their vertices. 

Ans. The centre of gravity bisects the axis. 
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4. A caitlioiclc is made to revolve about iU axis; tiiul the 
centre of gravitj' of the sohd generated. Ans. x = — ftt. 

5. Obtaia foiinulas for the centre of gi'avity of any homo- 
geneous solid. 

6. Find the centre of gravity of the solid bounded by the 
surface ^ = xy and tlie five planes a!=0, ?/=0, z=0, x=a, y=b. 

Ans. S = ffl, 5 = |((, j = -^al&t. 

160. If we are dealing with the arc of a plane eui-ve, the 
formulas of Art. 157 reduce to 

»_J — [1] 






[2] 



1. Find the centre of gravitj- of an arc of a circle, taking tiie 
diameter bisecting the arc as the axis of X and the centre as the 
o^'ig''!' An3. S = ~, where c is the chord of the ai'c. 

3 

2. Find the centre of gravity of the ai'c of the curve 3;3+!/l=ai 
between two successive cusps, Ans. x = y = ^a. 

3. Find the centre of gravitj- of the arc of a semi-cycloid. 

Ans. S = (;r-±)o, y = -%a. 
i. Find the centre of gi-avitj- of tlie arc of a catenary cut off 
bj' any horizontal chord. 
Ans. ^ = 0, y= T - > ^li^*^ 2 s is the length of the are. 

5. Obtain formulas for the centre of gravity of a surface of 
revolution, the weight being uiiiformlj' distributed oi'er the 
surface. 
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6. Find the centre of grsivity of any zone of a sphere. 

Ans. The centre of gravity bisects the line joining tlie centres 
of the basea of the zone. 

7. A cardioide revolves about its axis ; find the centre of 
gravity of the surface generated. Ans. x = — ^^a. 

8. Find the centre of gravity of the surface of a hemisphere 
when the density at each point of the surface varies as its per- 
pendicular distance from the base of the hemisphere. 

Ans. » = |n. 

9. Find the centre of gravity of a quadi-ant of a circle, the 
densitj' at any point of whioh varies as the nth power of its 
distance from tlie centime. A„g x~Ti — "" "*~ ". 

■^ n + & ,r 

10. Find the centre of gravi'"y of a hemisphere, the density 
of whicli varies as tiie distance f.'om the centre of the sphere. 

Ans. x = \a. 

Properties of Giddin. 

161. I. If a plane area revolve about an axis external to 
itself through any assigned angle, the volume of the solid gene- 
rated will be equal to a prism wliose base is tlie revolviug area 
and whose altitude is the lengtti of the patli described by the 
centre of gi'avity of the area. 

11. If tlie arc of a plane curve revolve about an external axis 
in its own plane tlu-ough anj' assignecl angle, the ai-ea of the 
sui-face generated will be equal to that of a rectangle, one side 
of which IS the length of the revolving curve, and the other the 
length of the path described by its centre of gravity. 

First; let the area in question revolve about tlie axis of X 
through an angle B. The ordinate of tlie centre of gravity of 
the area m question is 

I ydxdy 

by Art. 158 [1]. 



7/' 



dxdy 
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The length of the pjith desci-ibed by the euiitre of gravity 
® f fi/dxd;/ 

j J <to% 

The vohime geiier;itei.l is 

r= eCCyclxdy, by Art, 151. 

Hence V=y®i i dxdy. 

But I I (Ixciy is the icvohlDg area, and the lirst theorem is 
established. 

"\Te lea^-e the proof of the second theorem to the student. 



1. Find tJie surface and volume of a sphere, regarding it as 
generated by the revolution of a semicircle. 

2, Find the surface and vohime of the solid generated by the 
revolution of a cycloid about its base. 

8. Find the volume and the surface of the ring generated by 
the revolution of a circle about an exteraal axis. 

Aiia. F= 271^(1^6, S = 4.i:^ab, where b is the distance of 
the centre of the circle from tlie axis. 

4. Find the volume of the ring generated by the re\'ohitiou of 
an ellipse about an external axis. 

Ans. V=2-!r\ibc^ where c is the distance of the coiitro of the 
ellipse from the axis. 
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CHAPTER XIV. 
Li:SE, SURFACE, AKD SPACK INTEGRALS. 

162. Any variable which (depends for its value solely upon 
the position of a point, as, for example, any function of the 
rectangalar or polar coordinates of the point, may be called 
a point-function. 

A point-function is said to be continuous along a given line 
if its value changes continuously as the point, on whose position 
the function depends for its value, moves along tlie line ; it is 
said to be continuous over a given surface if its value changes 
continuously as the point is made to move at pleasure over the 
surtace anltssTdtole otn ous th ougl o t a g en 
sp e f s alue cl inges cont o aly ts the po t s ma le to 
move al out it pleasuie w tl n the si ace 

163 If a given Ine s Iv led i n way nto nfi tes al 
elements and the lengtl of ea ! element s n It pi ed 1 he 
value a g en po nt f ctio wh ch s cont ous along the bne 
his at some \ nt w th n the ele nent the 1 m t aj-p oa lei 1 y 
the ou ot these p 1 c « as each element s letin teh le 
creased s cilled the I e eg aI ot the g ven fbnct on along 
the 1 ne q est o 

If a g e su face s 1 v ded n my way into nfin tes wA 
ele nent% s ch that tl e 1 stance betwee the two most w lely 
sepa ated po nts w thm eacl element s nfin tes i! an! the 
area of e c! ele nent s mult pi ed bv tl e lue a g en p at 
fu ict o 1 wb ch s cont nu us over tl e s rfa e 1 ai at some 
po nt w tl the element tl e 1 m t api oachel by the s m of 
tl e e p o 1 cts as each eleme t s detin telv decreased s 
calle 1 the J e i al oiWe ^ n i f on o t! face 

m q est o 
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If I cr\en sj ice i& i v 1l 1 i 11 \ w^v mto mflmtesmil 
elements such that the distince between the two nust widely 
sepirited prmta within each elumeiit is infimtesimal anl the 
volume of eith element la multiplied 1 y the ^ alue a gi\ en i oint 
funetirn wliicli is eontinnous thioUo'^out the space has at 
some point within the element the limit appioached bj the 
sum of these piodnctt is eich element is indeSniteh decreisei 
18 called the 2<^<'^ tnUgi ! of the given lunction thiouahoiit 
the space in question 

It 18 easilv seen that the line integial of unity along ^ gnen 
line IS the length of the line , that the suiface mtegial of unity 
over a given surface is the area of the surface ; and that tlie 
space integral of unity tliroughout a given space is the volume 
of the space. 

In the chapter on Centimes of Gravity we have had numerous 
simple examples of line, sutfaee, and space integrals. 

164. That the value of a line, surface, or space integral is 
independent of the position in each element of the point at 
which the value of the given function is taken can be proved 
as follows : The distance apart of any two points in the same 
mfinitesimal element is infinitesimal (Art. 163), therefore the 
values of a continuous function taken at any two points in 
the same element will differ in genera] by an infinitesimal ; the 
products obtained by multiplying these two values by the mag- 
nitude of the element will, llien, differ by an inanitesimal of 
higher order than that of the element; therefore, in forming 
the integral either of these products may be used in place of 
the other without changing the result. (I. Art. 161.) 

165. The hne integral of a function along a given line is 
absolutely indepeadent of the manner in whicli the line is 
broken up into infinitesimal elements, and is equal to the length 
of the line multiplied by the mean value of the function along 
the line ; the mean value of the function being defined as fol- 
lows ; Suppose a sot of points uniformly distributed along the 
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line that is so distiibuted th^t the numbei of points in aay 
portion of the line is propoitional to the length of the portion ; 
take the ^ilue ot the function at ewh of these points; divide 
the sum of tliese \ slues by the numbei of the points , and tlie 
limit ippioached by thia quotient as the numbei of the points 
IS mdehmteh increised is the mean laliie ot the s^ven function 
along the line, and tins mean lalne is in geneial finite and 
deteiminite 

To pio\e oui pio|jf^)ition, we ha^e only to considet in detail 
thL KiLthod ol findiUiE the mean value in qucftion Let the 
numbei of points m a nnit of length of the hue be k Then, 
no mattei how the line is bioken up into infinitesimal elements, 
the numliet of poinfei in eich element is k times the length of the 
element hince "tni two lalueaof tlie function coneaponding to 
IHnnts in the sime element differ by an infiiuteBimal, m finding 
oui limit we ina^ replace all values eoireipond ng to points in 
the same element bj any one , hence the sura of tht values eor- 
lespondiog to point's in the same element maj be leplnced by one 
^alue multiplied h) the mimbei of iKiints taken m that element, 
that IS, this sum may be leplaoed by k times the pioduct of one 
\alue by the length of the elenaent, and the sura of the values 
conesponding to all the points taken in the line may be replaced 
by k times the sum of the teiin« obtained bj multiplying the 
length of each element b\ the value of the function at some 
point nithm the element Wlien we dn ide this anm bj the whole 
numbei' of pointa considered, that is, by k times the length of 
the line, the k's cancel out, and the required mean value reduces 
to the limit of the numerator divided by the length of tlie line, 
and the limit of the numerator is the line iotegral of the func- 
tion along the line. Therefore the line integral is the mean 
value of the ftinction multiplied by the length of the line. 

The same proof may be given for a surface integral or for a 
space integral. The former is the product of the area of the 
surface by the mean value of the function over the surface ; 
the latter is the volume of the space multiplied by the mean 
value of the function throughout the space ; and both are inde- 
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pendeut of the way in which tlie surface or space may he divided 
into infinitesimal elements. 

166. If the line along which the integral is taken is a plane 
curve, it is easy to get a geometrical representation of the 
integral. For, if at every point of the line a perpendicular to 
the plane of the line is erected whose length is equal to the 
value of the function at the point, the line integral required 
clearly represents the area of the cylindrical surface containing 
the perpendicular if the values are all of the aame aign, and 
represents the difference of the areas of the portions of the 
cylindrical surface which lie on opposite sides of the line if the 
values of the function are not all of the same sign. 

A similar construction shows that a surface integral over a 
plane surface may be represented by a volume or by the differ- 
ences of volumes. Consequently, in each case if the function 
is finite and continuous, the integral is finite and determinate. 

167. As examples of line, surface, and space integrals, we 
will calculate a few moments of inertia. 

The moment of inertia of a body about a given axis may be 
defined as the space integral of the product of the density at 
any point of the body by the square of the distance of the point 
from the axis ; the integral being taken throughout the space 
occupied by the body. 

If the body considered is a material surface or a material 
line, tlie integral reduces to a surface integral or to a line 
integral. 

In the examples taken below the body is supposed to be 
homc^eneous. 

\a) The moment of inertia of a circumference about a given 
diameter. 
Using polar coordinates and taking the diameter as our axis, 

I = i a^ sin^ <^ ■ kad'^ = ka^ tt 

= iMa% [I] 
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if / is the moment of inertia, and a the radius, k tlie density, 
and M tlie mass of tlie circumference in question. 

(6) Tlie moment of incvtia of tlie perimeter of a square about 
an axia passing througli the ceotre of the square and parallel 
to a side. 

= ^ka^ + ika' = ifka'' 

if 2 a is the length of a side. 

(c) The moment of inertia of a circle about a diameter. 

J= j I r^iiin^<j>.]crd<l>dr = ilcTra* 
= iMa\ [3] 

(d) The moment of inertia of a square about an axis through 
the centre of the square and paraUel to a side. 

J= C C y^]cdxdp = ^ka'' 
= iMa\ [4] 

(e) The moment of inertia of the surface of a sphere about 
a diameter. 

7=1 I j a''ahi''<j>.ka^smfj>dijidd = -lkTra^ 

= iMa". [5] 

{/) The moment of inertia of the surface of a cube about an 
axis parallel to an edge and passing through the centre. 

7=4^' r°(a= + 3^)Ma;(fe+3 f" C^iy' -h z^)kdydz 

= ^^-ha* + ^ka* 

= ^°MaK [6] 
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{g) The moment of inertia of a spliei'e about a diameter. 



(h) The moment of ine 
the centre and parallel to ; 



lia of a cube about an axis thi 



I^ r C° r{f + z^)Mx(lyc}z = iikQ?- 






[83 



Find tiie moments of inertia of th^ following botlies : 

(1) Of a straight line about a perpendicular through an 
extremity ; about a perpendicular through its middle point. 

Atis. iMl''; 1V-^^ 

(2) Of the circumference of a circle about an axis through 
its centre perpendicular to its plane, .4ns. M(^. 



(3} Of a circle about a 
to its plane. 



8 throi 



ti its centre perpendicular 
Ans. ^Ma'. 



(4) Of a rectangle whose sides are 2a, 26, about an axis 
through its centre perpendicular to its plane ; about an axis 
through its centime parallel to the side 26. 

Ans. ^JIf{a^ + 6=); {Ma^. 

(5) Of an ellipse about its major axis ; about its minor axis ; 
about an axis through the centre pei'pendicular to the plane of 
the ellipse. Ans. ^M}/\ iMd?\ iJW{a.^ + 6=), 

(6) Of an ellipsoid about the axis a. Ans. \M{W-^c^). 

(7) Of a rectangular parallelepiped about an axis through 
the centre parallel to the edge 2a. Ana. \M{lf-{-(?). 

(8) Of a segment of a parabola about the pi'inclpal axis. 

Arts. ^Mti', where 26 is the breadth of the segment. 
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168. If n, DjU, and Dj,u are finite, continuoits, and single- 
valued for all points in a given plane stirface bounded by a 
dosed curve T, the surface integral o/D,n taken over the surface 
is equal to the line integral of acosa taken around the tdiole 
bounding curve, where a is the angle made witli the axis of X 
by the external normal at any point of the boundary, 



Thia may be formulated thus ; 

I I D^'udxdy = i u cosa . ds. 



Let the axes be chosen so that the surface in question lies in 
the first quadrant, and divide the projection of T on tlie axis 
of Y into infinitesimal elements of which any one is dy. 




On each f these ele units in i 1 ise eie t i mtan^li, iiid 
Bioce r IS 1 closed cui\e each of these rectangles will cut it 
an even number ot times 

Let us call the \alues of ti it the points wheie the lower aide 
of any one of these rect-vngles cuts 2 Wi w. Wg Mj etc , re- 
spectnel^ the angles whii-h this side maJies with the exterior 
normils -tt tbe&e points, a a 03 04 etc and the elements 
which the lectingle cula fiom T d'>i ds^ ds^ ds„ etc 

It IS evident thit whenever 1 line piiallel to the ixis of X 
cuts into the surface bounded by T, the corresponding value of 
a is obtuse and its cosine negative ; that whenever it cuts out, 
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a is acute and its cosine positive ; aud that any vsilue of a ia 
tlie angle wMcii the contour T itself makes at the point in ques- 
tion with the axis of Y if we suppose tlie contour traced by a 
point moving so as to keep the bounded surface always on the 
left hand. 

We liave then approximately, 

d^=: — dSi-eOSai = (fo2- C0Sq2;= —ds^' COSU3=rfS4' 00804= •". [2] 

If, now, in I I D^udxdy we perform tlie integration with 
respect to x, and introduce the proper limits, we shall have 

C CD^udx'ly = Cdy(-Ui + Ui-n^ + Ut---); [3] 

and the second member indicates that we ave to form a quantity 
eoiTCs ponding to that in pfM'enthesis for every rectangle which 
cuts T, to multiply it by the base of the rectangle, and then to 
take the limit of the sum of the results as all the bases are 
indefinitely decreased. 
By [2], 

dy{ — Ui + ih~ih'i-'^*---) 

= UiCOaa^dSj + U2COSaids2 + Ui003asdSs + U^COSa^dSf -j ; [4] 

and the limit of the sum of the values any one of which is 
represented by the second member of [4] is clearly jwcosaiis 
taken around the whole of T. 



Pi'ove that under the conditions stated in the last article 
I I D^udxdy = | mcos/3. ds, 
where fi is the angle made with the axis of Y by the exterior 
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169. As an illustration of tlie last proposition, let us fliid the 
centre of gravity of a semicircle. 

We have ^^M fj^^^'^^- ^ '' * 

But we may write y= D^{xy). Hence, by Art. 1G8, 

=3 — ■( i acos<^asini^eos^a(i^+ j it. 0. cos^-(7a: j 

^^ 3 3^ 

2 
which agrees with the result of Ex. 8, Art, 158. 

As a second example, we shtili find tlie moment of inertia of 
a circle about a diameter. 
We have 

1= & I I jfdxdy =fc I K»/^ cos •)> . ds 

= ft j «cos(;ia^sin-<^cos<^ad^ 

— fca* I sin^^cos^^d^ = --rra* t= -Ma', 
which agrees with the result of (c), .Kit. 167. 

ExiMl'LES. 

(1) Find the centre of gravity of ii semicircle, using the 
theorem | | D^vdxdy = \u cos ,8 . ds. 

(2) Find the moment of inertia of a circle about an axis 
through its centre perpendicular to its plane, using the principles 

C \D^udxdy= | ucosa.ri.s and j iD^udxdy = j i(eos/3.ds. 
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170. Since, as we have seen in Avt. 168, n is the angle whicli 
the curve J" niakea witli the axis of Y; if we trace the curve 
so as to keep the bounded space on Our left, it foUows that 
coaa.ds = dy. 

Hence CCD,udxd>j= fudy; [1] 

and in like mauner, 

f CD^udxdy = — Cudx ; [2] 

tlie first integral in [1] and [2] being taken over the bounded 
surface, and the second around the bounding cui've. 

For example, the moment of inertia of a square about an 
axis through the centre and parallel to a side is 

I=Jc C Cfdxdy. ((d) Art. 167.) 

^' ^^-^' fff<^dy=j'xyhlr/, 

and the last integral is to be taken around the perimeter. 
Hence 
I=k\ j ofdy+\l-ayhIy)\ = 2Jcaj-fdy = ika* 



Work Ex. 8, Art. 167, by the aid of (2). 

171. If U, D,TT, D,U, a"d D^U are finite, continuous, 
single-valued functions throughout the sjjttce bounded by a given 
dosed surface T, the space integral of T>^\] toM&n throughout the 
space in question is equal to the surface integral, taken over the 
hounding surface, o/Ucosn, where a. is the angle made with 
the axis of X by the exterior noi-mal at any point of the surface. 

This may be formulated thus : 

C C CD,Udxdydz= Cucosa.dS. [1] 
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The proof is almost identical witli tliat given in Art, 168, 
except that for elementary rectangle we use elementary prism. 
"We shall merely indicate tlie s 




dT/dz = — dSi cosai = dS^ Ci>sas= — dS^ eosu^ = ... 
C f CD,Udxclyds= C Cd2/dzl~U, + Us-Ur-} 
= the limit of the sum of terms of the form 

UiCOSo.i.dSi + U^C0Sai.dS2 + DsC0&ai.d,%+... 

= Cucosa.dS. 

Example. 
Prove that under the coaditioiia of the last article 
C C fD,Uda!dydz= fucos^.dS, 
and fj CD,Udxdydz= CuooBy.dS, 

where /3 and y are the angles made with the axes of Y and 
respectively by the exterior normal to the bounding surface. 



y Google 



Chap. XIV.] TANE, SURFACE, SPAfcE INTEGRALS. 201 

172. As an illiistviitioD, let us And the centre of gravity of a 
hemisphere. 
We have 

"M'S!"""'*''-*"'""*'^' 

which agrees with the result of Art. 159. 

Example. 

Find the moment of inertia of a spbere about a diameter ; of 
a cube about an axis tliroiigli the centre parallel to an eclge. 
Make your work depend upon finding the value of a surface 
integral. 
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CHAPTER XV. 

MEAN VALUE AND PROBAIULITY. 

173. The application of the Integral Calculus to queatioiis 
in Mean Vsilue and Probability is a matter of decided iuterest ; 
but lack of space will prevent our doing more than solving 
a few problems in illusti-ation of some of the simplest of the 
methods and devicea ordinarily employed. A full and admirable 
treatment of the subject is given in "Williamson's Integral 
Calculus" {London: Longmans, Green, & Co.); and numer- 
ous interesting problems are published with their solutions 
iu "The Mathematical Visitor" and "The Annals of Mathe- 
matics." 

174. The mean of n quantities is their sum divided by their 
number. If the number of quantities considered is supposed 
to increase indefinitely accor-ding to some given law, the prob- 
lem of finding the limiting value appi-oached by their mean 
usually calls for the Integral Calculus. The mean value of a 
continuous function of one, two, or three independent vai'iables 
has been carefully defined in Art. 165, and has been proved to 
depend upon a line, surface, or space integral. 

{«) Let ua find the mean distance of all the points on the 
circumference of a circle from a given point on the eireumfer- 

If we take the given point as or-igin, the distances whose 
mean is required are the radii vectores of points uniformly dis- 
tributed along the circumference of the circle. 

The required mean is, therefore, by Art. 165, equal to 
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the quotient obtained by dividing the line integral of r taken 
around the dreumference by the length of the circnmference ; 
that is, 

Crds 

The polar equation of the circle is 

r = 2 ffl COS <!> ; 

M=^—'- I 4a^cos^d<^= — -, 
•2Tta-J_i ^ 

tlie required iiiean value. 

(6) Let us find the mean distance of points on the s\irfsiee 
of a circle from a fixed point on the circumference. 

Here, by Art. 165, the required mean is the surface integral 
of r taken over the circle, divided by the area of the circle ; 
that is, 



M: 



'M-X" 



(c) The problem of finding the mean distance of points on 
the surface of a square from a corner of the square can be sim- 
plified slightly by considering merely one of the halves into 
which the square is divided by a diagonal. 

Here 

M^-A jr.rdrdi, 
= ^(V2-Hlogtau^). 
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(d) As. rl f I t ll 1 1 I w 

solve the 1 H m T fl d th m it I tw t p uts 
witliiE a g 1 

If iW" b th q re 1 th m f th wl 1 1 f 

cases can b p te 1 b ( )M b mg th d f tl 
circle ;. si cef Ip t f th fii t i t tl n 1 f 

ixtsitions fth coditiptaltth fth 

circle, and mjbnaMdbitht d thnmb 

of poasibl pt fthfltitm lb 1 

by the ar f tb 1 h wh 1 mb f to b co 

sidered isj telljthq fth dth m 

of all the d t t I d 1 b th i d t f th 

mean dist bj th mb 

Let us wh t 1 g w II b p od 1 th m bj 
ci-easing bj th fl t mal 7 th t It fid d{w~ Tf) 

If the fl t p t 3 h th 1 I wh h w 

have just 11 d t- It f tl th i t tl 



Theref th f th It to I 11 

if the firat 1 t th 1 i- ^rj 2 7 b t tl 

second pomt maj be on the aniiulus, instead of the fii»t , s.o tlut 
■to get the snm of all the now cases brought in by increasing 
)■ by dr, we must double the va\ne just obtained. 



Hence d(7:^>''M) = i%^7rr\lr, 



45 TT 

176. I sol q e tions in Probability, we shsill assume 

that the st de t fam liar with the elements of the theory as 
given in To Ih nter s Algebra." 

(a) A ni sta ts f om the bank of a straight river, and 
walks till oou i lom direction ; he then turns and walks 
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in another ranrlom direction ; wliat is tlie probabilitj' thsit l^e will 
i-eacli the river by night? 

Let 6 be the angle bis first course makes with the river. If 
the angle through which he turns at noon is less than ?r ~ 2 ^, 
he will reach the river by night. For any given value of 0, 
then, tlie required probability is '^^ — , The probabihty that 
6 shall lie between any given value 60 and 0„ + dS is — . 

The chance that liia first coui-se shall malse an angle with the 
river between 6^ and Ot, + dO, and tliat ho shall get back, is 

^-26 d& ^ (■rr-'iejdO 

2,r 'i^ ^ 

As is equally likely to have any I'alue between ancl-^, the 
required pi-obability, 



'S: 



X7r-2e)de ^ 



(b) A floor is i-uled with equidistant straight linos ; a rod, 
shorter than the distance between the lines, is thrown at ran- 
dom on the floor ; to find the chance of its failing on one of the 
lines. 

Let X be the distance of the centre of the rod from the nearest 
line ; 6 the inclination of the rod to a perpendicular to the paral- 
lels passing through the centre of the rod ; 2 a the comnaon dis- 
tance of the pai'allels ;■ 2c the length of the rod. 

In order that the i-od may eross a line, we must hai'e 
c cosfl > CB ; the chance of this for anj' given value x^ of x is 
J-cos-i 

The probability that x will have the value a-y is —. Tlie 
probability required i 



-^J" 



This problem may be solved by another method which pos- 
sesses considerable interest. 
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Since all values of a: from to n, and all values of from —-- 
to - am equally probable, the whole number of cases that can 
arise may be represeuted by 



r " Cdxc 



{(JxdB^Tra. 
The number of favorable cases will be represented by 






(f) To find the probability that the distance of two stars, 
taken at random in tlie northern hemisphere, shall exceed 90°. 

Let a be the latitude of the first star. With the star as a 
pole, describe an arc of a great eh-ele, dividing tlie hemisphere 
into two lunes ; the probability that the distance of the sec- 
ond star from the first will exceed 90' is the ratio of the lune 
not containing the first star to the hemisphere, and is equal 
to ^2^~"J _ -j'ljg probability that the latitude of the first star 
will bo between a and a + da. is the ratio of the area of the 
zone, whose bounding circles have the latitudes a. and a + da 
respectively, to the area of the hemisphere, and is 



(fl) A i-andom straight line meets a closed convex curve ; 
what is the probabilitj' that it will meet a second closed convex 
cui-ve witliin the first ? 

If an infinite number of random lines be drawn in a plane, all 
directions are equally probable ; and lines having any given 
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direction will be disposed witli equal frequency all over the 
plane. If we cletermine a line by its distance jj from the origin, 
and by the angle a which p makes with the axis of X, we can get 
all the lines to be considered by making p and a vai-y between 
suitable limits by equal infinitesimal inci-ements. 

In our problem, the whole number of lines meeting the exter- 
nal curve can be represented by .j I dpda. If the origin is 
within the curve, the limits for p must be zero, and the perpen- 
dicular distance from the origin to a tangent to the curve ; and 
for a must be zero and Stt. If we call this number iV, we 
shall have 



JV= Cpda, 



p being now tlie perpendicular from tlie origin to the tangent. 

If we regai-d the distance from a given point of any closed 
convex cur\'e along the cuitc to the point of contact of a tan- 
gent, and then along the tangent to tlie foot of the peri>endicu- 
lar let fall upon it from the or^in, as a function of the o. used 
above, its diffei'ential is easily seen to be pda. If we sum these 
differentials from a = to a=2ir, we shall get the perimeter 
of the given curve. 

Hence iV= Cpda = L, 

where L is the perhnet«r of the cui-vc in question. By the stime 
reasoning, we can see that n, tlie number of the random lines 
which meet the inner curve, is equal to I, its perimeter. For p, 
the required probability, we shall have 

i'4- 



(1) A number w is divided at random into two pai-ts ; find the 
mean value of their product. ^^^^ h^_ 
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(2) Find the mean viikie of the orcliiiates of a semicircle, sup- 
posing the series of orclinates talcen equicliatant. ^,jg_ Z^,^^ 

4 

(3) Find tlie mean value of the OKlinates of a semicircle, sup- 
posing the oi'dinates drawn through equidistant points on the 
circumference. . 2 a 

(4) Find tlie mean ^-alue^ of the roots of the quadratic 
ie' — nx-j-b — O, tlie roots being Itnown to be real, but b being 
unknown but positive. ^.^^_ 5a ^^^^ a^ 

6 6 

(5) Prove that the mean of the radii veetores of an ellipse, the 
focus being the oiigm is equil to half the minor axis when they 
are drawn at equal angular intervals, and is equal to half the 
major axis when the\ lie diiwn so that the abscissas of their 
extremities increase uniformh 

(6) Suppose a Btia%ht line divided at random into tliree 
parts ; find the metn a alue of their product. A s — 

" ■ 60' 

(7) Find tlie mean squai-e of the distance of a ijoint witliin a 
given square (side = 2a) fi-om the centre of the square, 

Ans. |c(^ 

(8) A chord is drawn Joining two points taken at random on 
a circumference ; find the mean area of the less of the two seg- 
ments into which it divides the circle. . jrff^ _ a^_ 

(9) Find the mean latitude of all places north of the equator. 

Ans. 32°.?. 

(10) Find the mean distance of points within a sphere from 
a given point of the surface. Ans. -f u. 

(11) Find the mean distance of two points talien at random 
within a sphere. Ans. |f«- 

(12) Two points are taken at random in a given line a ; find 
the chance that their distance shall exceed a given value c 

Ans. 



■M- 
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(13) Find the elianee that the distance of two points within 
a square shall not exceed a side of the square, -4ms. n- — i^-, 

(14) \. line ciosses a circk it I'lndom ; find the chances that 
a point t^ken at iindom withm the circle, shall be distant from 
tiie line by Ic^s than the ridius of the circle. . , 2__ 

(li) A landom stiaiglit hne crosses a circle ; find the chance 
that two pomt'?, taken at random in the circle, shall lie on 
opi o-ite 'i lea of the Ime j 128 

45 ir^ 

(IG) i iindom stia ^ht line ib drawn across a square ; find 



(17) Two anows ire sticking in a circular tai^et; find the 
chinte thit then di&tmce apirt " greater than the radius. 

J,,,. '-^. 

(18) liom a point in the cin.umference of a circular field a 
projectile is thiown at landom with a given velocity which is 
such thit tht iliameter of the field is equal to the greatest range 
of the projectile ; find the chance of its falling within the field. 

Ans. ^_?(V2-1). 

( 19) On 1 table a fieiies of eqmdistint piiillel lines is drawn, 
and a cube is thrown at landom on the table Supposing that 
the dit^onal of the cube is less than the distince between con- 
secutive stiaight hnes, find the chance that the tube will rest 
without coieiiog anj part of the Imes 

Ans. I , where a is the edae of the cube and c the dis- 

tance between consecutive lines. 

(20) A plane area is ruled with equidistant parallel straight 
lines, the distance between consecutive lines being c. A closed 
curve, having no singular points, whose greatest diameter is less 
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than c, is thrown dowa on the area. Find the clisnce that the 
curve falls on one of the lines. 

Ans. — . where I is tlie perimeter of the curve. 

(21) During a heavy rain-storm, a eireular pond is formed in 
a circular field. If a mau undertakes to cross the field in the 
dark, what is the chance that he will walk into the pood? 
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CHAPTER XVI. 



ELLIl'TtC INTBGBALS. 



176. In attempting to solve completely the problem of the 
motion of a simiJle pendulum by the methods of I. Chapter 
Vlll. we encounter an integral of great importance which we 
have not yet considered. The problem is closely analogous to 
that of the Cyeloidal pendulam (I, Art. 119). 

For the sake of simplicity we shall suppose .the pendnlum 
bob to start from tlie lowest point of its circular path with the 
initial velocity that would be acquired by a particle falling 
freely in a vacuum through the distance y^ ; and this by I. Art. 
114 [1] is V2pyo. 

Forming our differential equation of motion as in I. Art. 118, 
bot taking the positive direction of the axis of Y upward, we 
have 






Multiplying by 2y and integrating, 

If the starting-point is taken as tlie origin, the equation of 
the circular path is x^ + y^ ~2ay = 0, whence 



or, determining C, 



\dtj 2ay-f\t 



y y' Ut 
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Integrating, and determming the arbitrary constant, we get 

( = _^ C" ^y ^-^ (3) 

-J%gJo ■^!{y,-y){2a,y-f) 
as the time required to reach that point of the [lath which has 
the ordinate y. 
The substitution of a^^^- reduces (3) to the form 



if- 



m 



where the integral is of tlie form 

r , ^" — (5) 

^ being positive and leas than unity if y„ is less than 2 a. An 
examination of equation (2) will show tliat if this is true, the 
pendulum will oacillate between the two points of the arc which 
have the ordinate y,i. 

If j/o 13 greater than 2 a, the pendulum will make complete 
revolationa. For this case the substitution of ^ = ^ in (3) 
will reduce it to 

where the integral is of the form (5) , fc' being positive and less 
than unity. 

The time required for the pendulum to reach its greatest 
height — that is, in the first case, the time of a half- vibration, 
and in the second case, the time of a half-revolution — will 
1 upon 

(7) 



• V(l-.:')(l-FQi') 
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177. The length of an arc of an ElUpae, measured from the 
extremity of the minor axis, has been found to be (Art. 107) 



^j:^ 



dx. (1) 

If we replace - by », (1) becomes 

and the integral is of the form 

where ft^ is positive and less than nnity. 
The length of an Elliptic quadi'ant depends upon the integral 



W-^- 



178, It can be shown by an elaborate investigation, for 
which we have not room, that the integral of any algebraic 
function, which is irrational through containing under the square 
root sign an algebraic polynomial of the third or fourth degree, 
can by suitable transformations be made to depend upon one 
or more of the three integrals 

F(h;x) = r , '^"^ — — ■ [1] 

Jo V(l-a;'0{l--tV) 

[3] 



■J- (l+iii 



(l+.rf)V(l-^'){l-*V) 

which are known as the Elliptic Integrals of the first, second, 
and third class respectively. 
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k, wliicli may always be taken positive and less than 1, is 
called the modulus; and n, which may be taken real, is called 
the parameter of the integral. 

K= F(k. 1) = C ^^ [4] 

and E=E (ft, 1 ) = r'J ^~^y ■ (^a:- [^l 

are known as the Complete Elliptic Integrals of the first and 
second classes. 

179. The substitntioii of 9; = sin0 in the Elliptic Integrals 
reduces them to tlie following simpler forms. 

E (k, <l>) = r'''Vl - k' sm'<j> . d<!> =f*A^.(7^. [2] 

^ ' ■''^^ J, (i+„sin^^)VI-Fsin=^ Jo{H-«sin^^)A<^ 

[3] 

E = rVn^FsIii^ .d4, = C A<l>. d4. [5] 

qb ia called the amplitude of the Elliptic Integral, and 
Ai^= Vl —Fsin^i^ is called the delta of .^, or more simply, 
delta 0, and is regarded as a new trigonometric function : it is 
always taken with the positive sigQ, and has an analogy with 
cos^. 

For a given value of h, A<j> la easily seen to be a periodic 
function of ^ having the period x. It has its maximum value 1 
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when ^^0 and when ^ = tt, and its minimum value Vl — fc^ 
wiiich is usually represented by 7c' and called the complementary 

modulus^ when •)> — -', and A(| + n) = i[^ — a)- 



Landen's Transformation. 

180. The approximate numerical value of an Elliptic Integral 
of the first class, when k and ^ are given, is easily computed 
by the aid of two valuable reduction formulas due to Landm. 

If in F(Jc,<l>)^r—J^= 

Jo Vl-;fc=ain=* 

we replace ^ by ^,, tjn and ^ being connected by the relation 

tau^ = ^H!lii-, (1) 

&+cos2^i 

which is easily transformable into either of the following : 

!c sm<l, = ^m (2 4>i -<!>), (2) 

tan (<!> - </.i) = |— ^ tan ^i, (S) 



X- — " ^ — reduces to ■ i 
Vl-fc^"iE^ 1+JcA 



■\^ (l+kf-"-^' 

which is also an Elliptic Integral of the first class, but has a 
different modnlus and a different amplitude from those of the 
given integral. 

The steps of the process are as follows : 

From (1) we easily find 

^^"^ ~ T+W+2kcm2^* 

n , ■. ■ -, , 1 + k cos 2 A. 



Vl + fc^ + 2-feoos2^j 
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Differentiating (1), we g 


;et 










sec=<f.d«- 


(S + C0.2*,)" 






but f ron 


1(1), secV = 


l + fc= + 2/ccos2,f.,. 






hence 


d<l> = 


2(l+Sco,2« 
l + f + 2Soos2* ™ 






d,l> 


2d4,, 2d,j> 






Vl-Fi 


sin^*. -s/l + Jc'+-2kcoH-2 4>i Vl + ?L^+2-t- 


-4&si 


ii"*. 




2 


#1 










'"' i- 








^1 = when 


^^(1, 






hence 




2 r*i rf.^1 
l + l'J' I, -It . .^ 

\' (1 +*/"'■* 




and 


F{K •!>)'- 


= TT-*^("-*'- 








where 


k,: 


2Vt 
l+i' 






M 


and 


sm{2 4,, -<!.)■■ 


= 7; sill*. J 








k, is leas than 1 and greater than 7e ; for - — - < 1 reduces 
to 0<(1 — V^)', which is obviously true, and - - >k 


reduees 


to i>k(i+ky, 


which is trae, since Ji 


; is less than 1. 



If ^ is not greater than ~, and the smallest value of ^i con- 
aisteot with the relation sin{2<^i — </)) = K: sin0 is taken, 
0<<iii<<j>. Hence (4) is a reduction formula by which we 
can raise the modulus and lower the amplitude of our given 
function. 
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By applyiog the fomiula (4) n times, we g 

Jp/h j.\ ^ *^ ^ f 

\ •'^'-1+7^ ' i+7c, ' l+k^'" l+k 

^, etc., 



[5] 



F{k, <t>) = K -J ^i-^-=-^---^Vi jT-i-^^^ ^ J ^ 



where 

fe^= ^^V' , and sin(2^p-^^_i) = fc^ 

If we suppose m in (5) to be indefinitely increased, we shall 
have ^1^'* [fc„] = 1 ; for if we form the series 

(l_fc) + (l_A;,) + (l-fc.) + - + (l-Ai,) + ..., 
we shall have 

1 - 7g^^.i ^ 1+fe^ ^ (1 - VfcJ' ^ 1- Vfc„ 1 

1 _ 7c^ 1 - it, 1 - V 1 + V^ 1 + ^^' 

which is always less than unity ; hence the teiins in the series 
must decrease indefinitely asj3 is increased and _ [1— ^J=:0. 
Since, as we have seen above, t^„ eontmually diminishes as n 
increases, but does not reach the value zero, it must have some 
limiting value *. Hence 

= I sec<;jiii^ = logtan ^ + — ; 
and FCk, ,^) = log tanl"! +|"| J ^i-^^'^'^^ ^. [6] 

Formulas [5] and [6] lend themselves very readily to numer- 
ical computation. 
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218 INTEGRAL CALCULUS. [Art. 181. 

181. Formula [4], Avt, 180, may be used to decrease the 
modulus aud increase the amplitude of a given Elliptic lutegral. 
Interchanging the Bubscripts, and using (3) Art. 180 instead of 
(2) Art. 180, we have 



_i-vr= 



1 _,_ Vi - F 

tau((^i— i/>) := Vl — fe^tani/). 



\ [1] 



PI 



By repeated application of [1] we get 

i'Xfc,0) = (i+AO(i+^.)-(i+^-.)^^%r^^ 

wliere k „ 1 - VlJnTi . 

'' 1 +VL-7c=^.i' 

and tan (dp — ^p_,)= Vl — k"^, i tani^j,_,. 

It is easily shown, as in Art. 180, that ^^^"*[fc„] = 0, aud 
consequently that J™^ F(k„, ^„) = C^d-f, = *, where * is the 
limiting value approached \iy <^ &b n is increased. 

If 1^ = ^, we get from [2], ^i = tt, t),^^2ir, ...i^„= 2"-^ ; 

hence K = F(h,'f\=='^ (l +k,) (1 + ^■,) (1 -|-«^) .... [a] 

Formulas [2] and [3], like formulas [5] and [6] of Art. 
180, lend themselves readily to computation. 

With a large modulus, it is generally best to use [5] and [6] 
of Art. 180 ; with a small modulus, [2] or [3] of the present 
article will generally work more rapidly. 

We give in the next article the whole work of computing the 

Elliptic Integral fI—^, ~\ by each of the two methods, and 
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of computing Kf^\ = Ff—,'^ by the second metboil, 
employiug five-plaee logarithms. 



f('^,'^. Method of Aut. 180. 

fc = 0.70712 !ogA; = 9.84949 

\-\-k= 1.70712 log {l+k)= 0.23226 

log V?c = 9.92474 

log2 = 0.30103 

colog(l + ^)=a-76774 

logfc, = 9.99361 

hi = 0.98518 log&!= 9.99351 

1 + &, = 1.98518 log(l + ft,) = 0.29780 

log Vfcl= 9.99676 

log2 = 0.30108 

COlog(l+fci) = 9-70220 

logft2 = 9.99999 

^3=1 



logft = 9.84949 

log sinj= 9.84949 

log sin (2</ii- 0) = 9.69898 

3^i-^ = 30'' 0' S" 
2.^1=75° 0' 3" 
.^=:S7''30' 2" 

log fti= 9.99351 
logsin^ii^ 9.78445 
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2<p,-<l>,= 


iSe" 61' 


3" 






24>,= 


:74° 21' 


5" 






* = ^ = 


: 37' 10' ; 


S2" 






**+i = 


. 63° 35' 


16" 




log tang + ^*^- 


. 0.30393 








iogVfc;= 


= 9.99676 








cologVfc = 


= 0.07526 






log log tan ( 


colog/i = 


= 9.48277 
: 0.36222 






--(fi)= 


= 9.91701 






1' 
is the ra( 


■m^ 


: 0.82605 




fi= 0.43429 


jdulus of 


the com 


mon system of 


logiirithms. 










F 




Method o 


F Aet. 181. 


Vi~&' = ^' 


= 0.70712 








1-^-' 


= 0.29288 


IOC 


;(!-&') 


= 9.466(59 


l + h' 


= 1.70712 


colog(l+fc') 


= 9.76774 


fc, 


= 0.17157 




log^i: 


= 9.23443 


1-fti 


= 0.82843 


log(l-M 


= 9.91826 


l+^i 


-1.17157 


log{l+&i) 


= 0.06878 








logV' 


= 9.98704 


^1 


'= 0.98520 




logfci' : 


= 9.99353 


1-ft, 


'=0.01480 


log{l-V)^ 


= 3.17026 


1 + ^, 


'=1.98.^20 


colog 


(l+V): 


= 9.70220 


ft, 


= 0.0074I-; 




log^-,. 


= 7.87246 
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1-A^ = 0. 99234 
l + ;cj = 1.00746 



log(l -A2) = 9. 99675 
iog(l +fcs) = O.00S23 

log ftj'« = 9. 99998 
loi^W =:9.!)!)y99 



logfc' = 9.84949 
]ogtaB^ = 0.00000 

logtaii(9:-,-^}=9.84!H9 

<f..-^=.5.:i'' 15' 5 
^, = 80° 15' o 

logfc; = 0.99362 
logtan<i.i = 0.76657 

log tan (0i - <;)i) = 0.75909 



*. 


= 160° 23' 


tan (<;.3 - -^,) 


= taii^j 


»=*.=.2*, 


= 320° 46' 


it 
2" 


= 40° 5' 




= 144348" 


» 


= 648000" 


l«s(5.*)" 

COlogTr" 


-5.15942 


= 4.18842 


lOgTT 


-0.49715 


l«s(^*) 


= 9.84499 
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Iog(l + 
log(l + 


*-,)= 
<i)= 


= 0.06878 
= 0.00323 


-(i 


,y- 


= 9.84499 


>--(f. 


t)- 


= 9.31700 


-ef. 


i)= 


- 0.82605 



Vf'yl,f\ we have by (3), Art. 181, 

Iog(H-&i)=0.06878 

log(l -1- ^) = 0.00323 

Iog7r = 0.49715 

colog2 = 9.6 

/V2 : 




183. Landen's Trans formation can also be applied to the 
computatiou of Elliptic Integrals of the second class, but the 
task is a more difficult one ; we shall, however, give a brief 
sketch of the method ; and in so doing we shall apply it to a 
more general form 

G'(^,^)=r^±4^^d^, [1] 

of which E (k, 4>) is a special case. 
From Ai't. 180 we have 

r/T^TF^n^S = l_+^cos2.^j 



■v'r+ k' + '2 k cosJ^i 

k + cos 2<Ai 

Vl + 7j- + 2ftcos2^i' 



l + k"+2kcos24,. 
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Ileiicc Vl-&-sin> + ^ cos ^ = •JT+W+Tk'^iilj^^, 

eft. ,»l=fJ^ +^™'''» dA 

r .+^ 1 

^> LVl-FsinV *" J '^ 



and 



[ ,+i 1 

Substituting <^i for i^, tliis becomes 

a-^cos2<*, 
B(t.j.^-g.in.>„8P - " „, 

.-g + l^.i„u. 

1 +fc^ 



V^ 



(i+i)" 

Heuce G (S, *) = | sin * + ^^ C, (i,, <,,), [2] 

wliere 

*'=rj§' '"(2*.-*)-*™*, -.="-f. ft=^- m 

Formulas [2] and [3] enable us to make our given function 
depend upon one of the same forai, but having a greater 
modulus and a less amplitude- A repeated use of [2] , together 
with the reductions employed in Art. 180, gives us 
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where /3j 






Just fl8 ia Art. 180 fc„ rapidly approaclies 1 as n is increased ; 
ilie limiting value o( Gf,t(,Ki *„) ia tlieu 

limit G,.{K, i>,:)=C^^^±^^''t^d<l, 

= {a„ + A.) log tan (^ + y) ~ ^. si" </-.- [6] 
By Art. 180, [S] aiici [6], 



limit &.. ^I^ui;^^:- log tan [^ + f ] - -P (/^, -# 
[4] can thus bo written 



k:)] 



+ f [sin .;. + -|r sin 0, + -1= sin ^ ^-T^r^ sin <*3 + ■.. 
H — ;^t:=^^ sin 9i„_i — ■■■ - siu ^„ . [71 
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If a^l, aud ^ = — k^, [7] rediiocB to 

E {k, ^) = ir(7r, ,^) Tl + t A + I + il + . 



kik.^...!c„_, fci/L-j.../.-„_i 



V^"i-i...it„_s ■^k'k,...k„ 



[S] 



and sio(2^p — ^^_i) = S:j,_isin^„_3. [9] 

By Formulas [8] aod [9] an Elliijtic Integral of the Second 
Class may be computed without difficulty. 

184. Formula [2], Art. 183, may be used to decrease the 
modulaa aud increase the amplitude of an Elliptic Iiit«gcal. 
Interchanging the subBcrijtts, we have 

or, since | = |, (Art. 183 [3]), 

where 

k = 1 -y i~.^. , tan(rf.i-d.) = Vr=F tan0, a,=a+^, 8,=^- 
1 + Vr^F 2 2 

[2] 
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A repeated use of [1] gives 

aiK « = iiA. . L±4 . l±*=...l±Ac.(s„ « 

-jri±4^Biu* + l±i . l±iftsi„,f, + .- 
+ i±i.l±i....l±i.A,_,sm*.], [3] 

where A = ^ ' ^ ^' ' ■ ' '' , 

ami „^=„ + i^(^l + - + _^ + -^ + ...+-.^j::j^j. 

Just as in Art. 181 limit i-„ = 0, therefore limit /3„ = and 
limit ©„(;;:„, i^„)= r*"a„rf^ = a„i^„. 

ByArt. 181, [2], i±A . i±l^...i±A.^, = F(ft, V)- 
ByArt.l80,C5], i±^ = f, i±l^.:^,e... 
Heace [3] becomes 
G(fc,0)=-F(&,^)[a+*/3(l + |+^^-H^+-)] 

If a=l and ;3 = -^, [4] reduces to 
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E{k.<l>)=F{k.<l,)\l--[l+^ + '^ + -^ + -jj 

+ ft ^'smi^i + — -psin^2 + — ^j--5smi^g + --- , [5J 
where 
ftp = ; — ■ _^"' , and tan (<^p — ^p_i) = Vl — ^_i ■ tan ^p_i. 



[63 



i+Vi- 

We have seen Ie Art. 181 that if <^=^. <f'^ = 2^~''-n: 

Therefore, for a complete Elliptic Integral of the seconcl 
class we have 



p] 



K*.i)-^(*.|)[i-f(i+|+^l'+^+-)} 

Formulas [5] and [7] arc admirably adapted to computation. 

We give in the nest article the work of computing 
J5j_, 2] fey each of the methods just given, and of com- 
puting E[~^''ol ^y *^s second method; using, as far as 
possible, the values already employed or obtained in Art. 182. 



185. Ef~,-\ Method OP Art. 183. 

Here, as we have seen in Art. 182, if we carry the work only 
to five decimal places, ^2= 1, and ouv working foi-mula will be 

— lc\ sitirfiH — =smi6. ^ sin 02 • 

L Vi ViS, J 
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log2 = 0.30103 






logA; = 9.849i9 






cologft, = 0.00649 




^=1.43553 


0.15701 








1+^ = 1.70712 


!og/'l+&-y^^^ = 9.43391 




l+i-^' = 0.271»9 


logF(^::^,^) = 9.91701 
9.35092 






-e?. 


i)('+'-f)="'''' 


logfc= 9.84949 






log sm^ = 9.84949 






9.69898 




&sm0=O.5 


logs = 0.80103 
logVfc = 9.92474 






log sin .^, = 9,78445 
0.01022 




^smd, = 1.0238 


log 2'= 0.60206 






log Vfc= 9.92474 






cologV^ = 0.00324 






log sin .^3 = 9. 78122 
0.31126 




||.,„*.= 2.0177 


-kUm<t> + 


7.-* 


, |L .111*,')= 0.5239 




<f 


.E('—,-'] = 0.74825 
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Method of Art. 184. 



V 2 4/ 
= 0. Therefore our formula is 






logfci = 9.23443 

log ^2= 7.87246 

001(^4 = 9.39794 

6.50483 ^ - 0.00032 

2^ 

^-0.08578 

Jlfl+!h + Mi]^ 0,271625 
logo. 728475 = 9.862415 1 - ~fl + h+^'\ = 0.728475 
logF/'^,^'\ = 9.91700 

9.779415 i^f'^.^Vo,728475) = 0.60178 



\-2'4j 



log^= 9.84949 
log V^= 9.61722 



-^siu.^, = 0.14434 
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logft = 9.84949 

logV^= 9.61722 

lc^Vfc3= 8.93623 

col(^4 = 9.39794 

logsin./.2=9.52592 



7.32680 ^'V^'^ sin<f>; = 0, 00212 



^C^,^Vo. 728475) = 0.60178 



1 -|Yl +1 + ^'j = 0.728475 logO.728475 = 



9.862415 
V2 , 



loS-ff^.l)- 0-26813 
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186. An Elliptic Integral of the flrst or second class, whose 
amjjlitucle is greater than ^, can be made to depend upon one 
whose amplitude is less than ^, and upon the corresponding 
e Elliptic Integral. 



F(k.^)= f^= r^+ C^ = K+ r^,by [4],Art.l79. 



ff"'-* 



, Ai^ 



then dfl, = -dip and A<l,= -^1 - ¥sin^<j>= -Jl -le'sin-'P = A>j,, 



J„A<^ J„A<lr JnA(f. Jo Alp 



and we have 

\a<}>~ J^A<ji~ J„A<p Jii A<p 



Hence F{lc, ^) =£^ = 2-K [1 ] 

IT sir 3,: (p+l)«r iw+p 

J A-S> J A4> J A^ J A>j> J A4, 

(P-H)ir 

In f-^ let 1^ = jiTT + it ; then d-f. = dii, and A^ = it*, 



J A(^ J Af J Ai^ 
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The substitution of iji ior <j> — nw in j — gives 



Therefore 


Fit, 


n + f) = i,Ji+F{k,i 


In like mil 


nner it can be proved that 




F{k.,» 


-f)=inK-F{k,p), 




EiKn, 


+ f)=inE + E{l:,f), 




E {k, IITT 


-p) = 2nE-E{t,p), 


where E^E(k,f^ ii 


; the complete Elliptic 


second class 







[2] 

[3] 

[4] 
p] 



A table giving the values of the Elliptic Integrals of the 
first and second classes for values of the amplitude between 
and ^ is, then, a complete table. 

Such a table, carried out to ten deeinial places, is given by 
Legendre in his " Trait4 des Fonctions Elliptiques." We give 
in the nest article a small three-place table. 

It must be noted that the first column gives F{0, ^) and 

E {0, ij>), that is, I d<li^=(l>; and that tie last column gives 
^■(1, <it) and£(l, <^), that is, log tau/'^ + ^Vad sin^. 

The complete Elliptic Integrals, 
are given in the last line of each table. 
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Addition Formulas. 



188. The Elliptic Integrals, F{k, x) and E{Jc, x), may he 
regavded as new fuuctions of x, defliied by the aid of defiuite 
integrals ; namely, 

Fik x)= r ^ 

E (k, X) =CjJ^-^ . dx ; 

see Art. 178, [1] and [2]. 

We liave seen how we may compute their values to any 
required degree of approximation when k and x are given. 
It remains to study their properties. 

We are familiar with other and much simpler functions which 
may be defined as definite integrals, and whose most important 
properties can be deduced from these definitions. 

For example, we may define logo: as | — , siu^^« as 

f _^£_ tan-'a: as f'-^, and the theory of these fuuc- 

tions may be based upon these definitions. For instance, the 
fundamental property of tbe logarithm ia expressed by what is 
called the addition formula, 

logx + \ogy = log (xy) , 

and the whole theory of logarithms may be based on this 
property ; and there are addition formulas for the otber func- 
tions defined above ; namely, 

sin^^a! + sin"'^ = sin '(«Vl — / + ;/Vl — a^), 

tan"'a; + tan~'?/ = tan~Y -J^''- j. 
\l-xyj 
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These three importaat formulas aie usually obtained by more 
or leas elaborate methods involving the theory of the functions 
which are the inverse or an ti- functions of the loga;, the sin"'3;, 
and the tan"'a;, that is, of e*, sina:, and tanic; but tlicy may 
be obtained without difficulty from the definitions of log a;, 
sin ^x, and tan~'a;, as definite iotrgrals. 



Take first 



'dx 



, r'dx 



Let us determine y in terms of k, so that 

loga: + log!/=log<:, (1) 

whore c is a given constnnt. 

Since log,= r^^, 

Ji y 

if we differentiate (1), we hiive 

d:c , di/ _ 11 

X y 

or ydx + xdij=(.i. (2) 

Integrate (2), and we get 

Cydx + Cxdy = C. (3) 

Simplify the first member of (3) by integration hy parts; 
xy — I xdy -rxy-^l ydx = C, 

or 2 xy -j{xdy + ydx) = G. 

Eedneing by the aid of (i) , 2 x>/ = C, 
or xy = C„ (4) 
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where Gy is an undetennined constant. To detennine Ci, let 
a;= 1 in (4), and we have »; = Gi when a: = 1 ; lot ie= 1 in (1), 

then loga;= | — = 0, log)/ = logc, and y — c, when a; = l. 

Therefore Cj = c, and xy = c. Consequently 1/ = ~ is the 

required value of y, and we have (1) 

log3i + log- = logc. 

We can express this relation more neatly by replacing c by 
its value xy, and thus we reach our required additiou formula 
logic + logy = Iog(a!f/) . [0] 



189. The addition formula for the sin"' can be deduced i 
exactly the same way. We wish to determine y so that 

ain-^a; + sin-'i/ = sin-^c. (1 

We have mn-^x^ C ^^ ■ B\u-hj= f^L. 

•^f' Vl— w'^ -^^ V'l — / 

Differentiate (1). 









=0, 



Vl-a^ Vl - 
)r Vl — / ■ dx + \/l — 3^ ■ dy = 0, 

C-^T— f ■ dx + fVl — x^ ■ dy=C. 
Integrate by parts, and 



or, reducing by (2), 



jVi- 
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To determine C, we have from (3) y=C when 3;=0, and 

from (1) y=c when x=0, since ^\a~^x~ \ =0, when 

•^0 Vl — a;^ 
a; = 0. Hence C=c, and x Vl — J/^ + ^ Vl — k^ = c, and, fltially, 

sin-^a; + 8in-'2/ = sin-Hi^Vl-^' + 2/Vl-a!'}. [4] 

To get an addition formula for the tan ', a slight device is 
required, that of dividing the differential equation correspond- 
ing to (2) by 1 —<iff. 

As before, let 

(5) 



(6) 





tail-' 


x+ tan"'»/ = tan 


liere 


tan"' 


J. !+«■ 


id 


tan-' 


' J. 1+5= 




'"' + * 0, 




(1 + 


J')(ij! + (!+«!■) 


Divide by 1 - 


■ x's' and integrate. 


ri + f . 





Integrate by parts. We have 






c^f (1 - ai'yy 
«' , 1 + as^ 
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Hence 



l-xi/ J (1 -af'j-} 

Therefore, by (6), ^±1..= C. (7) 

To determine C, we have from (7) y^O when x = 0, and 

from (5) y=C when a: = 0, since taii"'a;= 1 ~i = when 

x=0. 

Hence C=c, and ^+^ = c, 

1 ~x>j 

and, finally, tan"' x + tan"^ y = tan"' f ^"'"^ V [81 

ISO. To get an addition formula for F{k, x), as before 
let F{k, x) + F(k, y)==F(k, c), (1) 



where 



F{k,x)= r—= 

-'^ V(l - 



° ^/(-i-x'-iil-k'af) 

Fik,y)= r '^y ^ . 



4- "^ = Q. (2) 



V{l-3^)(l-fc'^a,-=) V(l-;/^)(l-A^2/0 



V(l - i/=)(l -ftr^/) ■ dx^- V(l - a:') (1 - fc'iKO •dy = (i. (3) 
Divide by 1 — Jc'x'y^ and integrate. 
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Integrate by pai'ts. We have 



. V(i-/)(i-^ V)^ y .r-M-, ^ . ^ 



-il+k^)(l+k^x^f)-] 



V(1-/)(1-^V) 



+ 2 Ic'^xj/'Jil -f){l- k:'y') . dx\ ; 
-(1 + F)(1+F3;V)] 



V(l~a;^)(l-fcV) 
+ 2Fii:)/ V(l - s?) (1 - ft^a^) . dy\- 
ence 
W(I-/Hl^^V + yV(l-a^)(l-A;V) 

r. <to ^ % "1 

Lv(l-i^)(l-ft^a^) V(l - /) (1 - fcY) J 



Eeducing, by the aid of (2) aud (3), we have 
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To determine C, from {i) y=G when lc = 0, and from (1) 
?/ = when a; = 0, Therefore C = c, and we get 

our required addition formula. 

An addition formula for E (k, x) can be obtained in vei-y 
much the same way, but the worls is rather complicated, and 
it is better to use a method which will be esplaiued later. 



THE ELLIPTIC ECNCTIONS. 

191. We have just seen that there is an itnalogy between 
the p]lliptic Integral F{k, x), and the familiar functions log a;, 
8in~^a;, and tau"^ii;; and we know that the theory of these 
functions is ultimately connected with that of their inverse 
functions, log~'M or e", sinw, and tanw ; and, indeed, that the 
latter are so much simpler than the former that it is customary 
to regard them as the dii-ect ftinetions, and the logarithm, the 
anti-sine, and the auti-tangent as the inverse functions. 

For example : the first three addition formulas just obtained 
are mnch simpler when we express them in terms of the direct 
functions, and they become 



log" 


{u + r. 


■)-l0g-'M.l0g '«, 






e'-*-' 


« + ») 


= «■•«•. 




[1] 


siu(i 


= Sin «Vl- sill'!. +s 


inoVl-Bii 


i"«; 




» + «) 


= 9!tiMeoai» + cosiisi 
tan M + tan V , 


ni), 


[2] 

r3i 



and in this form they seem to better deserve the i 
addition formulas. 
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In the same way tlie addition formula for F(k, x) can be 
more simply written iu terma of the function wbich we miglit 
naturally represent by F'^u (mod. k) ; and, as we miglit 
expect, this function has many interesting and important prop- 
erties which well deserve investigation. 

Since in most of the work which follows we shall generally 
employ the same modulus throughout, we shall uot take ttie 
trouble to write it except in the few cases where its omission 
might give rise to confusion, and then we shall put (mod. k) 
after the function, as above with F~'u (mod. k). 

192. In Arts. 178 and 179 we have ado[jted two forms of 
notation for an Elliptic Integral of the first class, F{k, x) and 
J^ih i') ; 

F(k, x)= r ^'^ . 

''" V(l-K')(l--fc=JC^) 

F{k,<i>)=. C- ''^ r^. 

Jo Vl-ft=sin'^ -'" ^'1' 

where a: — sin if., vl ~ x'= co^</), 

and VT^^IV = Vr^^Fsu/^ = A^. 

If we let u = F{k,x) =2^(fc, ^), 

we have in Art. 179 called ^ the amplitude of u, and sim^, 
cos^, and A^ may be called the sine, the cosine, and tlie delta of 
the amplitude of m; and 0, siui^, costf., and A<l> maybe written 
amw, sinamii, ctfiamif, and Aamw, or, more briefly, amit, snw, 
cnw, and dnw; and may be vead amplitude m, sine amplitude m, 
cosine amplitudew, and delta amplitudew. Formulating, we 
have 

u = F(k,x) = F{k,<li), ■! 

^=sin*'=sn«, [' [1] 

Vl — a!^ = cos ^ = CUM, 
Vl — k'iv' = A 1^ = dii u, I 
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saw, cnw, dnt! are ti aouometvie functions of i^, the ampli- 
tude of I Lut tlie> maj be legai'ded as new and somewhat 
complicate I functions of u itself, and from this point of view 
they are called Elhptio Finrttons of u. 

sjau ilso la sometimes called an Elliptic Function ; andtiiere 
are various allied functions that are sometimes included under 
the generil title of Elliptic Functions, We shall, however, 
restrict the Dime to snw cn« anddntj. They have an analogy 
with trigonometiic functions and have a theory which closely 
resembles that of tiigouometnc functions, and whieli we shall 
proceed to develop It must however, be kept in mind tbat 
the independent ^tiiille n is not an angle, as in the case 
of the tiigonometiic function=i 

Of couise, with our notation u = F (k, x) = sn"^a' (mod k) , 
ovu^F(l ^) =ani V (modft). 

The fundamental formulas connecting the Elliptic Functions 
of a single quantity follow immediately from the defmitions 
[1], and ai'e 

sn%-|-cn^K = l, [2] 



iWu + k^a 



[3] 



ddau 



~kHi 



[5] 
[6] 



The only one of this set which needs any explanation is [4]. 
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aud, floaily. 




~ ■ — Ann. 

du 




Since 


£ 


A-p Jo A(— ^} Jo A^' 




we see that 




am(-M) = -am'(, ■ 








iini-i>,)=-Bnu, _ 
cu(^iO-cn«, 


[8] 






cln(-!0=dnM, 




That is, s!i 


iMis 


an odd function of '(, and cni. 


; and dn« are 


even functions of ' 


ti. 




Since 




Jo A<j> 




we have 









ain(0)=0, 
9o(0) =0, 
cn{0) = 1, 
dn(0) =1, 

193. Our addition formula for the sine amplitude flows 
immediately from [5], Avt. 190. Let u^F(Jc,a:) and 
V = F(k,y), and take the sine amplitude of each member of 
[5], Art. 190; we get 



_ snu . cnv . day + cau . be 
1 — A^ . sn^M . su'i; 



»n (.. + «) = 
If now we replace i" by — v, and simplify'by [8], Art. 192, 



and the two formulas can be combhied if n 
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From [1], with the aid of [2] and [3], Art. 192, we can get, 
after a rather elaborate reduction, the addition formulas for 
cu and dn. 



doM. dny^fc^. unu. sn-o . cnw . cnii 



1 — F.sn^M. sn^'U 

From [1], [2], and [3j a large number of formulas can be 
readily obtained. We give only those for so ; there ai-e 
similar ones for en and dn. 



i+.n<„+,,. ,„(.-„) ■= ;°:'+.':'.:.;t:'.: - m 

!+*.-=„(. + .). ,n(.-.) ° ''°'!.y;',| ~gp- [8] 

[l + a.(«+«)] [l + Bii(..-»)]= iTt^.m",.' .'»■«' • P^ 

From [2] and [3] comes the useful formula 

en(tt + TJ) = enM. env — snu. unv . dn (u + v) . [10] 
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194. If in formulas [1], [2], and [3] of Art. 193 we let 
o = M, we get the following formulas for 3e2m, cn2'(, and 



s„2.=--^ 


-Fsn'ti ' 


UJ 


c„2« = 55!^ 


-.n'...iiD"» l-2sn'« + F«n'« 


[2] 


, - ft^sn'w 1 - Fsii^M 


di,2» ''■>■" 


-F.srf».cn'ti l-2*'Bn'u + t=8ii'. 


'■ [3] 




l-4'sn'« l-Pen'!. 


From these ( 


iOmc readily 






, ™„, 28n"«.dir'« 


[1] 






m 




^ ' ™-" l-Fsn^w' 




1 d„2.-"-';j»», 


[6] 




1 + 1-2.' , "S"". • 


['] 



195. Replacing « by ^', and dividing [4] by [7] and [6] 
by [6], Ai't. 194, we have 

;W _ 1— CDM _ 1 — dnit r^-| 

^° 2 ~ \ + dRu~ }c\l + enu)' *- ^ 



_ dnu + cnM _ —fc'^ + ^'ctnt +dnit 
1 + dnM ~ F(l + coif) ' 

_^ fe'=+dDM + ^cnM _ (cnw + dnit) 
1 + dntt (l+cii7() ' 



[2] 



[3] 



where fc'^=l — /c^, and ia tbo square of the complementar)' 
modulus. 
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From [1], [2], aiul [3], we cau get without dimeulty the set 

-, [4] 

fc"(l 4- cau) 



2 ft'^ + duii — Fcaw 



[5] 



dn^« = -5-<'+-^--'>-. [G] 

2 k'^ + chiu-k-cnu 

Numerous additional formulas can be obtained by the exer- 
cise of a little ingenuity, but we have given the most useful and 
important ones, and they form a set as complete aa the usual 
collections of trigonometric formulas. 



Penod'kit/ij of the Elliptic Functions. 

196. Wo have seen (Art. 186, [2]) that 

F{k,n^-\-p) = ^nK-\-F{k,p), [1] 

where K is the complete Elliptic Integral of the first class. 

Let u = F (fc, p) , and take the amplitude of each member of 
[1] ; we get 

am(« + 2«7f) = «^-|-amtt; [2] 

or, replacing n by 2ji, 

am {u + inK) = 2n-^ + amw ; [3] 

whence 

CTi(u + inK)^enu, L; [4] 

dn(M-|-4ii/Q=duM, J 

and SUM, cnii, du m are periodic functions, and have the real 
period i K. dnw actually has the smaller period 2K, as may 
bo seen by taking the delta of both members of [2]. 
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Since the amplitude of Kis -, we have 






[5] 



aod our addition form 
readily 



■ Dl [2]i [3]> Art. 193, give i 



cn(,. + 70 ^-'^. 

sn{w + 27r) = -suM, ■ 
en (w + 2 /!") = - en K, 
du(M + 27r)= dm;, 

sn(.. + 3 7f) = -5^, 

oii(« + 370= ^^ 
dn)( 

dB(« + 37Q= -^, 

dnw 

sn(i( + 47ir) = snw, 
cn(v, + iK) = cnu, 
dn(M + 47ir) = dnM, 



m 



P] 



[8] 



m 



a confirmation of [4]. 
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197. It is easy to get formulas for the su, en, ami dii of an 
imaginary variable, wV— I, by the aid of a transformation due 
to Jaeobi. 



""^ft^-Xrl- 



so that ^=amD, sini^=Bn'y, and cosij>~i:nv. In (1), 
place iji hy <!/, <l> and i^ being connected by the relation 





jiiic^ —-J — 1 . tani^, 


(2) 


rhence < 


,™*=,c=^, 


(3) 


i^ = Vl — Fsi 


in'^= Vl+Ftan^i/., 


(i) 


nd 


di^= V^T.sec/^.cIt/i. 




Since ^ and <?. eqnal s 


;ero together, 





Jd i^ Jo V'l+fc'^ 

' Vi-fc'^siiiV 



+ fcUan^f 






It now T 


fe let M = -F(ft', !/<), 




we 1„V8 


v = n-/^l. 


(5) 


Hence, 
and (4), 


since i^ = amw (mod/i:'), we have froo 

r,n "■ ^mnd M -/^™« (mod/.:') 


1 (2), (3), 




^ coil (modes') 






1 






c».(niodt) ^^,^j^^^,j,j, 






cuM(modfc') 
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Sii u V'-^l (mod k) = V' 

cm(V^l(mod7^) 

dnKV-l(mod/0 



■— f snuJjnodJc') 
en it (mocl/c') 



onu (mod A:') 
dnif (mod^') 
oviii(iTiodA:') ' 



[«] 



It is interesting to note th: 
mV— 1, tlie formulas reduce to 



.t if 1 



i'eplaced in (fi) by 



su{- 
cn(— 



real o 



; still true, 
a pure imagi 



dn(-,0 = o 
Consequently, 



((>) , u may be eitliei 



Let 



Ja Aih (modfc ) J^ 



diff 



- = 7r. 



nii (mod^'), 



ii^(modfc') Jo Vj-;fc'"2sin^i/- 
Then, by Art. 106, iK' is ii period for 
CGw(modt'), and dnM(mod^'). 
Hence 

cn(MV^^+4rt7rV"^)=cnMV^, 
dii (u V^T + 4 n/^' V^T) = dii« V^^ ; 
or, replacing mV— 1 by t', 

sn(); + 4w^'V^T) =sn«, "1 

cn(,. + 4ft/rV-T)=oii^, I, [7] 

dti(-u + 4niL'V^I>=<l"i'' J 

and 4 Jf'v — 1 is a period for an, en, and dn. 

We see, then, that our Elliptic Functions, like Trigonometric 
Functions, have a real period, and, like Exponential Functions, 
have a pure imaginary period. They are, then, what may be called 
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Doubly Periodic Functions, and tliey are often studied fiom ilie 
point of view of tlieir double periodicity. 

Lilie Trigonometric Functions, the Elliptic Functions may be 
developed in series, and from these series their values may be 
computed, and tables resembling Trigonometric tables may be 
prepared. 

A partial three-place table is here presented as a sample. Tt 



inplete for Elliptic Functions having the modulus 



V2. 



that 



Modulus^ = 0.7 



" 


.„. 


c. 


dn« 


0.00 


0,000 


1.000 


1,000 


0.05 


0.051 


0.999 


0,999 


0.15 


0.150 


0.989 


0,994 


0.25 


0.247 


0.969 


0-985 


0.35 


0.340 


0,940 


0.971 


0.45 


0,429 


0.903 


0.953 


0.55 


0.512 


0.859 


0.932 


0.65 


0.589 


0.808 


0.909 


0.75 


0.659 


0,752 


0-885 


0S5 


0.722 


0,692 


0.860 


0.95 


0.778 


0.628 


0.835 


1.05 


0.827 


0.562 


0.8 J 1 


1.15 


0.S69 


0.494 


0,789 


1.25 


0,906 


0.424 


0.763 


1.3S 


0.935 


0.353 


0.730 


1.45 


0.959 


0.284 


0.735 


1.55 


0.977 


0.213 


0.723 


1.65 


0.990 


0.143 


0.714 


1,75 


0.997 


0.072 


0,709 


K. 1-85 


1.000 


0.000 


0.707 



From this table, by the aid of formulas [4], [6], [7], and 
(8) of Art. 196, sn«, cnw, and dnw may be readily obtained 
V2 



for any value of u if the modulus it 
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As a matter of fact no complete set of tables for the BUiptic 
Functions has been published, and their values are usually ob- 
tained indirectly from Legeudre's Tables of Elliptic Integi'als 
(v. Arts. 186, 187), unless especial accuracy is required, in 
which case thoy must be computed by methods which we have 
not space to give. 

198. The Elliptic Integral of the second class E {k, <f>) can 
be expressed in terms of Elliptic Functions, and for some 
purposes there is a decided advantage in the new form. 



Wo have Eik,<l>)=i A<j,.d4,. 

Let M = i^(ft, 0), then ^ = amM, and E (fc, ip) maybe written 
£'(fc, ami*), or, more simply, £ (am m), if the modulus can be 
omitted without danger of confusion. 

Then E(amu)= CAnu.da.mu; 

or, since by (4), Art. 192, 

damu = dnw.dM, 

E{wai%i)= ("'c\n^u.du. [1] 

As an example of the usefulness of the form just given in 
[1], we will employ it in getting an addition formula for 
Elliptic Integrals of the second class. 
B{&mu) + E(amv) 



•f?"'' 


1 . <i» + f'lin'f . * 


'£"' 


. rfs + r"<lQ'2 . (te 


= r'd'n'z 


. (7s + Cdn'r: . (?3 - Pdn's . 


= B[am( 


;«+«)] + JJ'in'^ ■ ''" -/''»' 
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Eeplaeiag s by m + a, and remembering that u ancl v are given 
constants, 

r dii-g . dz = rVln- {u + s) dz, 

E(amM) + E{am'w) = 

E [am (« + v)^-J^\Axi^ (u + «) -dn^^] dz. (2) 

dn'(« + «)-d,i^.= [cin(H + .) + dn^][an(« + .)-cin.]. (S) 

We can obtain from [3], Art. 193, tlie following forniuhiH 
analogous to [4] and [5], Art. 193, 

m 



2Z:^sni[ snii cnw cnii 
dn {u + v)^dn{u-v) = 1 _ ;^.^sb^,', , sn^^ — ' (•^> 

If in (4) and (5) we let u + v = u+z, and u-v^z, iiiid 
substitute the results in (3), we get 
dn^(,H-3)_cln=s 



[:--.1-(|.^] 



J"[dn'(« + z)-cln'2](fe 






1 -Fsil^^Sll^ '; + S 
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since — 2A-'=9n=-sii['" + j'\uuf'"+s'jdn['| + ^Vis ia the differ- 
ential of 1 — ft^sn--an'( - + 3]- 

J"[du-(«+s)-tl»'2](fe 






G-^ 



■2 2 

by (i), Art. 194, and [G], Art. 19;5. 
Hence by (2), 

[6] 
oui- required addition formula. 



APPLICATIONS. 

Rectification of the Lemniscate. 

199. From tlie polar equation of the Lemniscate, r^=!a^cos2^, 
referred to its centre as origin and its axis as axis, we get as 
the length of tJie arc, measured from the vertex to any point, 
P, whose coordinates are r and 0. 

, = af-^^=af -^J<^ , [1] 

-''' Vcos26 -^f -Vl-2sin-& 
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and for the are of the quadrant of the Lemniscate, that is, the 
are from vertex to centre, 



^ ^^ r' 06 



These differ from Elliptic Integrals of the first class only in 
that the coefficient of sin'fl is greater than nnitj, and they may 
be reduced to the standard form by a simple device. 

Inti-odiice in [1] </> in place of S, ^ and being connected by 
the relation sin'^ = 2 sht^d. 



Then we bave 



_ V2 cos<^d<^ 






Vl - i si 



[3] 



■I -'" Vl-ish?* 2 \ 2 'tl 



m 



T!ie auxiliary angle ^ is very easily constructed when the 
point J' of the Lemniscate is given. We bave )' = fflVcos2fl, 
and we have seen that Vcos2S = co8^; hence )■= acosip- It, 
then, on a as a diameter we describe ^ 

a semi-circumference, and with the 
centre of the Lenmiscate as a 
centre, and with a radius equal to r. 
we describe an arc, and join with qI^ 
the point Q where this arc intei'sects 

the semi-circHmference, the angle made by OQ w ith a is equal 
to <!>, For OQ^acosAOQ and OP^ a\/cos2e. 
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(1) Find the numerical value of f" ^'"^ — 

Ans. 0.843. 

(9) Reduce f — '^'^ to an Elliptic Integral of the 

Ji Vl — n. sill^4> 
first class, when h > 1 . 

Ans. — C — ^' where sinV=KSin-^. 

(S) The jialf-axis of a Leniuisuate is 2. What is the length 
of the are of a quadrant? of the arc from the vertex to tlie 
point whose polai- angle is 30°? Ans. 2.622; l.lf.8. 

In the inverse problem of cutting oS au arc of given 
length the Elliptic Functions are of service. As an interesting 
example, let us find the point which bisects the quadrantal arc 
of the Lemiiiscate. 

„ flV2 , jj-j2 7r\ 

Here s=- — -f/' ■ — - 1, 

2 ^ V 2 ' 2/ 

and we wish to find ^ and then 0. 



Let 


„: 


-(f 


i)^ 


; w, 


a need air 


'2' 


am* 




.,.,. = l,c„„ 


= 0, 


and dnw 


__V2. 


By [I] ai)d 


Pl^ 


,1. 195, 












'•'t 


l+cl,.«' 




^" 2 


duu + 
1+di 


cnK_ 


Therefore, 
















^" 2_ 


'"I'd 


1- 


cnw 


1 
"'V2 


V2. 




iiu + cn 
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If, then, tbc required simplitiido is 4'r 

and tsm^ =V2- 



Siiice siu'^— Ssiii^S, we esui comisut* 
and so get our required poiat. If, howev 
eufflce, a very simple one gives tlie point. 

.Erect at ji a perpendicular 
whose length is a mean pro- 
portional between a and a V 2. 
The angle subtended at by 
this perpendicular is ^, and 
the corresponding point, P, is 
found by the method described 
on page 255, 



! without difficulty, 
, a coustrnction will 




Rectification of the Ellipse. 

200. We have seen in Art. 177 that tl>e length of an arc 
of an Ellipse measured from the end of the minor axis is 

If we let a;=asin^, [1] becomes 

s - «J^*Vl-e^sin^.^ . (14. ^ aE (e, ^), [2] 

e, the modulus of the Elliptic Integral, being the eccentricity 
of the Ellipse. If x=a, <t>-'^, and the length of the Elliptic 
quadrant is n 



y Google 



258 



INTEGRAL CALCULUS. 



[AiiT. 201. 



The leugtli of an arc of the Elliptic quadraiit, not measured 
from the estremity of tlie minor axis, can of course be ex- 
pressed as tlie cliffereuce between two Elliptic Integrals of the 
second class. 

The amplitude ij>, corresponding to a given iwint P, of the 
Ellipse, is easily constnicted as follows: On the major axis 
as diameter describe a circumference ; 
extend the ordinate of P until it meets 
the circumference, and join the point of 
intersection with the centre of the ellipse. 
The angle the joining line makes with 
the minor axis is seen to be the required 
amplitude rft. If ^ is given, P may be 
found by reversing the order of the steps 
of the construction. 




Examples. 



The equation of an ellipse 



required the length 



of the quadrantal arc; of the are ■whose extremities have the 
abscissas 2 and 2V2. Ans. 5.4; 0.944. 

(2) Find the abscissa of the end of the unit arc measured 

from the extremity of the minor axis in the ellipse )- 2. := i ■ 



of the point which bisects the a 



! of the quadrant. 

Ans. 0.996; 2.67. 



201. By the aid of the addition formula 



([6], Art. 198) 

it is always possible to find an arc of an ellipse differing from 
the sum of two given arcs by an expression which is algebraic 
in terms of the abscissas of the exti'eroities of the three arcs. 
This will be clearer if wc modify slightly the form of our addi- 
tion formuia. 
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Let ^ = amit, i/-=amw, aud <r = am(-rt + «). 

Then the foi-mula give a above becomes 

E(k, ^) + E(Ic, ip) = E{k, <r) + Fsin^ sin i/. sintr, [1] 

where c^, ip, and □■ are three angles connected by the relation 

coso- = eo8ii><;osi/' — sin^ siui^io-, [2] 

by [10], Art. 193. 

If we multiply [1] by a and take k equal to e, we get 
aE (e, <^) + aE (e, xjf) = aE (e, <r) + ^^x, . x, . x„ 

if fl^, x^, and x^ are the abscissas of the points whose amplitudes 
are ^, i/-, and <t. 

The most interesting case is when o- = ^, in which case 
aE{e, o") is the arc of a quadrant. [2] then reduces to 

O = cosi^cosi//~siu<^ sint/'Vl— e^ 
or - sin<^ sini^= eo9</)COSi^, 

or taii<^ taiii/i = -, [3^ 

and we get from [1] 

aE{e, 4>) -[aE fe, ^~aE(e, i/-)~| = ae^smij, sim/-. [4] 

If, then, any point, P, is given, [3] will enable us to get 
the amplitude of a second point, Q, and 
thus to find Q, Q and P being so re- 
lated that the arc BP, minus the ai'c AQ, 
shall be equal to a quantity which is 
proportional to the product of the ab- 
scissas of P and Q. ^ 
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For tlie special ease where i^ aad -fi are equal we have from 

[3], Un<l> = ^% 

and from [4], 

a + b 

This point, whieh divides the quadrant into two arcs whose 
difference is equal to the difference between the semi-axes, has 
a number of curious properties, aud is known as Fugnani's 
point. 

■Examples. 

(1) Show ttat the distance of the normal at Fagnani's poiut, 
from the centre of the ellipse, is equal to a — b. 

(2) Show that the angle between the normals at P and Q in 
the figure is equal to it — ijd ; tliat the normals are equidistant 
from ; that this distance is BP — AQ. 



of the Hyperbola. 
202. If the arc of the Hyperbola is measoi-ed from the 
vertex to any given point, P, whose coordinates ai'o x and y, 
its length ia easily foutid to be 



•=xf^^)- 



*" s< ■" ' 



[2] 



if e ia the ecccntrioity of the Hyperbola. Let 
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aud [2] becomes 



teJo I i ~ ' 



Now — = ^~^"' . J- = ^^ l-Fsm^i^-;.'^co9'q 

\<l> 1 - ?;■' A^ 1 - k'^ A<ji 

1-^:1 " A<^ J' 

and s = — ■ — I sec^ ^ Ai^ d^ — k^ j — ^ 

ae 1 — A |_.yij t/o Aq((J 

-^ ■ j-:^JXVMA,^rfc^-/.v-^{t, ^)1 

If we integrate by parts, 

1 sec'^ A<^ rt4> = tan^ A^ + fcM - --diji; 

but fc'5H^==J__A,^, 

A./. A.^ 

and ?c^ r 5^^ ■ d<!,!=F{k, 'f,)-E{k. 4>). 

I-IeDce 

s = ^F(k, <!>) ~ ^'^ [£ {k, .f,) - tan 4. A,^J. 

ae ae (_ 1 — /c ) 
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tlierefore s = ~F (k, <p) ~ ueE (k, 4,) + ae tsin <j> A^, 



or 



ipfl^ ^\ - aeE (-, <p\ + ae tan (^ A^. [4] 
The angle <^ corresponding to a given point P is easily con- 





. % 


^ 




/ 


/^V 


/ 


V 



etructed. We have onl 
verse axis at a distance 



il 



. to tbe tiius 



^ fiom the o 

at a distance from the centre equal to the piojection of h on 
tbe asymptote, and to join the piojection of P on this line with 
the centi-e. The angle made by the joimng line with the trans- 
verse axis is <!>, for its tangent is clearly ^^ — . 



(1) Find tlie length of the arc of tlie hyperbola -^ — 1-= 1, 

measured from the vertex; to the point whose ordinate is 2. 

Ans. 2.194. 

(2) Show that aetan^At^ is the distance from the centre to 
tlie iKirmal at P. 

(3) Show that the limiting value approached by the difference 
between tbe arc and the portion of the asymptote cut off by a 
perpendicular upon it from P. as P recedes indefinitely from 
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the origin, ia aeEl-,-\ 



This is generally re- 



ferred to as the differeuce between the length of the infinite arc 
of the hyperbola and the length of the asymptote. 

Show thsit in example (1) this difference is equal to 2.803. 

The Pendulum. 

203. We have seen in Art. 176 that if a pendulum starts 
from rest at a point of its arc whose distance above tlie lowest 
point is ya, the time required in rising Croni the lowest point to 
a point whoso distance above the lowest point is y, is 






Vl — ^■'sin^^ ^ 

k — y}^, and sinq!)=A|- 



'■F(k,4>), 



[1] 



In the figure let A be the lowest point of the are, B the 




highest point reached by the pendulum, and P the point 
reached at the expiration of the time t. Call AOB a, and 
AOP 6. 

Then ^^l-cosn, and J^ = ^,^(1 - cosa) = siii^ = &. 
Consequently the modulus of lije Elliptic Integral in [1] is 
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B-fourtii the angle through which the penjulum 



€.-^'^ 



I Hi 



and therefore the sine of the amplitude of tlie Elliptic Integral 
in [1] is easily computed when the angle through wliicli the 
pendulum has risen is given. When $ = a, sm^=l, and 

A = -; so that the time of a. half- oscillation is \|-i^f sin-,- ], 

a confirmation of [7], Art. 176. The construction mdicated 




in the figure gives the angle ^, corresponding to any given arc 
AP. For 



■f- ^1-^ cos AO'Q, 



^^ 



and \l^ = Vi(l ~ cos AO'Q) 

Therefore ACQ = -p. 



nJ\^.in^^o^ = . 
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It is very easy to express the angle Q in terms of t. 
hence iJ-''=: J^f'sin|.&Y 



*=-»('Nf)- 






N9' 

i»('^!0("'-"i)' 



sm'A = so 



cos - = dn ( i ■» K ] I rnod sin 



(1) A pendulum swings thi'ough an angle of 180° ; required 

the time of oscillation. , ^ ^^ 7i, 

Ans. 3.708 \-- 

(2) Compai'e the times required by the pendulum in Ex. (1) 
to descend through the first 30°, the second 30", and the third 
30° of its arc respectively, 

Ans. 1.028 il-; 0.446 i-; 0.380* "■ 
\^ \g \g 

(3) The time of vibration of a pendulum swinging in an are 
of 72° is observed to be 2 seconds ; how long does it take it to 
fnll through an arc of 5°, beginning at a point 20° from the 
hightst point of the arc of swing? Ans. O.OOi) seconds. 
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(4) A pendulum for which ■»!- has been determined, ^nd is 
eqnal to ^, vibrates through an arc of 180° ; through what arc 
does it rise in tlie first half-second after it has passed its lowest 
point? in the first ^ of a second? Ans. 69° ; 20° 6'. 

(5) It has been shown in Art. 176 that if ?/o>2a the 
pendulum will make complete revolutions, and thsit the time 
required to pass from the lowest point to any point whose 
distance above the lowest point is y, is 






d(l> 



-J''(fc,^), 



= \^; 



Show that in tliis ease .^ = | and that sin ^ =^sn/'iJ^A 



Note. — In working with a pendulum it is often about as 
easy to compute F (l:, <li) by developing by the binomial 
theorem and iutegrating two ov three terms, as to use a table 
of Elliptic Integrals. 

d<l> 







■ ' ■ 
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CHAPTER XVII. 

INTKODUCTION TO THE TIIEOllV OF INUNCTIONS. 

204. A function having but a single value for any given 
value, real or imaginary, of the variable is called a single-valued 
fiinction, Eational Algebraic Functions, Exponential Func- 
tions, the direct Trigonometric Functions, and the Elliptic 
Functions are single -valued. 

A function which has in general two or more values for any 
given value of the variable is called a Timltiple-valued function. 
Irrational Algebraic Functions, Logarithmic Functions, tlie 
inverse or anti-Trigonometric Functions, and the Elliptic In- 
tegrals, are multiple- valued. 

205. In Chapter II. we have explained the customary graph- 
ical method of representing an imaginary by the position of a 
point in a plane, the rectangular coordinates of the point being 
the real term and the real coefficient of the pure imaginai-y tei-m 
of the imaginary in question. 

In the ordinary treatment of the Theory of Functions this 
method of representation is of the greatest service, and enables 
us to bring the study of functions of imagiuaiy variables within 
the province of Pure Geometry, and to give it great definiteness 
and precision. 

For the sake of brevity we shall in future use the symbol * 
for V— 1 and cis^ for eos^-|- V— 1 sin<f>, so that we shall 
write our typical imaginary as «. + yi or as rcis^, instead of 
using the longer foi-ms x + y^—l, and )-(cos^-|- V— 1 sin^). 

We shall also use the name complex quantity for an imaginary 
of the typical form when it is necessary to distinguish it from 
a pure imaginary. 



y Google 



268 INTEGRAL CALCULUS. [Anx. 206. 

206. A complex variable z^rzx-\-yi is eaid to vary cojiimw- 
ously when it varies in snob a mauner tliat tlie patli traced by 
the point {x^y) reproseutiiig it is a continuous line. 




Thus if z changes from the value a to tlie value fi, so that 
the point representing it traces any of the four lines in the 
figure, z varies continuously. 

It will be seen that a variable can pass from the first to the 
second of two given values, real or imaginary, by any one of 
an infinite number of different paths without discontinuity if the 
variable in question is not restricted to real values ; while a real 
variable can change continuously from one given value to another 
in but one way, since the point representing it is confined in its 
motion to the axis of reals. 

207. A single-valued function mi of a complex vai'iable z is 
called a continuous function if the point representing it traces 
a continuous path whenever the point representing z traces a 
continuous path. 

A multiple- valued function of z is continuous if eacli of the n 
points representing values corresponding to a value of z tj'aces 
a continuous path whenever z traces a continuous path. These 
K paths are in general distinct, but two or more of them may 
intersect, a point of interaection corresponding to a value of z 
for which two or more of the n values of lo, usually distinct, 
ha[:)pen to coincide. Such a value of z is sometimes called a 
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critical vcdiie, and tbe cousideration of critical values plays aii 
important part in the Theory of Fuoctious. 

In studying a multiple- valued function we may confine our 
attention to any one of its n values, and except for the possible 
presence of critical ix>ints this value may be treated Just as we 
treat a single- valued function. 

In representing graphically the changes produced in a func- 
tion m; by changing the variable z on which it depends, it is 
customary to avoid confusion by using separate sets of axes for 
w and s. 

208. If we use the word function in its widest sense, 
w=u + vi will be a function of a complex variable z = x + i/i, 
if u and V are any given functions of x and y. For example, 

xi, 6?/, a? + f, x-yi, a^-y^ + 2xiii, '^~y + ^'- , 
■\/af + f + i 
may all be regarded as functions of z. 

We have seen in Chapter II. , Arts. 86-42, that with this defi- 
nition of function the derivative with respect-to a of a function 
of w is in general indeterminate ; but that there are various 
functions of ;, for instance, z", logs, e", sinz, where the deriva- 
tive is not indeterminate. IVe ai'e now ready to investigate 
more in detail the general question of the existence of a deter- 
minate derivative of a function of a complex variable. 

Let io = u + vi be a function of 2 ; w and v, which are real, 
being functions of x and y- 

Starting with the value Zfi = Xfi+ y„i of z and the correspond- 
ing value Wa = Vii + Vi,i of io, let us change z by giving to x 
increment Au! without changing y. 



£: 



Let AjM and A^it be tbe corresponding increments of u and 
I ; and z^ and Wj the new vahios of z and to. 
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■f Aa; ^' 



Aa; " 



and the derivative of tu with respect to z iiiidei- the giv 
cumstauccs is 

limit Fwi — Wo"! 



= -D..H 



[>] 



If, liowever, starting with the same vahie 8^ of z, wo c> 
: by giving ?/ tlie increment Ay witliout changing x, w(! ha 

Zi_ = X(, + {y„ + Ay) i = Za + J Ay, 

w, = no + A,M + (v„ + A.,u)i - iu, + A^h + JA^v, 

tOi — Miii_ AjM iAjji) 
8, — Si, ~ jAy iAy' 



EoOl:^-.-'".... 



[2] 



and this is the derivative of w with respect to a wlien we elmiigc 
J/ and do not change x. 

Comparing [1] with [2], we see that if we start with a given 
value of a, and change z in the two different ways just con- 
sidered, the limits of .the ratios of the corresponding changes in 
w to the changes in z need not be the same. Indeed, the two 

values for — given in [1] and [2] will not be the same unless 
w = u + vi is such a function of 3 = x + yi that 



D_,v 



= D,v and J}m = 



[3] 
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We shall now show that if w is such a fimction of z that 
equations [3] ai-e satisfied, ^^^'J, ["] wi!l be the same if we 

start witli a given valae Zd of s, q6 mattter in what manner z 
may change; tbat is, no matter in what direction the point 
representing z maybe supposed to move; or, in other words, 
no matter what may be the value of ^^q ~ ■ 

We have in general, since w is a function of the two variables 

Aiu = (D^ii + W,v) Aa: + (D^u + iD,v) Ay + 1, 

where e is an infinitesimal of higher order tlian Aic or Ay. 

{I., Art. 198.) 
Ae= Ax + iAy. 

Aw D^u . Ax + !D^v . Ay +W^v . Ax +D,u . Ay+ c 
Hence -— = — ^ '- — - — — ^- ■ ■-■ 

Az Ax + i Ay 



-i^ 



limit pAtu"! 

^^=01azJ 



^--+^A-iao[!g+^fr-^^--i£o[f]) 



^ + 'a^-o|_a^J [4] 

a value involving *'!^o — I ^"d therefore dependent upon 

the direction in which z is made to move. 
If, however, [3] is satisfied, [4] reduces to 

'^^D^u + W^v, [5] 

dz 

and the derivative of vj is independent of ^™ o . ' 
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A function which satisfies equations [S], sind which, there- 
fore, has a derivative whose value depends only npon the value 
of the independent variable, and not upon the direction imvhich 
the ijoint representing the variable is snpposec! to move, is called 
by some writer a monogenic function, by others s-Jundion which 
has a derivative; still others refuse to dignify with the name of 
function any other than monogenic functions. 

209. Any function involving s as a wbole, that is, any func- 
tion which can be formed by perfoiming an operation or a 
series of operations upon a as a wliole, without introducing x 
and y except as they occur in %, is a monogenic function of z. 

For if io=fz=f{x + yi), 

where /^ can be formed by operating upon s as iv whole, 

D^ii) ^f'z, and D^v^ =ifz ; 

therefore iD^w = D,w, or iD,{u + vi)= D^{ri + vi) ; 

whence D^v, = -0,1), and D^u = ~ D^v; 

and [3], Art. 208, is satisfied. Consequently w is monogenic. 
This accounts for the results of Arts. 88-42, 
If w is a multiple-valued function of a, there may be several 

different values of — -, corresponding to the same value of 2; 
but if v) is monogeuie, each of these values depends only upon z, 
and not upon the way in which a is supposed to chauge. 

In future, unless something is said to the contrary, we shall 
give the name function only to monogenic functions. Thus we 
shall not call such expressions as x — yi, or 1? ^y' ■\-2xyi, 
functions of 3. 

Conjugate Functions. 

210. If u and v are functions of ie and y, satisfying equations 
[33, Art. 208, it is easy to prove that 

DJ'u + J},} M = and T)^ v + Dfv = 0. 
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Forsiuee D,u=D,v and D,v^~D^u, 

we have P/n = D.,D^.v and D^^u = - D,D„v, 

D;'v = -D,D,u and D^H=D^D,u\ 
u and V are then solutions of Laplace's equation, 

D,^r+Z'/F=0. [1] 

Any two functions ^ and tj/ oi x and y, such that 
<f>(x,y) + itl'(x,y) is a monogenic function of x-i-yi, are 
called conjugate functions ; and, by what has just been proved, 
each of a pair of conjugate functions is always a solution of 
Laplace's Equation [1]. 

Thus x^ — y^, 2xy, e'cosy, e^smy; ^log (a' + i;^), tan~^2; 

are three pairs of conjugate functions, since x" — y' ■^-2xyi 

= (x + yiy, e' cosy -i- ie" &my = e"^'', |^log(3;^ + j/^) +t'tan~'^ 

= log (a: + ;/i))^id consequently, by Ai't. 209, are all monogenic. 
Therefore each of the six functions at the beginning of this 
paragraph is a solution of Laplace's Equation [1]. 

It is clear that we can form paire of conjugate functions at 
pleasure by merely forming functions of x + yi and breaking 
them up into their real parts, and their pure imaginary parts ; 
that is, throwing them into the typical form u + vi. 

If each of a pair of conjugate functions, i^ and ij/, is written 
equal to a constant, the equations thus formed will repi-esent a 
pair of curves which intersect at right angles. For let (x, y) 
be a point of intersection of the curves <j> = a, ij/ = b ; the slopes 
of the two curves at (x, y) are respectively ~, ^ by 

I., Art. 202; and since D^i^=D^^ and D^>^ = — D,<!>, the 
second slope is minus the reciprocal of the first, and the curves 
are perpendicular to each other at the point in question. 
Thus a?~y'^=:a, 2xy = 6, cut each other orthogonally ; as do 
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also ^\og{3f-\-?f) — a, tati"^" = &; or, what amounts to the 
same thing, 3;^ + ^^;=: a, ^=bi. It ranst be observed, how- 
ever, that af-\-y'' and ^ are not conjugate functions, siiid that 



in genera! the converee of our proposition does not hold. 

It may be easily proved tliat if ^ and ijr are conjugate func- 
tions of X and y, and / and F are any second pair of conjugate 
functions of x and y, the new pair of fuuctions formed by re- 
placing X and y m ^ and 1^ by / and F respectively will be 
conjugate. 

Thus (e" cosy)' — (e* sin yY, 2 e* cos y . e' sin y, 

or, reducing, e^coa2y, e^sin2)/, 

are conjugate functions ; 

41og[(»'-s')' + {2«s)-], ten-(^-lSL^, 



or, reducing, log (a;^ + y^) , tan - 



• 2^y ' 



are conjugate. 

The properties of conjugate functions given in this article 
arc of great importance in many brancbes of Mathematical 
Physics. 

Example. 

Shov that if x' and y' are conjugate functions of x and y, 
X and y are conjugate functions of x' and y'. 

Preservation of Angles. 

211. If M) is a single-valued monogenic fanction of z, and 
the point representing z traces two arcs intersecting at a given 
angle, the corresponding arcs traced by the point representing 
IV will in general intersect at the same angle. 
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For let Jo be the point of intersection of tbe ciuTes in tlie z 
p!ane, and w„ the coiTespondiug point in tlie lo plane. Let z, be 
a point on tlie flist curve, and z^ a point on the second ; and let 



Wi and % be the coiTespondiog points in the w figure. 

Let Ti, r^, Si, and 82 be the moduli of z, — Zq, Zc, — Zoi ^i — ''■"o) 
and iUj — w„ respectively, ^1, ^i, ^1, and f^ their arguments ; 
then, since 10 is a monogenic function of z, we must have 

limit [H^al = limit r!^::i^«1, 
L'ieis</-iJ L'-2cis^,J 



- limit ~ cis (^2 — <^s) ; 



whence, by Art. 23, 
limit I ^ cis (^, 

and since, when two imaginaries are equal, their moduli must 
be equal, and their arguments must be equal, unless the moduli 
are both zero or botli infinite, 

limit (ifrs — iZ-i) = limit {^2 — ^,) ; 

that is, the angle between the arcs in the iv figure is equal to 
the angle between the corresponding ai-cs in the z figure ; unless 



[s]„..=»- - [s].=.r« 



If !o is a multiple -valued monogenic function of z, and if 
starting from any point z„, the point which represents z traces 
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oitL two cni'ves iutersecting at an angle a, ca/>li of the n ]i(mit-i 
representing the corres pom ling values of w will trace out a pitir 
of curves intersecting at the angle a; unless ^o is a point at 

which — is zero or infinite. 

If, then, w is any monogenic function of z, and the point 

representing z is made to trace out any figure however complex, 

the point representing w will trace out a figure in which all the 

angles occurring in the x figure are preserved unchanged, except 

those having their vertices at points representing values of z 

which make — zero or infinite. 
dz 

This principle leads to the following working rule for ti'ans- 
forming any given figure into another, in which the angles are 
preserved unchanged. 

Substitute x' and y' for x and y in the equations of the curves 
which compose the given figure, x' and y' heing any pair of 
conjugate functions (Art. 210) of x and y, and the uew 
equations thus obtained will represent a set of cuitcs fonniug 
a second figure in which all the angles of the given figure are 
preserved unchanged, except those haviug their vertices at 
points at which D^' and D^y' are both zero, or at whicli one of 
them is infinite. 

For oxiuiiple, x — y — a, (1) 

x+y^b. (2) 

are a pair of perpendicular right lines. Replace x by x- — y^ 
and p hy 2im/, and we get 

a^-23;j--^ = a, (3) 

a? + 2xy-y^=b, (4) 

a pair of hyperbolas tJiat cut orthogonally. 

212. If w is a single-valued continuous function of n, it is 
clear that if Wo and Wi are the values corresponding to s^ and ^i, 



y Google 



CoAP. XVII.] THEORY or FUKCTIONS. 277 

and the point % moves from So to % by two different paths, tlie 
corresijouding paths traced by w will begin at Wg ancl end at Wi, 
and conaequently that if a describes any closed contour, w also 
will deecnbe a closed contour. 

If Ml is a double-valued function of e, since to each value of 
% tliere will correspond two values of w>, it is eoueeivable that 
if Wi and Wi' are the values of in corresponding to Zj, and z moves 
from 2o to »i by two diflerent paths, mj may in one case move 
from iUu to m)i, and in the other case from «)„ to Wj'. 

We can prove, however, that if the two paths traced by z do 
not enclose a critical point (Art. 207), and mi is iinite and con- 
tinuous for the portion of tlie plane considered, this will not 
take place, and that the two paths starting from w^ will 
tenniuate at the same point w^. 

For as z traces the first path, each of the two points repre- 
senting the two values of w will trace a path, one starting at w.'o, 
and the other at wa, and unless the z path passes through a 
critical point, the two w paths will not intevset:t, but will be 
entirely separate and distinct, and will lead, one from w^ to Wj, 
the other from v>o' to vij'. 

If, now, the s path be gradually swung into a second position 
without changing its beginning or its end, since tv is s. continu- 
ous function, the two w paths will be gratlually swung into new 
positions ; but, provided that the z path in its changing does not 
at any time pass llu'ough a critical point, the two w paths will 
at no time intei'sect, and eonseqnentlj' it will be impossible for 
the IV points to pass over from one path to the other, and there- 
fore the point which starts at Wq must always come out at i«i, 
and not at w,'. 

It follows readily from this reasoning that if z describes a 
closed contour not embracing a critical point, each of the lo 
points will describe a closed contour, and these contours will 
not intersect. 

Of course, the proof given above holds for any miilti])le- 
valued function. 

lu any portion of the plane, then, not containing critical 
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points the separate values of a multii^le- 
separately eousidered, ami may be re. 
single- valued functions. 



■allied function may be 
arded and treated as 



218. That in the case of a double -valued function two paths 
in the z plane, including between them a critical ^wint, but 
having the same beginning and tiie same end, may lead to 
different values of the function, is easily shown by an example. 

Let «i = Vs, and lets, starting with the valne 1, move to the 
value — 1 by the semi- circular path in the figure. That one of 




the corresponding values of v) which starts with + 1 will de- 
scribe the quadrant shown in the figui'e, and will reach the 
point 1 . eis^, or i. If, however, e moves from +1 to — 1 by 




the semi- circular path in the second figure, the value of vi which 
starts with + 1 will describe the quadrant shown in the second 
figure, and will reach the value l.eisj— ^], or ~i. These 

two paths described by z, then, although beginning at the same 
point + 1 and ending at the same point — 1, cause that value 
of the function which begins with -f- 1 to reach two different 
values ; and the two paths in question embrace the point 3=0, 
which 18 clearly a point at which the two \'alues of iw, ordinarily 
different, coincide ; that is, a critical point. 
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It is easily seen that if e, startiug with the value +1, de- 
scribes 3l complete circumference about the origin, the value of 
w which starts from the point -H 1 will not describe a closed 
contour, but will move tbrougli a serai -circumference and end 
with the point I.cIst or —1. Now, by Art. 212 any path 




described by a beginning witli + 1 and ending with — 1 and 
passing above the origin, since it can be deformed into the 
serai- circumference of Fig. 1 without passing through a critical 
point, will cause the value of w beginning with -|- 1 to end with 
+ i ; and any path described by 2 beginning with + I and end- 
ing with — 1 and passing below the origin, since it can be 
deformed into the semi-circumference of Fig. 2 without passii^ 
through a critical point, will cause the value of w beginning 
with + 1 to end with — i. Therefore any two paths described 
by 2 begioniug with -f-1 and ending with —1 will, if they include 
the critical point z = between theai, lead to different values 
of Ml, provided that the same value of w is taken at the start. 

2)4. If w is a double-valued function of 3, and z describes a 
closed contour about a single critical point, this contour may be 
deformed into a circle about the critical point, and a line lead- 
ing from the starting point to the circumference 
of the circle, without affecting the final value of 
TO (Art. 212). Thus, in the figure, the two 
paths ABCDA, AB'G'D'B'A lead from the ' 
same initial to the same final value of jo ; and 
this IS tnic no matter how small the radius of 
the cucle B CD'. 
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Let ^ be the critical point, and iet it'„ be tlie corresponding 
point in tlie w figure. As % moves fi'om Sj towards ?„, tlie points 



representing tlie cone^ponfling ^iliies of w will start at W[ and 
Wj' and move towiids »„, tiacmg distinct paths. 

If, now, z desuibcs t ciicumfeience about 3u, and then 
returns along its original path to Sj. the first value of in will 
either make a coaiplef« levolution about w^ and return along 
the branch (1) to its initid value m'j, or it will describe about 




w„ a path ending with the branch (2) of tlie in curve, and move 
along that branch to the value iu,'. 

In the first case, and in that ease only, the value of w 
describes a closed contonr when ;; describes a closed eontoui', 
and is practically a single-valued function. 

If 2n is a point at which — is neither zero nor infinite 
{y. Ai^t. 211), when s describes about «o a circle of infinitesimal 
radius, w will make about «!<, a complete revolution ; for since 
-if two radii are drawn from x,,, the curves corresponding to them 
will form at Wc an angle equal tfl tbe angle between the radii, 
when a radius drawn to the moving point which is describing 
the cirele about ^i, revolves through an angle of -"ieO", the cor- 
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respouding line joining Wa with the moving point representing mi 
will revolve through 360°, and we shall have what we have 
called Case I. 

If, then, we avoid the points at which — is zero or infinite, 

we shall avoid all critical points that can vitiate the results 
obtained bj treating our double-valued or multiple- valued func- 
tions aa we treat single-valued functions. 

A critical point of such a character that when z describes a 
closed contoui- about it the corresponding path ti'aced by any 
one of the values of w is not closed, we shall call a b7-anch jjoini. 

When a fbnction is finite, continuous, aud single-valued for 
all values of z lying in a given portion of the z plane, or when 
if multiple -valued it is finite and continuous, and has no branch 
poirUs in the portion of the plane in question, it is said to be 
hol(ymoiphic in that portion of the plane. 

Defimta Integrals. 
215. In the case of real variables, I fz.dz was defined in 
Art, 80 in effect as follows : 

J>-c!z = ,";'"[/z.(%-».)+A(^.-%)+Afe-«.) + - 

+/2.-,(^- ».,,)], [1] 

where z„ Sj, s^, ...s„_, are values of z dividing the interval 
between s„ and Z into n parts, each of which is made to 
approach zero as its limit as m is indefinitely increased. 

In otlier words, j is the line integral of fs (Art. 163) taken 

along the straight line, joining Zf, -and Z if a^ aud Z are repre- 
sented as in the Calculus of Imaginaries. 

It has been proved that if /a is finite and continuous between 
^Q and Z, this integral depends merely upon tlie initial and fin&l 
values of z, and is equal to FZ— Fzo where Fz is the indefinite 
integral i fz.dz. 
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If ji is a complex variiible, and passes from 2o to ^ along auy 
given path, we shall still define the definite integral | fz . dz by 
[13 where now z„ Zj, k3,...s„_i are points in the given path. 

Two importsint results follow immediately from this defini- 
tion : 

1st. That C'fe.dz^-'Cfa.dz, [2] 

if s traverses in each integral the same jjath couiicotiog s„ and Z. 
2d. That the modulus of j fz.ds is not greater than the 

line-integral of the modnlns of fz taken along tlie given patit 
joining Zi, and Z. 
If we let 

fa = w=u-\-vi,z^x + yUu = ^{x,y). imA v ^-p {x,y), 

then j'fz . dz = J( M+ vi) (dx + kh,) 

= j".* (X, y) els + ij^ (X, y) dx - J</, {x, y) dy + ij"^ (x, y) dy, 

[3] 
each of the integrals in the last member being the line-integral 
of a real function of real valuables, taken along the given path 
connecting z^ and Z. 

If the given path is changed, each of the integrals in the 
last member of £3] will in general change, and the value of 
I fz . dz will change ; and, since % may pass from z^to Z by an 
infinite number of different paths, we have no reason to expect 
that I fz.dz will in general be determinate. 

We shall, however, prove that in a large and important class 
of cases | fz.dz is determinate, and depends for its value 
upon ^o and Z, and not at all upon the nature of the path 
ti'avereed by z in going from Za to Z. 
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210. If fz is holomorphie in a given portion of tlie plane, 

if z describes any closed contour lying wholly witliin that 
portion of the plane. 

From [3], Art. 215, we have 

j ° fz .dz = i w .dz T= i udx + i j vdx — j vdy + i \ udy, [2] 

the iritegi-al in each case being the line-integral aronnd the 
closed coutonr in qneetiou. 

Since w = fz is holomorphie, w = ^{a;, ji), and v~ij/(x,y), 
and D^u, D^n, D^v, and D^v are easily seen to be finite, con- 
tinuous, and single-valued in the poi'tion of the plane considered. 
Therefore, by Art. 170, 

I tidx = j ( DgUd-vdi/ ; | vdx — i i D^vdxdy ; 

I vdy = — I j D^vdxdy ; | udy = — \ i D^tidxdy ; 

the integral in the first member of each equation being taken 
around the contour, and that in the second member being a 
surface-integral taken over the surface hounded hy the eontonr. 
We have, then, from [2], 

C'fz.dz^ (" C{D,w-irD^w)dxdy-friC C{D,i>~D,u)dxdy, [3] 
but D,u = D,v, and D,u = - D,v from [3] , Art. 208. Therefore, 
[3] reduces to | °fz. dz = 0. 

From this result we get easily the very important fact that if 
fz is holomorphie in a given portion of the plane, j fz.dz will 
have the same value for all paths leading from e„ to Z, provided 
they lie wholly in the given part of the 
plane. For let z^aZ and Zf,l)Z be any 
two paths not ictesecting between Za 
and Z. Then z^aZhSg is a closed eon- ' 
tour, and 
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^fO^" i: 



I fz.dz (along 3io<(2feo) 

= C fz.dz (along 2„((-2) + ('"fz.dz (along Zfo() = 0; 

iiit I fz.dz (along 26«d) — — I fz.dz (along Z(|62) 

by Art. 215. 
Therefore, | fz.dz (along Soa^) = I fz.dz {along Zu6^). 

' the paths z^aZ and z^bZ inter- 
1 third path s„cZ may be drawn 
_ t intersecting either of them, and 

^ -^ by the proof just given 

I fz.dz (along e„flZ)= I fz.dz (along e„c2), 

C' fz.dz (along s^&Z) = f fz.dz (along %cZ) ; 
therefore, 

Cfz.dz (along EoaZ) = C'fz.dz (along ^,62). 

217. If /«, while in other reapecta holomorphic in a given 
portion of the plane, becomes infliiite for a value T of 3, then 
I fz.dz taken around a closed contour embracing T, while not 
zero, is, however, equal to the integi'al taken around any other 
closed path surrounding T. 

For let ABOD be any closed con- 
tour about T. With T as a cenU'e, 
and a radius e, describe a circumfer- 
ence, taking e SO small that the cir- 
cumference lieawholly withiojljBCZ'. 
Joia the two contoura by a line AA'. 
Then ABCDAA'D'GB'A'A ia a 
closed path within which fz ia holo- 
moi-phie. 
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Therefore, 

Cfz . d% (iilong ABCDAA'D'O'B'A'A) = 0, 

or Cfz . dz (along ABODA) + Cfz . dz (along AA') 
+ Cfz . d7. (along A'D'C'B'A') + Cfz . dz (along AA) = ; 

but 

Cfz.dz (along ^1^1') =- pi. dj along (AA), 

Cfz . dz (along A'D'C'B'A) = ~ Cfz. dz (along AB'C'D'A') 
Hence 

Cfz.dz (along ABCDA) = C fz . dz {^\o\\^ A'B'C'DA'). 

218. That the integral of a function of s around a closed 
contour embracing a point at which the fnnction is infinite is 
not necessarily zero is easily shown by an example. 

fz = , ( being a given constant, is single-valued, con- 
tinuous, and finite thi'oughout the whole of the plane except at 

the point t, at which . becomes infinite, without, however, 

ceasing to be single- valued. 

Let us take j — ^ around a circle whose centre is (, and 
whose radius is any arbitrarily chosen value e. If z is on tlie 
circumference of this circle 

z — t=e (cos <f> + i sin c^) 

= Ee*' by [5], Art. 31. 

z^t + te*' 
and dz~Ue'^''d4>. 
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Hence f-^ (ai-ound abc) = (""^J^^^ a^;. 

From what has been proved in Art. 217, it follows that 

I around auy closed contonr embracing ( most also bo 

equal to 2iri. 

Aa anotlier example let us consider ( dz, when Fe ia 

^ J z-t 

suppoaed to be holomorphic in the portion of the plane con- 
sidered, and where the integral is to be taken around any closed 
contour embracing the point z = t. 

— — is holomorphic except at the point % = t, where it 

becomes infinite. Tiie required integral is, then, equal to the 

integral around a clrcLnnference described from the point ( aa 

a centre, with auy given radius e, that is, by the reasoning just 

used in tlie ease of I -, to 

J %-t 

J-JXH-£^^lif£^, or ijV(( + .e*'}<^^; 

and in this expression « may lie taken at pleasure. If now e is 
made infinitesimal ce*' is infinitesimal, and since Fz is continu- 
ous F{t + £e*') is equal to Ft + rj where i; is some infinitesimal, 
and F(t+ te*') d<it is equal %o Ft . d-)> A- r, . d^. 
Now, by I. Art. 161, 

C' {Ft.d4, + -qd4.)^ {'"Ft.d-),. 

Hence i C" F {t + ^^^') d^ ^ i C' Ft . d<l, =^ 2 wiFt ; 

and we get the important result that | dz, taken around auy 

contour including the ijoint z = t, is equal to 2 n-i . Ft. 



1 rj} 
~ ■ZiriJ z - 
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and we see that a holomorphic function is determined every- 
where insfde a closed contour if its value is gioen at evert/ point 
of the contour. 

If in the formula -^* - ^ f~ ^^ ^1] 

we change t io 1 + it, we get 

whence 
limit fABl J_ C„ . limit r 1 1 

ami ill like maniier we get 

■i.iJ {z-tf 

and in general F^-H = ^. f-^^^,, [4] 

each of the integrals in these fonnnlas being taken around a 
closed contour lying wholly Id that portion of the plane in which 
Fz is holomorphic, and euclosiug the point z = t. 

219. The integral of a holoiino)-phio function a^ong any given 
path is finite and determinate, for, by [3], Art. 215, it is equal 
to the sum of four line integrals, each of which ia finite and 
determinate {Art. 166). 

If a sei'iea t«,j 4- ly^ + wjj + , wliere it , tv, «. -■ are holo- 
moj-phic functions of z, ia lonietqent for all T.alues of z in a 
certain portion of iheplane, the mtegtid of the seiies along any 
given path lying in that portion of the plane is the be7-ies formed 
of the integrals of the terms of the given series along the path in 
question, and the neio series is convergetU. 



y Google 



288 IKTEGRAL CALCULUS. [Art. 320, 

For let -S = lUt, 4- wi + t^s + ■ ■■ + w,. + iu,+, + ■ ■ ■ 
= w, + vh + i(i^ + -+w, + B, 
where iS = !u„+i + w„+2 + ■■■, 

and where by hypothesis [J?] — 0. (1) 

Csdz = Cw„ dz + Twi ete H \- Civ„ dz + Cn . dz 

for any given value of n. 

By the propositiou at the begioniug of this article, 1 Sdz 
along the given path is finite and determinate, as are also 
I i%d7., I lOidz, etc. 
If, uow, n is iadefiuitcly increased, 

j Sdz=: \ wndz + i viyde -\- i W2dx + •■• + | Rdz. 

The modulus of j Bdz is not greater than the line-integral 

along the given path of the modulus of B (v. Art. 215\ As n 
increases each value of the modulus of R approaches zero as its 
limit (1) ; consequently each element of the cylindrical surface 
representing the line-integral of the modulus of B (v. Art. 166) 

approaches zero, and | Rdz= 0. 

Therefore, Csdz= Cw^dz-\- Cw^dz+ Cv}idz + -- ; [2j 

and, since the first member is finite and determinate, the second 
member is a convergent series. 

Taylor's and Madaurin's Theorems. 



identically, if « is a positive integer, even when q is imagin 
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If the moilulus of q is less than 1, 

Hc„ec l+, + ,. + ,f+..._;«[^^']=_L_, [1] 

even when q is imaginary, provided thsit the modulus of q is 
less than 1, 

Suppose, now, that evei'ywhere within and on a certain cir- 
cumference deaoribed with the point s = a as a centi'e Fz is 
holomorphic. Let z=t be any point within this circumference, 
and s = 2 be a point on the circum- 
ference, 'riien the modulus of Z — a 
is the distance from a to Z, and the 
modulus of t~ a is the distance from 
a to (; 
hence mod {t — a)< mod (Z — a), ^ 

and mod[ "" ■ )< 1- 




(^< 



Z-t Z~a-it-a) 



.-^[' 



Hence ^^' ^^^ 

Z-t Z-a (Z-ay^ (,Z~ay {Z-ay ^ -' 

and the second member of [2] is a convergent series. 

Multiply [2] by — ;, and the series will still be convergent 
for each value of z which we have to consider ; we get 

1 FZ 



^ I r FZ 
~2-^>{_Z-a 



+('-«) (5?^.+(-«)'(i^+-} ra 
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Integrate now botli members of [3] arountl the circnmfer- 
enee, and we have 

iidJ Z-t 'lAJ Z-a ^ 'J {Z-af 

+ ('-">"/(^.''^+-]^ W 

and, since each of the functions to be integrated is holomorphic 
on the contour around wliieh the integral is taken, and the 
second member of [3] is convergent, each integral will be finite 
and determinate, and the second member of [4] will be con- 
vergent. 

Substituting in [4] the values obtained in Art. 218, [1], [2], 
[3], and [4], we have 

Ft=Fa + {l-a) Fa+ ^^~f'^ Va -+- il^^^F"'a + ■■■ 

+ ^^^>""« + -. [5] 

If the point z = a ia at the origin, « = and [5] becomes 

Ft=Fo + tF'o + —^F"o + —^F"'o + --, [G] 

which is Maclaurin's Theorem. 

That [5] is merely a new form of Taylor's Theorem is easily 
seen if we let ( — « = 7t, whence t = a + h, and [p'] becomes 

F{a + h) ^Fa + h F'a + ^F"a -i-^^F"'a + —. [7] 

[6] can, of course, be written 

Fz = Fo + zF'o + ^^F"o+^F"'o + -.-, [8] 

and [5] as 

Fz = Fa + {z- a) F'a + ^-~^F"a + (^-«)V '"a + . ■ ■ ; 



[9] 
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and we get the very important result that if a function of z ia 
kolomoi'phic loithin a cirde tuhose cenft-e is at (Ae origin it may 
be developed by Madaurm's Theorem, and tlie development wUl 
hold, that is, the aeries will he convergent, for all values of z 
lying within the cirde. 

If a function of s ia holomorphic within a eircle describecl 
from z =a as a centre it can be developed by Taylor's Theorem 
into a set'ies arranged according to powers of z — a, and the 
development will hold for all values of 3 lying within the circle. 

The question of the convei^ency of either Taylor's or 
Maclaurin's Series for the case when a lies on Uie circum- 
ference of the circle needs special investigation, and will not 
be considered here. 

If the function which we wish to develop is single- valued, in 
drawing our circle of convergence wo need avoid onlj- those 
points at which the function becomes infinite ; but if it is 
multiple- valued we must avoid also those at which its derivative 
is zero or infinite (v. Art. 214). 

221. We are now able to investigate from a new point of 
view the question of the convergence of the series obtained by 
Taylor's and Maclaurin's Theorems in I. Chap. IX. 

Let us begin with the Binomial Theorem, 

(a) (a + 70" = tt'' + ««"-'ft-i-«i^|jl>a"-=ft^ + ..., [1] 

or, following the notation of [il], Art. 220, 

r = a' + na--\z-a) + ''(\'-^'> a-%,-af+..: [2] 



IE n is a positive integer, s" is holomorphic throughout the 
whole plane, and [2] holds for all values of z and a, and [1] 
for all values of a and h. 

If K is a negative integer, s" is single- valued, and it ia flnite 
and continuous except for z = 0, where z" becomes infinite. 
[2] is, then, convergent for all values of 2 lying within a circle 
described with ct as a centre and passing through the origin ; 
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[Ar- 



S21. 



that is, for all values of z, such that mod {g — a) < mod a ; and 
consequentlj [1] holds if niodh<inoda. 
If n is a fraction, s" is multiple-valued, and our circle of 

convergence must avoid the points at which — becomes zero 

de 
or infinite ; but aa the origin is the only point of this character, 
the circle of convergence is the same as in the case last con- 
sidered, and [1] holds for all cases where mod h < mod a. 

When a and h are real our results agree with those obtained 
in I. Art. 131. 



(&) 



= e'(cos;/-f 



ny) 



([4], Art. 31) 



■valued and continuous, and becomes infinite only when 
a!=cc. Maclaurin's development for e* holds, then, for all 
finite values of z. 

(c) log3 = log(rcis^) = logr + .^i (Art. 33) 

is finite and continuous throughout the whole plane. It is, 
however, multiple-valued, but its derivative - becomes infinite 
only when a = 0, and does not become zero for any finite value 
of ». loga, then, can be developed into a convergent series, 
arranged according to powera of z — a, for all values of z within 
a circle having the centre a and passing through the origin ; 
that is, for all cases where mod (s — a) < mod a. 

J{ e~ a = 7L, w:e get 



log(a + A) = loga^-!^ 



P 



2«*- 



- + ... 



[3] holding for all cases where mod k < mod a 
If a = 1 and h = z, we get 



which holds for all values of z where modg 



[3] 



[4] 
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and cos3= cos {x-]-yi) ~ cosk ^ — -~ tsina; ■ — r-^j 

(v. [3] aud [4], Art. 35) 

are siagle-valued, and are finite and continuous fclirougliout tlie 

plane. Therefoi'e, Maclanrin's developments for sins and coss 

hold for all values of z. 

(e) tans = , and sees = - — - , are single-valued and 

continuoua, and become iDfluite ouly when coss = 0; that is, 

when B = -. Therefore, Maclauriii's developments for tana and 

secE {I. Art. 138), hold for every valne of s whoso modulus is 

less than -• 
2 

(/) ctns = ^^^, and cscs^s-: — become influite when e = 0, 
and cannot be developed by Maclaurin's Theorem. 

((/) sin"'2 is iinite and continaous throughout the plane; it 
is, however, multiple- valued, and its derivative , ^ becomes 

infinite when s = !, andwlien s = — 1, Therefore, the develop- 
ment for sin"^z (I. Art. 135 [2]), holds for any value of z 
whose modulus is less than 1. 

{/(} tan"'s is finite and continuous throughout the plane ; it 

is multiple -valued, and its derivative becomes infinite 

when e = s, and when s = — i. Therefore, the development for 
tan-^s (I. Art. 135 [1]), holds if modz <modi; that is, if 
mod 2 < 1 . 

Examples. 

(1) Show that the development of f-log(l -|-2), given 

in I. Art. 136, Ex. 1, holds if modz < 1. 

(2) Show that the development of log(l +e'), given in I. 
Art. 136, Ex. 2, holds if mod2<jr. 

(3) Obtain the following developiiients, and find for what 
real values of x they hold good : 
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(S) («■ + .-)- =.2-(^l+'|l+..(3»-2)| 

, , , , 2l«' 4!!^ 

(c) «-.co«Ji =l+a-.jy- — ■•■ 

(.) .-108(1+..) =« + |! + |?? + |^'... 

(S) (l + 2i + Si?)-*=l-Ji + 2a!--ij^- 

("> ''•"■ =' + " + 1-1- 



(1) logtai/j+a!')-logtan!!+2a;+|-ja,-"+^'it'+- 



(0) (V 



(S) 



-21 + 1- 

1 + !' . 



-.r 3-j, 1,2 8J^U' SV 
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(a) -a<i:<a: 

(b) -m<it<«if»>0, -|<i<|i(>.<Oi 



w 


-cc<a<»; 


(d) 


-a)<a!<«; 


(«) 


-l<a;<li 


</) 


-i<''<i' 


(9) 


-l<»<i; 


CO 


-KKll 


(•) 


-1<>:<I; 


<J) 


-i<-<|! 


m 


-7r<^-<7r; 


(0 


-i<-<i^ 


(m) 


-,<»,<«; 


(>•) 


-i<»<i^ 


(0) 


- 2 < a; < 2 ; 


(!') 


- V2 < X < V2 


(9) 


-2<.i<2. 
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CHAPTER XVIII. 



KEY TO THE SOLUTION OF BIFFEKEKTIAL EQUATIONS, 

222, In this chapter an analytical key leads to a set of con- 
cise, practical rales, embodying most of the ordinavy methods 
employed in solving diffevential equations ; and the attemiit has 
been made to render these rules so explicit that they may be 
understood and applied by any one who has mastered the Inte- 
gral Calcidus proper. 

The key is based upon "Boole's Differential Equations" 
(London : Macmillan & Co.), to which or to " Forsyth's Diffev- 
ential Equations" (London: Macmillan & Co.), we refer the 
student who wislies to become familiar witli the tiieoretiea! 
considerations upon which the working roles are based. 



223. A differential equation is an expressed relation involv- 
ing derivatives with or without the primitive variables from 
whicli they are derived. 

For example ; 



(i+«)s + (i~s)ia_o. 


(1) 


:.*-„!, = « + :, 

dx 


(2) 


ax 


(3) 


@J=4-I> 


(4) 


f|_2f| + 2f|_2a + ,.,. 


{■') 



y Google 



Chap. XVIII.] DIFFERENTIAL EQUATIONS. KEY. 



;^1J? + Bin 



cfD'i 



cos xJ^ - 
25-0, 

■0, 



(6) 

m 

(8) 

(9) 



are differential equatioiia. 

Tlie order of a differential equation is tlie same as that of tlie 
deiivative of liigliest order whieli appears in the equation. 

Equations (1), (2), (3), and (4) are of the first order; (6), 
(7), (8), and (9) of the second order; and (5) of the fourth 

Tlie degree of a differential equation is the same as the power 
to whit;h the derivative of highest order in the equation is 
raised, that derivative being supposed to enter into the equation 
in a rational form. 

Equations (1), (2), (3), (5), (6), (7), (8), and (9) are all 
of the first degree ; (4) is of the third degree. 

A differential equation is linear when it would be of tlie first 
degree if the dependent variable and all its derivatives were 
regarded as uokuown quantities. 

Equations (2), (5), (6), (7), (8), and (9) are linear. 

The equation not containing differentials or derivatives, and 
expressing the most general relation between the primitive vaii- 
ables consistent with the given differential equation, is called 
its general aulution or complete primitive. A general solution 
will always contahi ai-bitrary constants or arbitrary functions. 

The differential equation is formed from the complete primi- 
tive by direct differentiation, or by differentiation and the 
subsequent elimination of constants or functions between the 
primitive and the derived equations. 

If it has been formed by differentiation only without sub- 
sequent elimination or reduction, the differential equation is 
said to be exud. 
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i.iigitlar solution of a difEerential eqiifttioo is a relation 
1 tlie primitive variables wliich satisfies the differential 
equation by means of the values which it gives to the deriva- 
tives, but which cannot be obtained from the complete primitive 
by giving particular values to the arbitrary constants. 

224. We shall illustrate the use of the key by solving equa- 
tions (1), (2), (3), (4), (5), (6), (7), (8), and (9) of Art. 223 
by its aiiJ. 

(1) {l+<c)y+a-V)^=0, or (l+x)ydx+{\-p)xdy=0. 

Beginning at the beginning of the key, we see that we have a 
single equation, and hence look under T., p. 310; it involves 
ordinary derivatives: we are then directed to II., p, 310; it 
contains two variables : we go to III., |). SIO ; it is of the first 
oi-der, IV., p. 310, and of the first degree, V., p. 310. 

It is reducible to the fovm 

X y 

which comes under X.dx -|- Ydy = 0. 

Hence we turn to (1), p. 314, and there find the specific direc- 
tions for its solution. Integrating each term separately, we get 

loga!-|-!)!-f-logj/ — )/ = c, or \og{xy) -\-x — y = c, 
the required primitive equation. 



(2) 






Beginning again at the beginning of the key, we arc directed 
through I., II., III., IV., to v., p. 310. Looking under V., 
we see that it will come under either the third or the fouitti 
head. Let us try the foui-th ; we are referred to (4), p. 314, 
for specific directions. 

Obeying instructions, the work is as follows : 

dx 



!-«!'=». 
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xdy - 


-aydx^Q, 




d!,_ 

y 


Wb ^|,_ 


lo 


gj/- 


alog. = c, 
logj.c; 


» 


= 0, 





* = <.»■ + >:■! 

Substitute ia tlie given equation, 
aO>!- + !!■*>—- 

(to 



<iC- 



!i+ij 



Substitute this value for C in (1), and we get 
the required immitive. 



(D) .,a-j+w«--s>=o. 



Beginning at the beginning of the key, we are directed 
through I., II., III., IV., to v., page 310. Looking under V., 
we find that our equation does not come under any of the 
special forms there given. We are consequently driven to 
obtaining a solution in the form of a series, and for specific 
instructions we are referred to (13), page 316. Obeying 
these, our process is the following : 
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dx^ x^ 

dx„^ 



-Va^^- 



dx'^~ 






^• = M!-V«?^S, 



5V3 



ffj. 


= - 


'^'~a 


' Va!o=-j/oS 


ffj. 


= - 


■t'+ 


Vr^,--J.'i 


fit 


-». 


^(!'. + .>«.--.< 




21 


(«- 


- 1.)- 


'/»?■ 


._,,;:^^A 



2 ~ ■I_^ ~Jj.i _ y2^ 

dx' X 

and the general value of y is 

y = yo + {^~^.) (I - V,V=r^') 

(a:-a^)V 3.yii ,-^ .'X 

3! V*« / 

This result can be very greatly simplilicd by breaking up the 
series ; we have 

a^ \ 2! 4! 6! / 
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or 






COS (M — Xg) - 



^ is entirely arbitrary ; call it sino, tlieu 
y ~ x[^siaa oo&{x — x^) —cosa shi(x — Xfi)2 — ic sin[a—(x ~ Xi^)2, 
2/ = « sin (c — «) , wliere c is any constant. 



« (l)"=<»+"'l)- 



BegiiiniQg at the beginning of the key, we are directed 
thi-ongh I., II., III., IT., to VI., page 311. Looking undei' VI. 
we see that the eqnation is of the first degree in a; ; we are 
referred to (17), page 318, for onr specific instructions. 

Obeying these, we first replace — hy p; the equation becomes 

f = y*(y + xp). 

Differentiate relatively to y, and we get 

„.ft= 



dy y ' \ pjdy 

2lf + f rip „ (2?' + /) _, 
p dy y 
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Striking out the factor 2^^ + j/', we iiave 

p dy y 

a differential equation of the first order and degree in which 
the vai'iables are separated, and which therefore can be solved 
by (1), page 314. 

Its solution is logj) — log!/^= C, 

r 

Eliminatiug p between this and tbe given equation, and re- 
ducing, we have fl)/(a; — c^) — 1, as our required aohitiou. 

(5) ty-2'ly + 2^-2'^ + y=\. (1) 

*■ ^ did" da?^ d3? dx^-' ^ ' 

Beginning at the beginning of the key, we are directed 
through I., n., III., VII., to (22) («), page 319, for our 
specific directions. 

We see at ooee that y — 1 is a particular solatioti. 

Obeying directions, we have now to solve 

S-2S + 2||-2f + J = bj(21). (2) 
d'jf d3? ait? ax 

Let y = e™, and we have 

m*-2m^ + 2m=-2m+ 1 = 0, 
as our auxiliary algebraic equation in in. Its roots are 
1, 1, V^, -V^I. 
Tbe solution of (2) is then 

y = {A + Bx) ^ ^ C aosx + D sin x, 
and of (1) ia 

y= (A + Bx)e + coax -irDsmx + \. 
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(6) .m-^'^ + smzoo..'i-, = x-.m^. fl) 

Beginning at the beginning of the key, we are dii'etted 
through I., II., III., VII., to (24), page 321, for our speeiflc 
iustructions. 

Dividing through by sin^a;, the equation becomes 

d"!/ , dy . „ ,„, 

-—^ + ctnx^ — tisc'x.y~xcsi:^x~cscx. li) 

daf dx 

y = ctn* is found by inspection to be a solution of 

— l + ctna;^ — e8e'a;.w = ; 
da? dx 

(2) can then be solved by (24) (a). 

Substitute y = zctax iu (2), and it becomes 

etna; 1- (ctn'^iC — 2 cstra;) — = a; esc' a;— cscic, 

dsr ax 

or — — (tanai + secaicscaT) — = xsecatescx — seca:. (3) 
duf dx 

Referring to (25), page 323, and obeying instructions, we 

let a' = — ,and (3) becomes 



(tanK + seca:c8ca;)3' = fl;seca;csc3!— scca;, 



a linear difEerential equation of the first order in z'. whose solu- 
tion by (4), page 314, is 

s' = .4tana;8eca; — a:8ec'a; + tana!seca;(log tan- — logsinar) ; 

but z' = — , whence integrating, we have 

e =B + AsG<iX — xts,ux— (1 -f-seca:)log(l + cosfl;), 
and 

y = -dcsCM + SctnK — a; — (csca: + ctna;)log(l +cosa;). 
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(7) r.{i-'xy^pi-2y = i}. 

Beginning at tlie beginning of the key, we are directed 
tbroiigh I., II., III., VII., to (24), page 321, for our speciflc 
instructions. 

Let us try the method of (24) {e), page 323. 

Assume y = %a^'x'^, and substitute iu the given equation; 
we have 

S[m(m-l)o.r.— -2m(».-l)a.»;- 

+ m (>» - 1) a.x-" - 2«,.it-] ■ 0. 
Writing tUe coefficient of a;™ in tliis aum equal to zero, we 

m(«i + l)««,-2[«>(»i~l)+l]". + (m-l)(>»~2)o..-,=0, 
and we wish to choose the simplest set of values that will 
satisfy this relation. 

Substituting to = 0, )ii = — 1, m = — 2, etc., in this relation, 
we iind 

Hence if we take a,, = 0, it follows tliat 

and no negative powers of x will occur in our particular 
solution. 
Substituting now m = 1, m = 2, m = 3, etc., wo have 

Taking a, = 1, we get as our required particular solution of tlie 
given equation 

y=(^J^3? + ^ + 3^-\ . 

This can be written in finite form, since wc know that 

\+x + -^-\-^-- = —^- — 
1 —X 

Hence y — 

1 —X 

is a particular solution. 
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Turiiiug now to (24) (a), page 321, we dad 



Beginning at the beginning of the key, we are directetl 

through 1., II., III., VII., to (2i), page 321, for our specifie 

instructions. Let us ti'y again the method (24) (e), page S23. 

Assume y = 2, a„ai", and substitute iu the given equation, 

S[».(».-l)».»-^' + C»--2o.*-'] = 0. 

The terms containing a^ are 

(m + 2) (ra^-l)a„^.s3r + a^^f -Sffl^^aaf; 

writing tlie sum of the coefflcieots equal to zero, we have 

m(m + 3)a^, + a„ = 0. (1) 

Letting m = and m = —3, we get Oo = and a_^ = 0; and all 

terms of y involving even negative powers of a; disappear, as do 

all terms involving odd negative powers, except the — 1st. 

In general tt™a= ■ (^) 

^ "-' m(m + 3) ^ '' 



From this we get 

a2_ 1_ 

■' ~ 2.5 ~ 3 ! 



if we take a.2 = l, 



"" 2.4.5.6.7.8.9.11 9! ll' 

Hence w = ~-\ ~~ H— — ■ ■*■ 

^ 3 3!5 5!7 7 1 9 9 ! 11 

is a particular solution of the given equation. This can 1 

thrown into finite form without much labor. 
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3 315 5!7 7!9 y 
i(Bll = si'~— + — - — + — ... 








= xsmx; 


whence 


xy= ainx — xcosx, 


and 


, = l(.in.-.cos.). 



By going back to (2), aud using odd values of m, we get 
another solution of our given equation, namely, 

X 

which can he reduced to 

y — -(cosx-l-xsmx). 
Hence onr complete solution is 

y~-{_A (cosic -f-a; siuiit) + B (sin a; — x cosa:)]. 



y ^^' p" <;-') + sin (.-c)]. 



if we let — = tanc. 



m 



Beginnhig at the heginning of the key, we are directed 
through I. and IX. to (45), p. 331, for our specific instrac- 
tions. 
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Obeying these. 


our work is as follow 




df-aHx^ = 0, 




dy — adx = 0, 




dy +adx =0, 




dpdy — ofdqdx = 0. 


Combiuing (1) 


and (3), we get 




dpdy — adqdy=0. 


or 


dp — adq = 0. 


(1) gives 


y~ax = a.. 


(4) gives 


p-aq = fi. 


(2) and (3) gr 


ve us, in the same wa 



(I) 
m 
m 



aud our two first integrals are 

p-aq=f,{y~ax), (o) 

j) + a?=/,(j + oa;), (6) 

/, aad /a cleiiotiug arbitrary f irnctions. 
DetermimDg jj and g, from (5) and (6), 

Ji = J[/.(S + o«)+/.(!/-»"!)], 

*=i [/,(!,+<..«;) +/,(!/-(»)]<to+i[/,(j+ra)-/,(S-(»)]iv 



Hence, z = F('!i + aai) + F,(s-ax), 

where F unA F^ denote aibltrary fnnctioES obtained by integrat- 
ing /i and/i, wbiclr are arbitrary. 
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225. When a diffei-eutial equation does not come uuder any 
of the forms given in the key, a change of dependent or inde- 
pendent variable, or of botli, will often rednce it to one of the 
standard forms. No general rule can be laid down for such a 
substitution. It will, however, often suffice to introduce a new 
letter for the sum, or the difference, or the product, or the 
quotient of the variables, or for a power of one or of both. 
Sometimes an ingenious trigonometric substitution is effective, 
or a change from rectangular to polar coordinates ; that is, the 
introduction of )■ cos <^ for x and r sin ^ for y. 

The following examples of such substitutions are iuati'uctive. 

(A.) Change of dependent variable. 

(1) (x + yy^ = a-, reduces to / dz-dx^O, 
if we introduce z = x + y. 

(2) — = siii(^ - 0) , reduces to —. d<^ = 0, 



(S) (x — y')dx + 2xydy — 0, reduces to (x — z) dx -\- xdz =0, 
if 3 = /. 

(4) a!^-T; + a;V:?^^' = 0, reduces to — ^__ + rfs = 0, 
dx Vl - *- 



(5) ^ J. H ^ _ n^y ^ 0, reduces to — - »^s = 0, 
dx- X dx dx- 



(E.) Ghange of independent vanahl 
(1) (1 -a.-')-^ + 7/ = 0, reduces lo 

cos=6^-|-sinflcose^ + y = 0, if k = s 
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(-2) — I + taa33^ + cos^K.w = 0, reduces 10^ + !/ = 0, 
(Tar dx ds' 

'itz = sinx. 

(C.) Change of both variables. 

(2) (y -x){l+ a,-^)* £ = (1+ y') '. I'educes to 

sm {<l> — $) dij) = d6, ifa!=tan^ a.ad i/ — ta.n<j>. 

(S)(«|-,J-«(l+i')(:^ + !,r,vsc,uc».„ 
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KEY. 



Single equation I. 310 

System of simultaueous equations ..... VIII. 313 

I, Involving ordinary derivatives I). ;310 

Involving partial derivatives IX. 313 

II. Containing two valuables III. 310 

Containing three variables and of first degree. 

General form, Pdx + Qci!/ + Scfe = . . . (3C) 327 
Containing more than three vaiiables and of 
the first degree. General form, Pdxi + Qdx^ 
+ Edx^+ — =0 (37) 328 

III. Of first order IV. 310 

Not of first order VII. 312 

IV. Of first degi'ee. General form, jWcte + A'(;i/ = V. 310 
Not of first degree VI. 311 

V. Of first degree. General form, Mclx + Ndy 

= 0. 

Variables sepai'ated or separable ; that is, of 

or reducible to the form Xdx+ Ydy = 0, 

where Xis a function of x alone, and Yis a 

function of 2/ alone* (1) 314 

Jlfand .ff homogeneous functions of x and y of 

the same degree (2)314 
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Of the form {ax + bii+c)dx + {a'x + b'ii+c')€lii 

=:0 (3) 3U 

Linear. General form, ■^-\-Xiy = X^, where 
ax 
Xi and Xa are functious of a; alone* ... (4) 314 

Of the form ^ + XiW= XsU-, where X, and X^ 
dx " "^ 

are functions of IB alone* (5) 815 

Mdx + Ndy an exact differential. Test, D^M 

= D^N (6J 315 

Mx-JrNy = Q (7) 315 

Mx-Ny = (i (8) 313 

Of the foiTO Fi{xy)ydx + F^(xy)xdy = Q . . (9) 315 

D„M-D,N ^ ^ function of x alone .... (10) 315 
N 

D^N~D^M ^ ^ function of y alone .... (11) 316 
M 

PpM- J ^ ^E a function of (xy) (12)316 

Ny-Mx ^ 

A solution in the form of a series can always be 

obtained (13) 31G 

Not of first degree. 
Can be solved as an algebraic equation in p, 

where p stands for ~ (14) 317 

Involves only one of the variables and j), 

■where J) stands for ^ (15) 317 

Of the first degree in x and y, that is, of the 

form xf,p + yf2p=fsP, where _p stands for 

^ (Ifi) 317 

da; ^ ' 

Of the first degree mxor y (17) :-18 

Homogeneous relatively to x and y . . . . (18) S18 
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Of the form F{<t,, i/-) = 0, where <jt aud i/- are 

functions of a;, y, and -^, such that rf> = a 

dx 
^ = h, will lead, on differentiation, to the 
Baine difEerential equation of the second 

order (19) 318 

A singular solution will answer (20) 318 

Not of first order. 
Linear, with constant coeffloients ; second 

member zero * (21) 319 

Linear, with constant coefficients ; second 

member not aero* (22) 319 

Of the foi-m (a + 6x)"^ + ^(« + te)"-i^^ 

H \-Ly= X, where X is a function of 

X alone t (23) 321 

Linear ; of second order ; coelHcients not con- 
stant. Generalform, ^-|-_P^-f- Qy=i?; 

P, Q, and R being functions of a ... (24) 321 

Either of the primitive variables wanting . . (25) 323 
Of the form — ^ = X, X being a fimction of 

a; alone t (20) 323 

Of the form — ~ = Y, F being a function of 
dx' 
!/ alone t (27) 324 

Of the form ^=/^^ (28) 324 

dx" dx"-' 

Of the form ^=/^^ (29)324 

Homogeneous on the supposition that x and 

The firet member is sunposGd lo contain only those tetme involving the dependent 
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, '^ of the ck-gree 0, 



lomogeneons on the supposition tiint x is of 
the degree 1, y of tlie degree n, -^ of the 



1, ^ 'of the degree ix - 2, ■ 



d^y 



dx' 

Homogeneous relatively to w, -^, , „, 
dx d-j? 
Containing the first power only of the deriva- 
tive ot the highest oi'der 

Of the form ^ + X^ + rf^T- 0, where 
dx' dx \J.xj 

X is a function of x alone and Y a fuuc- 

tion of y alone * 

Singular integral will answer 



VIII. Simultaneous equatious of the first order . 
Not of the first oitler 



(31) 325 
(3-2) 325 



(84) 326 

(35) 326 

(38) 323 

(39) 329 



IX. All the partial derivatives taken with rcspcet 
to one of the independeot variables . . , 

Of the first order and Linear 

Of the first order and not Linear .... 

Of the second order and containing the deriv- 
atives of the second order only in the first 
degree. General form i?H/2-i-'SI>,i),E + 
TD^z = V, where R, S, T, and V may be 
functions of «, ^, e, D^z, and i3, 



X. Containing three variables . . . 
Containing more than three variables 



XL Containing three variables 

Containing more than three variables 



(40) 329 
X. 313 
XI. 813 



(41) 330 

(42) 330 

(43) 330 

(44) 331 
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314 INTEGRAL OALCULXTS. 

(1) Of oi reducible to the form XcZai + Tdy = 0, where X is 
a function of x alone and Yis sl function of y alone. 

Integi'ate each term separately, and write the sum of 
their integrals eijiiai to an arbitrary constant. 

(2) 31 and iV homogeneous functions of x and y of the 

Introduce in place of y the new variable v defined by 
the equation t/ = vx, and the equation thus obtained can 
be solved by (1). 

Or, multiply the equation through by - 



solution may be obtained by (6). 

(3) Of the form (ax + by + c)dx + {a'x + b'y + o') dy ^0. 

If aS'— a'6 = 0, the equation may be thrown into the 
form {ax + ly -^■c)dx + — {ax + b'j + G)dy = 0. If now 
z = ax + by be introduced in place of either a: or y, the 
resulting equation cau be solved by (1). 

If ab' — a'b does not equal zero, the equation cau be 
made homogeneous by assuming x = x'— a, y = y'—ji, and 
determining a and ^ so that the constant terms in the new 
values of M and N shall disappear, and it can then be 
solved by (2), 

(i) Linear. General fonn -^-)- Xii/= X^, where X^ and 
dx 
Xj, are functions of x alone. 

Solve on the supposition that X^ = by (1) ; and from 
this solution obtain a value for y, involving of course an 
aibitiaiv constant C. Substitute this value of y in the 
given equation, regarding as a vai-iable, and there will 
result a differential equation, involving C and x, whose 
solution by (1) will express (7 as a function of a;. Sub- 
stitute this value for C in the expression already obtained 
for y, and the result will be the required solution. 
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(5) Of the form ^ + XiV = X^^y" , where .Yi ami X^ are 

dx 
functions of x alone. 

Divide through by ,'/", and then introduce e = /-" in 
place of y, and the cqimtion will become linear and may 
be solved by (4) . 

(6) Mdx + N(hj 311 exact differential. Test D^M= D^N. 
Find I Mdx^ regarding y as constant, and add an arbi- 
trary fuuctiou of y. Determine this fnnetioii of y by the 
fact that the differential of the resnlt just mentioned, taken 
on the supposition that x is constant, must equal Ndy. 
"Write equal to an ai'bitiary eonatant the 1 MiJy above 
mentioned plus the fimetiou of y just determined. 

(7) Jlfa: + iff/ = 0. 

Divide the first tenn of Mdx + my = by Mx, and 
the second by its equal —Ny, and integrate by (1). 

(8) M'x-Ny = fi. 

Divide the first term of Mdx + Ndy^ii by Mx, and 
the second by its equal Ny, and integrate by (1). 

(9) Of the ?orm fi{xy)ydx-it-f^{xy):i:dy=0. 

Multiply through by — —, and the first member 

will become an exact differential. The solution may then 
be found by (6) . 



(10) 



^^ — ^7^^- -1 ^ function of x 



Multiply the equation through by e-' "^^ 
the first member will become an exact differential, 
solution may then be found by (C). 
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316 INTEGKAI. CAI.OL'LUS. 

(11) — ^ " — , a function oi y alone. 

^ fIh,N-D,M 

Multiply the equation through by e'' x ' ^, and 
the first member will become an exact differential. The 
solution may then be found by (6). 



Multiply the equation thi'ough by e-' ^s-mx ' "where 
w = xi/, and the first member will become an exact differ- 
ential. The solution may thus be found by (6), 

} A solution of Mdx + Ndy = in the form of a series 

can always be obtained. 

Throw the given equation into the form -^ = , 

•^^ dv ^ 
then differentiate, and in the result replace -^ by 

M (Pv ^ 
■ thus obtaining a value of — ^ in f«rms of x 

and y ; by successive differentiations and substitutions 

get values of — -, — -, etc., in terms of x and y. 
d:rr dx* 

If y^ is the value of y corresponding to any chosen 
value x„ at Xy y can now be developed by Taylor's 
Theorem. 

We have y =fx =f{x„ + x — Xa) 



3! 



= A + i^- ^)f\ + i^^^if^/"^o + '^^^^^^/'"i 



y = y, + (x-x,)§l^ + !^^^^p+^^^pi-^ 

,vhere ^, ^, ^ etc 

are obtained by leplacing r and y bj t„ and y^ in 

d\ dr-' d^ ' ' 
described above. 
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KEY. Sir 

In the genera! case ^u is entirely arbitrary, and if the 
given equation is at all complicated, the solution is apt to 
be too complicated to be of much sei-vice. If, however, 
in ft special problem the value of ij coiTespoutliiig to some 
value of X is given, and tliese values are taken as y^ and 
Xii, the solution will generally be useful. 

(14) Can be solved as an algebraic equation in p, where p 

stands for -■-. 

Solve as an algebraic equation iujj, and, after trans- 
posing all the terms to the flret member, express the first 
member as the product of factors of the first order and 
degree. Write each of these factors separately equal to 
zero, and find its solution in the form F— c = by (V.) . 
Write the product of the first members of these solutions 
equal to zero, using the same arbitrary constant iu each. 

(15) Involves only one of the variables and p, where p stands 

li\ ilaebiiic solution e-ipiess the \ n iHe is ii evph 
cit function ot p, and then dtftei entnti, tin >uj;li iilitneij 
to the othei ^auable legaiding p as a new \ iinble aud 

lemembeiina thit — = Theie will lesult a diffeien- 

^ 'hi p 

tial equation of the fiist order and degiee between the 
setond ■\'«iable and p which can be sohel b\ (1) 
Flimmate p between tli« "^olutiou and the or pi equation 
and the ic^ullu s. t ]Uitioi will I e the icqmicl -olut on 

(16) Of the form K/,p + !(f2j>=/sj'i where J) stands for -^. 

Differentiate the equation relatively to one of t!ie vari- 
ables, regarding p as a new variable, and, with the aid of 
the given equation, eliminate the other original variable. 
There will result a linear differential equation of the first 
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order between p and the remaining variable, which may be 

simplified by striking out any factor not containing -^ or 

-^, and can be solved by (J;). Eliminate p between this 

solution and the given equation, and the resnlt will be the 
required solution. 

(17) Of the first degree in x or y. 

The equation can sometimes be solved by the method of 
(16), differentiating relatively to the variable which does 
not enter to the first degree. 

(18) Homogeneous relatively to x and y. 

I^t p = vx, and solve algebraically relatively to p or u, 

» standinff for -^. The result will be of the form »=;fi;, 

dx 
OTV = Fp. If 

p=fv, ^^=fv,^=fv,cof+v=fv, 
ax dx dx 

an equation that can be solved by (I). If 

V = Fp, ^ = Fp, y = xFp, 

an equation that can be solved by (16). 

(19) Of the form F{-^, \p) = 0, where <)> and i/- are functions 
of X, y, and ^, such that <j> = a and ^ — 6 will lead, on 
difTereDtiation, to the same differential equations of the 
second order. 

Eliminate — ^ between A^^a and tb ~ b, where a and b 
dx 
are ai-bitrary constants subject to the relation that 
F{a, b) = 0, and the result will be the required solution. 

(20) Singular solution will answer. 

Let -^=p, and express p as an explicit function of x 
dx , J 

and y. Take — , resardiug x as constant, and see 
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whether it can be made infinite by writing equal to zero 
any expressioE iiivoh-iug y. If so, and if the equation 
thus formed will satisfy tiie given differential equation, it 
is a singular solution. 



— iiZ, regari 



Or take — ILZ, regarding y as constant, and see whether 

it can be made infinite by writing equal to zero any ex- 
pression involving x. If so, and if tJre equation thus 
formed is eonsistent with the given equation, it is a 
singular solution. 



(21) Linear, with constant coefllcient'i Second member 

Assume y = e"' \ m being coistant &iHtitite m the 
given equation, and then di^ile tbiough b> e" Iheie 
will result an algebraie equation in J i Solve this equa 
tiou, aud the complete value of j will consist of t seties 
of terms characterized as follows Foi e^en distinct 
real value of m there wlII be a teim Ce " (oi e'ich pan 
of imaginary values i + &V— 1 i — b~J — l i teim 
Ae"" cos bx + Be"" sin bx ; each of the coeffleients A, B, and 
being au arbitrary constant, if the root or pair of roots 
occurs but once ; and an algebraic polynomial in x of the 
()-— l)st degree with arbitrary constant coefficients, if 
tlie root or pair of roots occurs )■ times. 



(22) Linear, with constant coefficients. Second member not 

(a) If a particular solution of the given equation can 
be obtained by inspection, this value plus the value of)/ 
obtained by (21) on the hypothesis that the second mem- 
ber is zero, will be the complete value of the dependent 
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{h) If the second memi ei of the gneii t initio u can 
be got lid of by differen tint ion, oi by difteieutiatioD and 
elimiuation between tlie gi^eu ind the deined equitioas, 
solve tlie new tlifteiential equation thus obtanied bv (21) 
and det«rmiiie the supei-SuoHs iibitiaiv constmti so that 
the given equation shall be aatished 

In deteiminiug these superfluous conat^nt^ it will 
generally ea^e Kboi to sohe the oiiginal equation on 
the hypothesis that it^ second menibei is zeio, and then 
to strike out fiom the piecedmg Bolutioii tlie teims nhieh 
are duplicates of the ones in the second solution befoie 
proceeding to difterentiate as fiom the natuie of the case 
they would diop out m the coui-.e of the woik 

(c) If the gi\en equation is of the second otder, sohe 
on the hypothesis that the second membet is zeto, 
by (21), obtain fiom this solution a siin|)lL piiticulai 
solution by letting one of the aibitiaiy constants equal 
zero and the othei equal unitv, and lety = v be tins last 
solution ; then substitute iz toi y in the gucu equation , 
there will lesiilt a diffeiential equation of the seioud oider 
between x and z in wlnoh the dependent vaiiible z will be 
wanting, and which can be completely &ohed by (25) 
Substitute the lalue of a thus obtained in y^v^ and 
there will lesult the lequiied solution of the given equa- 
tion. 

(rf) Sobe, on the h^iiothesis that the second member 
is zero, and obtain the complete lalue of y bi (21) 
Denoting tht oidei of the gi^en equation by n, foiin the 
11—1 succeasiie dematiAes -i, ■ — j ■ — -4 ihen 

differentiate y and each of the \alues just obtained, le 
garding the arbitrary constants as new variables, and 
substitute the leaulting lalues in the given equation and 
by its aid, and thit of the « — I equations of condition 
formed by viitins ca h of the dcmat ^ ts of the second set, 
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except the nth, equal to the derivative of tlie same order in 
the first set, determiue the arbitrary eoefflcieuts and sub- 
stitute their values iu the original expression for y. 



(23) Of the form 






\-Ly = 



where X is a function of ^ alone. 

Assume a + bx^ e', and change the independent vari- 
able in the given equation so as to intioduce t in place of 
X. The solution can then be obtained by (22). 

(24) Linear; of second order; coefBcieiits not constants. 

General form ^l^ + P^t+ Qy= H. 
dyf dx 

(a) If a particular solution y==vot the equation 



^4 



can be found by inspection or other means, substitute 
^ = i« in the given equation, which will tlien reduce to 
the form 



'£+(^i+^)i-^- 



and can be solved by (26). Substitute the value of s 
thus found in y = vz, and the result will be the general 
solution of the given equation. 

(6) The substitution of y = vz in the given equation, 
where v is given by the. auxiliary differential equation 
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and can be found hj (1), itml shoukl be used in the 
simplest possible form, will lead to a differential equation 
in z of the form 

which is often simpler thau the original equation. 

(c) The introduction of z in place of the independent 
variable k, x being a solution of the auxiliary differential 
equation 

dx' d:c 

the simi)ler the better, will reduce the given equatioji to 
the form 

which is often simpler than the original equation. 

(d) If the first member of the given equation regarded 
as an operation performed on y can be resolved into the 
product of two operations, tlie equation can always be 
solved. The conditions of such a resolution are the 
following : let the given equation be 



„^^,.^j 



wy = R, 



where w, v, w, and li are finictioiis of x; this can be 
i-csolved into 

where p, (/, )', and g are functions of x, if 

pr = u, (j(r+pfy--|-sj==B, and qs+pj-_=w, 
and the valuijs of ji, g, r, and s can usually be obtained 
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by inspection. We liiivc first to solve p----i-qs = M 

(hi 
by (4), and then to solve r-^ + sy—z by (4). 

(e) A particular solution of the equation 

aar dx 

cin often be obtained bv isfuming thit 1/ is of the foim 
2"„» ) w being in integei, substituting tbif \iliie foi y 
m tbe given equition writing the sum of the coeflicients 
of x equal to zeiu, smce tbe equation must be identically 
true, and tbu& obt'iinmg a lelation between euetessi\e 
coeffloejits of the isiumed series The simplest set of 
valuis consistent with this lelatioo should be substituted 
in the issumpd value ot y, wbicb will then he a paxtiuular 
solution of the equation If this solution can be ex 
pre'sseJ in Unite foiin, the complete solution of the given 
equation can he obtained from it by tbe method descnbLd 
in (24) (a) If, howe\ei, two different particulai solu- 
tions cin bL found b^ the method lust desciibed, eaih 
of them should be multiplied bi an arbitraiy constant ind 
the sum of these products will be the complete solution 
of the gi^Lu equation 

(2o) Lithei of the 1 iimitue vatiables n \ntin^ 

Assume a equal to the dein \tiie of lowest oidei in the 
equation an<l express the equation m teims ot z and its 
deuiatives with lespect to the piimitive mailable actuilh 
piesent, ind the oidei of the lesultmg e juitiou will be 
lowei than thit of tlie ^iven tne 

(26) Of the foi-m ^^=X \ 1 ting i function (t 1 done 

•lohf 1^ integrating n tunes sticcessnel^ with legaid 
to«. 

Or solve by (22). 
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(27) Of the form — | = Y. Y being a function of y alone. 

Multiply by 2 ''-^ antl integrate relatively to at. There 

will result the equation f^') =2 CTdy+ C, wlicncc 

dv r . ^'^''^ "^ 

-^=(2 I Ydy+C)'^, an equation that mav be solved 

dx J 

by (1). 

C28) Of the form -^ =/5^^. 
^ dx" dx"~' 

Assume 



_dz ._ fd^ 



After effecting this integration, express z in terms of a; 
and a Then, since 2 = ^^, ^^,^F(x, C), an 
equation that may be treated by (26). 
Or, since 

|3=/-(/?-)--/7:(/f-)--- 

Continue thia process antil y is expressed in terms of 
z and n — 1, arbitrary constants, and then eliminate z by 

the aid of the equation x= i -—+G. 
J fz 

(29) Of the form ^=/f^. 

Let ^ = z, and the equation becomes — -„=fi, and 

dx"-^ da? 

may be solved by (27). 
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I Homogeneous on the supposition that x and y are of the 
desree 1, ?-?^ of the degree 0, '^1 of the degree - 1, ■■-. 

Assume x = e^, y = e'z, and by changing the variables 
introduce d and 3 into the equation in the place of x and y. 
Divide tlwough by c^ and there will result an equation 

involving only x, — , -rr-^---, whose order may be de- 
an do 
ibj(26). 



Homogeneous on the supposition that x is of the degree 
., y of tlie degree n, ^ of tlie degree ji - 1, ^ of the 



Assume a = e*, y = 6"^%, and by changing the variables 
introduce $ and z into the equation in the place of x and y. 
The resulting equation may be freed from & by division 
and treated by (25). 



logcneous relatively to y-, - 



dy d?y ____ 
' d.v dx^' 

Assume y = e', and substitute in the given equation. 
Divide through by e' and treat by {ii>). 



(33) Containing the first power only of tlie derivutive of the 
highest order. 

The equation may be e:cact. 

Call its first member — . If n is the order of the equation, 
represent ~ — -^ by p and — -^ by -i. Multiply the term 
containing -=t by dx and integrate it as if ^ were the only 
variable, calling the result 61; then replacing p by ■ ^_^ , 
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find the complete derivative - - ', and form the expressiou 
da; 

rLL — ZJi,' representmg it bv — t. U — i coiitams tbe 
dx dx ' dx dx 

first power only of the highest derivative of y, it may 
itself be an exact derivative, and is to be treated pre- 
cisely as the first member of the given equation ~- has 

been. Continue this process until a remainder - "'^ of 

dx 
the fli'st order occurs. 

Write this equal to zero, and see if the equation thus 
formed is exact, see (6). If so, solve it by (6), 
throwing its solution into the form F„_i =G. A 
complete fii-at integi'al of the given equation will be 

Ui+Us-\ l-F„_i=(?. The occurren<;e at any step 

of the process of a remainder — --^, containing a higher 

power than the first of its highest derivative of y, or the 
failure of the resulting equation of the first order above 
described to be exact, shows that the first member of the 
given equation was Qot an exact derivative, and that this 
method will not apply- 

function of x aJoae and Y a function of y alone. Multiply 
through by --^ and the equation will become exact, 

and may be solved by (SS). 

(35) Singular integral will answer. 

Call _ — U. p, and -J^ q, and find -?, regarding p and q 
da>''~^ dx" dp , 

as the only variables, and see whether — can be made 

diy 
infinite by writing equal to aero any factor containing p. 
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KEY. B27 

If ^u, tlimiLiite q between this equation and tlie gi\-eii 
equation, iiid il' tlie result is a solution it will be a singular 



(36) General form, Pdx + Qdy + B<h = 0. 

If the equation can be reduced to the fonn Sdx + Ydy 
+ Zdz =. 0, where X is a ftmetion of a; alone, Y a function 
of y alone, and Z a function of z alone, integrate each 
term separately, and write the sum of the integrals eqtial 
to an arbiti-ary constant. 

If not, integi'ate the equation by (V.) on the supposition 
liiat one of the variables is constant and its differential 
zero, writing an arbitrary function of that variable in place 
of the arbiti'ary constant in tlie result. Ti-anspose all the 
terms to the first member, and then talse its complete 
diiferential, regarding all the original variables as variable, 
and write it equal to the first member of the given equa- 
tion, and fl'om this eqnation of condition determine the 
arbitvaiy function. Substitute for tlie arbitrarj- function 
in the first integi-al its value thus determined, and the 
result will be the solution required. 

If the equation of condition contains any other varia- 
bles than the one involved in the arbitrarj' function, they 
must be eliminated by the aid of the primitive equation 
already obtained ; and if tliis elimination cannot be per- 
foi'med, the given equation is not derivable ftom a single 
primitive eqnation, but must have come from two simul- 
taneous primitive equations. 

In that case, assume any arbitrary equation f{x,i/,z) =0 
as one primitive, differentiate it, and ehminate between it 
its derived equation and the given equation, one variable, 
and its differential. There will result a differential equa- 
tion confeuning only two" variables, which may be solved 
by (III.), and will lead to the second primitive of the 
given equation. 
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(37) General fonii, Pdx, + Qdx^ + lidxs + = 0. 

If the equation can be rednoed to the form Xidx,+X^x._ 

+ Xgdxs + ~ 0, where Xj is a fttnction of Xj a!one, X^ 

a function of x^ alone, Xg a function of Xg alone, etc. , inte- 
grate each term separately, and write the sum of their 
integrals equal to an avbitrarj' constant. 

If not, int«gi'ate the equation by (V.), on the supposi- 
tion that all the variables but two are constant and their 
differentials zero, writiag an arbitrary function of these 
variables in place of the arbitrarj' constant in the resnlt. 
Transpose all the terms to the first member, and then 
take its complete differential, regai'ding all of the original 
variables as variable, and wi-ite it equal to the first mem- 
bei of the giien equation and from this equation of con- 
dition deteimine the arlitraiy function. Substitute for 
the aibitiiiy function m the first integi'al its value thus 
deteimined and the result will be the solution required. 

If the equation of condition cannot, even with the aid 
of the piimitne equation first obtained, be thi-own into a 
f rm wheie the complete differential of the arbitrary func- 
tion IS giAcn equal to an exact differential, the function 
cinnot be determined an 1 the given equation is not deriv- 
alle fi m a amglo piimitue equation. 

(38) System of simultaneous equations of the first order. 

If inj ot tiie equations of the set can be integrated 
sepaiitelj bj (II ) so as to lead to single primitives, the 
problem ciii be sunphfied , for bj the aid of these primi- 
tues a number of ^aal1bles equal to the number of solved 
equitions can be eliminated fi-om the remaining equations 
of the series and there will be formed a simpler set of 
simultaneous equations whose primitives, together with the 
primitives aheidj found will form the pnmitive system 
of the gnen equitions 

There must be w e [nations connecting n + l variables, 
m oidei that the <«jstem may be deteiininate. 

Let 1 t^i ij be the original variables. Choose 
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any two, x and x„ as the independent and the principal de- 
pendent variable, and by snceessive eliminations foi-m the 

n equations ^=/i(a!,3!i,iCj, ,ie^),^=M,x,3:i,X2, ar„), 

am ax 

, up to ^~^^fJa:,Xiy3!i, ,cc„). Diiferentiate the first 

of these with respect to x it — 1 times, subs titii ting for 

_^, _^, ,— , after each step their values in terms of 

dx dx dx 

the original variables. There will result n equations, 

which will express each of the n successive derivatives 

^, t^\ ^ , ^\ in tems of x, x,, x,. , x„. 

dx dx' tte= dx" ' -^^ -^ 

Eliminate ftom these all the variables eseept x and Xi, 
obtaining a single equation of the 7ith order between x 
and x^. Solve tliis by (VII.), and so get a value of x^ in 
terms of x and n arbiti-aiy constants. Find by differen- 



dx dif 

them equal to tlie ones abeady obtained for them in tei-ms 
of the original variables. The n — 1 equations thus formed, 
together with the equation expressing Xi in terms of x and 
arbitrary constants, are the complete primitive system 
I'equired, 

(39) System of simtiltatieons equations not of the first order, 
Regard each derivative of each dependent variable, 

from the first to the next to the highest as a new vai-iable, 
and the given equations, together with the equations de- 
fining these new variables, will fonn a sj-etem of simulta- 
neous equations of the first order which may be solved by 
(38). Eliminate the new variables representing the 
various derivatives from the equations of the solution, and 
the equations obtained will lie the complete primitive sys- 
tem required. 

(40) All the partial derivatives taken with respect to one of 
the independent variables. 
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Integrate by (IT.) as if that one were the only iudepen- 
dent variable, replacing each arbitrary oonatant by an 
arbitrary function of the Other independent variables. 

(41) Of the first order and linear, containing three variables. 
General form, PD^z + QO^z = R. 

Form the anxiliary system of oi-dinary differential eqna- 
tions ^ = ^ = ^, and integrate by (38) . Express their 
primitives in the foi-m u = a,v = b,a and h being arbi- 
traiy constants ; and u =fo, where / is an arbitrary func- 
tion, will be tlie reqnired solntion. 

(4^) Of the first order and linear, containing more tlian three 

variables. General form, PiDx^s -\- P^Dx^z + -■ 

where Xi, x^, , a!„, are the independent and s tlie depen- 
dent variables. 
Form the auxiliary system of ordinai^y differential eqni 

tions ^ = ^ = ^ = ^, and integrate them by (38) 

Express their primitives in the foim Wi = a, Ua = &, ^3 = c. 
, and Vi =^f(Vs,Vi, t^n), wliere/ is an arbitrary func- 
tion, will be the requii'ed solution. 

(43) Of the first order and not linear, containing three varia- 
bles, F(x,y,ii,p,q) = 0, where p = D^z^ q = D^a. 

Express q in terms of x, y, % and p from the given equa- 
tion, and snbstitate its value thus obtained in the auxil- 
iary system of oi-dinaiy differential equations 'JZ'n'g " '^^ 

= = £ . Deduce bv integration from 

q - jiD^ q_ D^q+pD, q 
these equations, by (36) , a value of p involving an arbi-' 
trary constant, and substitute it with the corresponding 
value of q in the equation dz = pdx + qdy. Integrate 
this result by (86), if possible ; and if a single primitive 
equation be obtained, it will be a complete primitive of the 
given equation. 
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A singular solution may bo obtained by finding the 
partial derivatives D^% and D,z from the given equation, 
writing tliem sepai'at«ly equal to zero, and eliminating p 
and q between them and the given equation. 

(44) Of the first order and not linear, containing more than 
thi-ee variables. F{Xi,Xi, ,;»„,«, Jii,i>2, ,i'.i)= 0, where 

Form the linear pai-tial differential equation Si[(Da;i-P' 
+ PiD:^P)Dp^^ ~ Dp^F{D^^^ + PiDs^)^ = 0, where* is 

an unknown ftinction of («!, , a^mPi, ^Prd^ *'"^ where 

Si means the sum of all the terms of the given fovm that 
can be obtained by giving i succeasivelj' the values 1, 2, 



Form, by (42), its auxiliaiy system of ordinary differen- 
tial equations, and from tiiem get, by (38), n — 1 mte- 

grais, Oi = ai, *2— f*sj )*»-i = **»-!- By these equations 

and the given equation express pi, p^, , Pn in terms of 

the original variables, and substitute their values in the 

equation dz =pidxi +2)ida^ -}- +2}^dx^. Integrate tins 

by (37), and the result will be tlie required complete priim- 



(45) Of the second order and containing the derivatives of 
the second oitlor only in the fii-st degree. General form, 
BD^z + SD^D^z + TDJ'z = F, where B, S, T, and Fniay 
be functions of x, y, z, D^z, and D^z. 
Call D,% p and D,z q. 
Fonn first tlie equation 

Rdf - Sdxdy + Tcl^ = 0, [1] 

and resolve it, supposing the first member not a complete 
square, into two cqiiations of the fonn 

dy — midx = 0, dy — viidx~0. [2] 

From the first of these, and fmm the equation 

Edjxli/ + Tdqdx — Vd^y = 0, [3] 
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combined if iieedliil witli the equation 

dz =i}dx ~\- qdy, 

seek to obtain two integrsils u, = a, v, = p. Proceed- 
ing in the same way with the second equation of [2], 
seek two other integrals u^ = ni, «s = /?t ; then the first in- 
tegrals of tlie proposed equation will be 

.,=/,»„ «,=/,»„ [4] 

where/, and/^ denote arbitrary functions. 

To deduce the final integral, we must either integi'ate 
one of these, or, determining from the two p and q in terms 
of X, y, and z, substitute those values in the equation 

dz=pdx-\-qdyf 

which will then become integrable. Its solution will give 
the final integral sought. 

If the values of mj and nij are equal, only one first in- 
tegral will be obtained, and the final solution must be 
sought by its integration. 

When it is not possible so to combine tiie auxiliary 
equations as to obtain two auxiliary integrals u = a, v =/3, 
no fii-st integral of the proposed equation exists, and this 
method of solution fails. 
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Examples. 

(1) BmxGOsy.dx — cosxsmy.dy^O. Ans. cos?/ = ccosa;. 

(2) (x + yy'^^aK Ans. i; - at!itL-'?-"tl' = c. 

(3) ^ = siu (i>-6). Ans. ctnf^ - ±^1 =.,?, + c. 

(4) o:^-y + x^/iif-f=0. Ans. sm^'^ = c-iC. 
^ ' dx X 

(5) (j,_a,)(l+^04| = (l+/)i 

jl)i3. 2(1 (a;^ + /) = (iK=+/)^-3; cose +?/siDC 

(7) \^-sj{xij) — x'\<ly-\-yflx=^. Ans. y = ce-\l-„. 

(8) (3;--?/^) + 2Ky^ = 0. Ans. xei^c 

(9) (2a;-j/+l)d^ + (2!/-a;-l)c;i/=0. 

^ms. <i^ — xy+if + x — y = c 

(10) ^ + j/cosa!= ^'"' -- J.ns. J/ — sins; — 1+ce-'"" 

(11) {l-^eY^-xy^axxf. Ans. y ^ [c ^ {\ ~ x') - ay^ 

(12) a;2/(l + !C^)^=l. Ans. l.= 2-f + ce^. 

(13) »/(a^ + 2/^ + ffl^)|^ + a^(^ + »/^~«=)-0. 

""^ Ans. (a? + yy-2a'(x'~y') = c 
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(14) 'M'^ + ydy + '-^J^'^--zy'^^. = Q. Ans. ^±l! + tau"^.^ ==c. 

x' + y^ 2 X 

(15) (£Y-^ = 0. Ans. {y-a\ogx-c){y+a\(igx-c) = Q. 

(16) (^\+2yctax'^ = f. 

\dxj ax , ( ■ .X \( ^x \ A 

^ ' Aaa. h/siif--cjf !/cos^^-cJ=0. 

A^. {22/-a;= — c)[log(a; + y-l) + a!~c] =0. 
(IS) C*Y-(i?+»,T/+!/')('*Y+(x-s+»^!,'+V) *-i«'!/'-0. 

(19) ri-!/'~!^Y*Y-?»*+!' = 0. 

A., (j + log!i:/p^ - o) (, - log"^ + ^p? ^ ,) = 0. 

(20) ,.«* + * - W. ^««- ? = » + «-«■. 

cte iu V'V (j!+n> 

Singular solution, y=^ — ^^ — ^■ 
4 

(21), = ,(|J+2.|. A...f = ... + e. 

'-'['-(2)>=<-'~''->S- 

<^''>''=^^l + '"0" ^"./ = 2« + c.. 

(21) ai'('*Y+i'jg + (.= = 0. An. c' + cajj + o'ai-O, 
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L \dxJJ an ^,^^^ (S+j)'-4m,/(o) + 6-0. 



(27) *|_4f| + 6g^4» + !, = 0. 
^ ' daf dof dJ? dx 

Ans. )/ = (c„ + Ci 3! + c^s? + C3 a^} e". 

(28) f|-2^f^ + F»/ = e^ ^«8. y=^(e, + c,^)«''+ /^ ■ 
d3? dx V"! ~ -^ > 

^,is. !/ = l + (-4 + B«)cos3; + ((7+-Dar)sma:. 

(30-) ^_2^ + 4« = e"eo93;. 
* (ia.'' dx 

^n». j=(^ + ;!i)«' + (0+/te)+12»' + 3j!" + | + |i- 

(3-2) ^_4a + 4!,.«?. 

" ""' Am. ii = (A + Bn)e- + i{irr + lx + S). 

(S3) ^ + w = co8a:. AitB. y = Aw)^x + Bn\ax + j^inx. 

(34) g + 4!,_«m-. 

(35) ^g-«* + 2j.»,log«. 

(for dx 

Ans. y^Ax cos (log x) + JJa; sin (logiB) + x logs;. 
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(36) ^^-a?tl + 2x'^-^y = a? + S 
d^ da? dx 

Ans. I 






dx^ dx 



^-(-C09^a;.2/ = 0. 



,1m,. y^Acoa (siu») + B sin (sina;). 



(39) (l-xr^^ + y=Q. 



dx^ 



Ans. y=^-Vl^^'fA + B\og~^-\ 
(40) (l+,^)^-2x2 + ^y-0. 



dx' dx 



Ans. y~Bx + A{i — x^), 



(41) 



d?p X dy . 1 
dar' a; — 1 die x—'. 



y^x-\. 



Ans. y ~ Ae'' -^ Bx — {I + a?) . 

(42) x'p{-2xO-+x)'^-f- + ^{^+x)y = x>. 

da^ ax ^ 

Ans y = Axe' + Bx — -~- 

(43) siD?x^ — '2y = (). Ans. y =AQtax-\- B{l—Xiiiax). 

^ dx^ 

Ann. j-^loga^ + e-logi+BllogjiJ ji!^-j!V 

^ da^^ V fl^/ da; V ^ / 

An.y = ^(A+JL^ + ^^^. 

(46)g-?f + («- + 4>-0- 

<!>;= lias V "V An.. ,^x{Am>ax+BAna). 



y Google 



(47) ^-26a:^+&Vy=0. 6^ _ _ 

'^^ '^ Ans. y^e'' {Acosx-Jb+Bsinx-^b). 

•^ "* ^iis. y = e''-iAe' + Be-'--l). 

(«)(l-^)||-4.|-(l+..)S — 

(60) !!l-J- * + ?i±j'_5=ij„o. 

(0.) || + 2„o..».| + K-..), = 0. 

^ns. ;/ = (ylco9m3; + iJsiiima;) cseiw;. 

P') S + - ? + ^9 = "■ As. y = 4 sill? + £ cos?- 

(Ml ^_llcc±l dy [ 6(»! + l) T_.„ 
* ' cW rf-l (i« ■'L(>:-l){8it + 5)J 

As, !( = [^ + Slog{(si-l)>(3ai + 6))]V(ai-l)'{3a! + 5). 

(6C)(l+»^)0 + „|-».i,=^O. 

ylns. ?/ = ^(Vl + ax"^ + xslay'' + S{Vl 4- a^-^ + a; Va) ''°. 
(57) (.-.)(.-2)g-,2.-S)| + 2, = 0. 

As. s_c(i_2)' + c'(ai-2)[(a!-2)tog(>,-2)-l]. 
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(58) (3-^)||-(9-4^)J + {6-3»)^ = 0. 

Ans. ; 

(59) („-_:^)g-8« 



Am. s = «- + cW — --ja, + -a:>^j« 



^lis. 1/ =: -- [^ (sinjia; — nx cos na;) + B (cos 713; + ma; sin nx)}. 

<61) ||+- ? = 0. Ans. y^clogx + r.: 

dar X dx 



(62) (2a?B 






Find a first integral 



(63) ('=# + 2/*~)f| + 2!,fi5?Y+3.* + ,= 0. 
\ dxjdx^ \dxj dx ujj, j „ f 

da; V_da;y 

(64) a?^+x^ + (2xy^l)f + f^0. 

"'^ "^ ''^ Find a first integral 

Ans. a?--^ — x-^+xf=G 
dif dx 

(66) (?/ + 2)rfa; + % + rfs = 0. ^!is. e'(^-)-K)=c 

(67) ^■ + 4a;H-^ = 0, ^ + 3;,-i«=0. 

d( 4 «i _L' / -5 

^«s. a; = ce 5-2. i/ = (c; + Ci)e ^ 
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KEY. 

(68) ^ + m^x = 0, ^-m^x = 0. 

Ans. x= Asia mt + B cos mi, x + y=Ct + D. 

(69) D,z=-^^. Ans. ^i (a,- + ;/ + a) = 

(70) azD^z + yzD^z = xy. Ans. z^ = xy + <t,(-\ 

\yj 

(71) D,z.D,z=-[. Ans. s = ax + ^ + l 

(72) ^^D^^z + ixyD^D.z + fD/z^Q. Ans. z = x<j>f'^'\+J^^ 

(73) (D^zyO^z -2D,zD,zD^D„z + (D.zyD^H = 0. 

Ans. y = x<i,z + >f/! 

(74) D,z.D,D/^-D^z.D,'z = Q. Ans. x=:<Py-\-^. 
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CHAPTER V. 

INTEGEATION. 



74. Wo are now able to extend materially our list of foi-mulus 
for direct integration (Art, 55) , one of which may be obtained 
ftom each of the derivative formulas in our last chapter. The 
following set contains the most important of these : — 



D.logi = i 


gives /.i = log>;. 


Z>,a" = «'logc 


" f^a^\oga — a'. 


!).«■= »■ 


" /.!-=«■■ 


i?, sin a — cos a; 


" /^C033;=9in3;. 


Acosa;— —siniB 


" /,(-sina!) = cos3 


D.logsin3; = ctna; 


" /jCtn3; = logsina: 


I>,logcos3;= —tana; 


" /.(-ton«) = Iog 


n -i--.^ 1 


" /. ' sin 


^•='° V(i— ■) 


A..„-.. ^l^ 


" /-rb""-" 


D..c„-'. ' . 


. ■• /. ... ' ., . 



V(2^-i^) 



-^{2x-x') 



The second, fifth, and seventh in the second group can be 
written in the more convenient forms, 
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/.tana! 



-log cos 3!. 



75. When the expression to be integrated does not come under 
any of the forms in the preceding list, it can often be prepared 
for integration by a suitable change of variable, the new variable, 
of course, being a ftmction of the old, This method is called 
integration by substitution, and is based upon a formula easily 



deduced from 


II,{Fy)=D,Fy.D,y 


which gives immediately 




Pa=MD,Fg.Dji) 


Let 


f=D,Fs, 


then 


I'>J=f,u, 


and we have 


J,u=f.(uD.y); 



or, interchanging x and y, 

f,u=f,(uD,x). 
For example, required /,(« + bx)'. 
Let » = « + to, 

and then f,{a + bx)" = /.a" =/,(»". D,x) , 



[1] 



1>J [I] ; 



/.(<. + fa)- = i/,: 



„_1 8"+' 

' ~bn+l' 
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Substituting for s its value, we have 

/.(f.+to)-_i <"+"'')"' . 

b n+1 

Example. 

Find/, — ^ Ans. -log{a + hx). 

a + bx 

76. Iffx represents a function that can be integi-at«(i,/(a+i)a:) 
can always be integrated ; for, if 

z = a + bx, 



then 




D.x 


b 




and U{a 


+ te): 


=Afi'- 


^f.fzD.x = 


-w- 


Fiud 




EXAMPLES. 




(1) f^sina^. 








A,,. -lcosa«. 


(2) f^Gosax. 








Ans. -sinaa;. 
a 


(3) f^ta.aax. 










(4) f^Qtnax. 










77. Required^, 


1 


71^' 







'''4}-m 
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-'•IT, 



tJ- 



v(i-2*) </v(i-»")"°' 



= siii~^£= sm~' 



find 

(1) / 

(2) /.- 



'a^-^-s? 



78. Bequiredf^- 



V («■ + «") 

-^ = V(>i' + c.'), 



jIbs. -tan~' — 



Example. 



2« e' + a- 



'V(=^-«') 



jlns. log(ii!-F 
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79. When the esypression to be integrated can be fuctored, tlie 
required integral can ofteu be obtained by the use of a formula 

deduced from D^{uv) = uT>/o + vD^ii, 

■which gives uv —f^uD^v +f,vD,u 

or f,uD^v = uv — f^vDicU. [1] 

This method is called integrating bypai-ts. 

(a) For example, requii'ed /^logce. 

logic can be regai-ded as the product of loga; \iy 1. 



and we have 

Xloga =f^\\oax=f^uD^v = nv —f,vD,u 

— x\ogx — f,~ = x\ogx — X. 

Example. 
Find/^3!log3!. 
Suggestion: Let \ogx — v,aa&x=D^v. 

An.. |.'(log.-l) 
80, Required f^sir^x. 
Let w = sina! and Z*jV = slna;, 

then D^u = co%x, 

v~ —cos a;, 
/^sin^x^^ — sina!COsa!+/,cos^3;; 
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eos^9!= 1 — sin^iB, 

^sin^a; = x — smaicosic — /^siii^'a 

2/,sin^a! = x — sinaicosa;. 

^sm^ii;= )i{x — BinxGosx). 





Examples. 




(1) 


Find /.em':.. An,. i( 


x + ^mx<iOHx). 


(2) /.Biii«(«sa>. 


. sin^a! 
A.S. --. 


81. Very ojien both methods described above 
the sanie integrefimh. 
(a) JJea«ire<I/.aiii->». 
Let .m-'a! = y, 


are required in 


then 


x=fi\i\y; 

D,X = C031J, 




Let 


u=y and DyV = cosy; 




then 


D,u = \, 





f,ycosy=ymiy—f„siny=yBiny+oosy=xsm~'x+-sJ{l—3J'). 

Any inverse or anti-ibnetion can be integrated by this metliod 
if the direct ftinctiori is integrable. 

(6) Thus, fJ-^^=f.y=f,yDJy = yfy-f,fy 

where y=if-^x. 
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Examples. 

(1) Fiml/^oos-^iK. A71S. ,rcos-'it-V(l~'^)' 

(2) f^tan~'-x. Ans. a^tan-^a; — ilog(H-a.^). 

(3) /,vers~'ai. Ans. (a; — 1) vers"^a: + -\/("2a;— a;^). 

82. Sometimes an algebraic transformation, either alone or in 
eombinoHon with the preceding methods, is useful. 

(a) Requiredf^-^ ^. 

-L- = ^(^ L_\ 

^-a^ 2aVa:-a x + a) 
and, by Art. 75 (Ex.), 

/.^— . = — nog(cB -a)- logfa + «)] = — log'^^^'. 

(S) iJe3»ire(i/.J^l±2Y 

lA + ftV, 1 + ., _ 1 » 

\lil-«; V(I->^') V(l->!") VCl-"!") 

/i ~~3\ '^''''' ''^ readily obtained by si.Astituting y=(l — a?), 

and is -V(l-ai^) ; 

hence /ifi±^ = siii-^a;- v(l- ^). 

(c) Eeginred/^^(a^ — af). 



VK-ai") V(»'-"^') V(o'-«?) 
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and Z.VC"'-"*')-""/.- 



»tanoc /.v("'-^)-»'-n-'--y: ,, f .. , by 

but M(<f^^') = ^^(a'-.:f)+f. ^^f_^^ , 

hy integration by parts, if we let 

u=-yj{(^ — a?) ancl D^v= 1. 
Adding our two equations, we liavc 

2/.V(«' -«!■)= «!V(»" - >?) + ..'Sill-'? 1 



and 










Examples. 










(1) /.VC^^' + i 


•')■ 














Ans. 


|[«V(»'' + « 


■) + < 


i'log(ai + ' 


y?T; 


?)j. 


(2) /.V(".'-< 


'■)■ 














^HS. 




')-< 


*nog(a; + ^ 




5)1. 



83. To find the area of a segment of a einle. 
Let the equation of the cii^cle be 



and let the required segment be cut off by the double ordinatea 
through {a^o^Vo) and (x,y) . Then the requii-ed ai-oa 
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FiYim tile equation oftiie circle, 

hence A = 2/, V (a* -x^) + 0; 

and tlierefore, by Art. B'2 (c) , 

As the area is mcasui'ed from the ordinate 1/0 to the ordinate y, 
A:^0 when a; = Ko ; 

therefore = Xa.^{a^-a!„^) + a^sin-'^-^ + 0, 

<7=-aW(«^-a-„^)-«^sin-4"' 
and we haAC 

A^x V(a' - x') + «=sin-'^ - Xo^ia'-x,') - a^sin"'^" 
If a^) = 0, and i?(e seyment begins with the axis o/Y, 

X 

A=x^/(u, —x^) + o,sin~'--■■ 
If. at the same time, x = a, the segment becomes a semicircle, and 



The area of the whole circle is ira'. 
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(1) Show that, ill the ease of an ellipse, 



^^,=1, 



5[.v(..-- 



Ji\x-J{a'- 



the area of a segment beginning with any ordinate yo is 

I,') + o'»ln-> J - «,V(«'- Ji,')- o>sin-'|1- 
Tliat if tile segment begins with the minor aj;is, 
-^) + o"sin-!]. 
That the area of the whole ellipse is Tzab. 

(2) The area of a segment of tlie hyperbola 

If 3^ = ffl, and the segment begins at the veiliex, 

84. To Jind the length of any arc of a circle, the coordinates 
of its extremities being (^,ifa) »Qd (x,y)- 

By Art. 52, « =/,V[l + (Aj/)']- 

From the equation of tiie circle, 

x' + y'^ = «^ 
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i liavo 2x + 2yD^y — 0, 

y 



hence = aain-'5 + C, 



and s=«( sin"'-^ sin-'— )■ 

If Xi, = 0, and tjie uiv 13 measured from tlie highest point of the 
circle, 5=asin"'-- 

If the arc is a quadrant, sc — o, 

aiifl the whole circumference = 2:r«. 

85. To find the length of an arc of the parabola y' = 2mx. 
We have 2yD,y=^ 2m; 

D.y^ — ; 

y 
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O^x = —=,!_, by Alt. 73 ; 






by Art. 82, Ex. 1. 
If the arc is measured from the vertex, 



= 



when y = 0; 
■ (mHogm) + 0, 
1 



hf}] + C, 



-mlogm, 



Example. 

Find the length of the arc of the eui-\-e a?= 27 y^ included be- 
tween the origin and the point whose abscissa is 15. 

Ans. 19. 
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Jaf{x)dx=^aj'f{x)dx. 
J— = log a;. 

ix^dx^ — 

I e''dx = e'', 

j a*^ log aria; 

Jl + x' 
f dx _ 

r__dx__ 
r dx 

/' 



licii m ii different from — U 



I cosKrfa; = siii, 
12> 1 3m3;i:U'= — CI 
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4 FUNDAMENTAL FOKMS. 

13. I ctnxdx = log sioa;. 

14. I tao xdx=^^ los; cos x. 

15. I tauM secxdx = secK. 
1«. rsec=3:(3a:=tanK. 

II. I csc'xdx — ~ctnx. 

In t!i8 following formulas, n, w, su, and y represent any 
functions of xi 

18. I (M-f.w + i(i + etc.)d3!= j wdic-f- j wd«+ iivdx -h etc. 
19a. j udv = uv— I vdu. 
J dx J dx 

.0. //«..=//-|*. 
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EATIONAL ALGEBRAIC FUKCTIONS. 



II. RATIONAL ALGEBRAIC FUNCTIONS. 



A, — Expressions Involving (a + bx). 
The substitution of y or z for x, wliere y = Kg = a -f bx. 



J {a + bx^dx = -J y^dy. 
j x{a 4- te}"(fe= - I y"'(y — ra)^?/. 
J'a!" (a + bx)'^dx = ^i J'r (2/ - «)"'^^- 

J (a + fta;)"' 6"-^' J i/™ 



Whence 

f-J?i-=ii„g(„+fa). 



r dx ^ 1 

J {a + bxy^ b(a + bx)' 

C -ix ^_ 1 

J (a + &a:)s 26 (a + to)*' 

J {a + bxy il '^ '^a + faj 
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6 RATIONAL ALGEBRAIC rUNCTJONS. 

r xdx ^ir 1 . a 1 

82. f-^^ = k*(« + to)=- 2a(a + &;>;) + a=log(a + 6:c)]. 

^ (ffl + 6a:)-= lr\_ a + oxj^ 

34. r_*^._- = _ll„g!i+»?:-. 

Jx^{a + bx) ax a' ^ x 

E. — ExpHEssioNS Involving (a + 6x"). 

„_ r dx 1, ..K 

Jif + af c c ' 

89. f— i?t_„ J-tan-'ftJ?, a <i>0, 6>0. 
Ja + b^ Vis 'a 

M. f ■'■' = ^ iQg^^i+^i^fEl. it„>o. t.fO. 

J a-hi^ 2V— «& Va — kV^^ 

.. r (£e a! , J_ r cfa 

42 r^ = _J 5 2m-l r d^ ^ 

48. f-i?*^ = -1- log ('»!' + ?Y 
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RATIONAL ALGEBRAIC FUSCTIONS. 

J a + bx' b bJa + ha? 

r dx ^ _ A _ ^ C ^ 

J a?{a + h3^) ax aJ a + bx^' 

49 r (ia; _1 r clx b r dx 

' J a?{a + 63:0™+^ aJ a^(H + !^k=)'" a J {a + 6ii;')"'+i" 

where bli' = a. 

where 6P = «. 

52. r-— ^^ — =-Llog-^:^. 

J a:(fl + W) an ^a + bx" 

r dx ^ I r dx _ b r x^dx 
J (a + bxy+' aJ {a + bx'T «-^ {a + bx'-)'^^' 

r x'-'dx ^ 1 r x"- " __ a r x'"-''dx 
J {a + bx"y+^ bJ {a + bx"y bJ (a + to")^»' 

r dx ^ 1 r dx _ b r dx 

J »-"(« + te")"+' aJ xf^ia + bx-^y aJ x'''-"{a + bx"y+^ 
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EATIONAL AI-GEBEAIC FUNCTIONS. 



Ji "r^ 






«ll«l 



■SlNi 4l>i 



8 » 

1 

4\>s 
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EATIONAI, ALGBBKAIC FUNCTIONS. 9 

._ rxdx bx + 2u h rdx 

rxdx ^ _ 2a-[-to _ b{2n~l) rdx 
Jx"+'~ ngX" nq J X"' 

"'■ Jx*=;-2^'°''^+^^JT 
J X^ cgX 9 ./ X 
Jx"-^'~ (2n-m + l)cX" 2H-)n, + i'cJ X"+' 

2n-m + l cJ X"+' 
„„ rdx I . x" b rdx 

J i^X 2iY.^ ar ax \2cc' aJJ X 

5ft r '^ ^ 1 >>+m-T & r dw 

J x'"X"^' (m - l)ax'-^X" m - 1 aJ sf -'X"+' 

m-1 ' « J af-^X"^'' 



D, — Ration'at. Feactioss. 

Every proper fraction cau be represented by tlie general 
form ; 

F{x) a^ + kiof-^ + k^x^-'-'-i \-k^ 

a, b, c, etc., are the roots of tbe equation F{x)=0, so 
tbat 

F{^c) = (x-ay(x-bnx-ey..., 
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RATIONAL ALGEBKAIC FUNCTIONS. 

f(ct) ^ A, A, A, 

Fix) («- a)' ^ (x -,.)'-> ^ (»-,.)•-■ ^ 
. B, _^ B, ^ B, ^ 



+ -S-+ g. + P. +... + ^ 

(i!-c)' (a.-c)" (>:-£)-' «!- 

Where the nmnei'ators of the separate fractions may I 
determiDed by the equations 

2^1 i— 1, B^ = ^ ^-^, etc., etc. 

(m-1)!' (m-1)!' 



A.= 



M") 


nit) {It - 

F{x) 


^, 


*.W 




by^ 


.etc. 


, ete. 


>, c, etc., are si 


i]gle 


roots, 


tlieii p = q-- 


= r 


= ... 


= 1, 


Fin) 


.^ + ; 


B 


1 a! — e 











where ^=4^, -S = ^^,et«. 

The simpler fractions, into which the original fraction is 
thus divided, may be integrated by roeana of the following 
formulas : 

r hdx ^ rhdimx + 1^:) ^ h 

J {mx-\-ny J m(mx + ny m{\ -l){mx + n)'-'^' 

J inx-\-n m 
It any of the roots of the equatiou f{x) = are imaginary, 
the parts of the integral which ai-ise from conjugate roots 
can he combined together and the integral bronght into a 
real form. The following formida, in which j = V— 1, is 
often uaefnl in combining logarithms of conjugate complex 
quantities : 
73. logix±yi) = i}og(x^+f)±itan-'^. 
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IRRATIONAL ALGEBRAIC FUNCTIONS. 



m. IEE.ATIOKAL ALGRBRAIG FUNCTIONS. 



A. — Expressions In^volving Va + 6a^- 

The substitution of a new variable of integration, 

I = -J a + bx, gives 

. 2 

Vet + bxdx^j^ V(« + bxy. 

J^ Va + tocfa, 1056^ 

r (fa _ 2 Va + to 

•^V« + Sa; 36= 

J -^a + bx 15 ^ 

r ^^ =J-]..f^^+^-^^\for«>0. 
^ «-~/a + bx Va VVa + hx + Va/ 

lie _ 2 
VftTte V- 






/ * da! _ Vct + to b_ r dx 
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lEEATIONAL ALGEBRAIC FTJ.VCTIONS. 



'' VJ+te (2>» + l)6 (2m + l)sJ VJ+te' 
/ • dx _ _ ^Ja + bx __ (2w — 3)5 r (fa; 
•'»V5Ta (i.-I)a>:— (2»~2)oJi— VJ4 

,J'(° + fa)''^ = S JC, + ta)T<to + „Jii±MZ& 

/ • cfa; _ 1 r dx h C dx 

•^ x{a + bxy^ '^•^ x(a + hx)-r "-^ {a + hx)1 

B. — ExriiESSiONS* lNVOLvra& Va^ia^ and ■■Ja^ — -s?, 
fV^i^t^Lc = I [a; V^±^ ± a' log (a; + V5^±^)]. 

C-^= - log (^- + v^^T?) . 

-- = sm ^- 

C d:c 1 _iC( 

I = - OPS '-- 

f^ f ^„ -llog('° + -^^^. 
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IRRATIONAL ALQEBBAIC FUNCTIONS. 13 

/•■Jx^ — 0?, r-s — —5 .it* 

— dx = \l3?— a^ — a cos-^-. 
a; X 

^ Xdx __ , w a I ^ 

.. j a;Va' — ar'da;= — -^V(ra^ — a^)^ 
I. JVC^'^ ± aydx 

;04. 1 — ~ = ■ ■ , - ■ 

/ rfg _ a; ^ 

r 3;d3; ^ 1 

8. rW(3!^±ayda;=^V(a^±a*)^ 

9. fa; V"(a^ - 3^)'^ dK = - i V7o^~^ a^-' 
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IREATIONAL ALGEBRAIC FUKCTIOtliS. 
.11. I a^^a^ — afda} 

■f_^^^ = _ ^ V^?:::^ + ^ sin- *. 

14. c '^^ ^ j- v^ ± «^ 

,15./—^ = ^iE^. 

16. J^^i^ V^ + log^+V^^±^). 

J ar* X a 

C. — Expressions Involving Va + &ck + C3?. 
Lot X = a + &a; + ca!^, g = 4ac — 6^ and k = —- lu order 

to rationalize the ftmctioQ f{x, Va + 63! + c^) we may put 
Va + bx-^c^= '/±c'^A +Bx ± a?, according as c is positive 
or negative, aud then substitute for x a new variable z, sach 
that 
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IllKATIONAL ALGKBRAIC FUflCTIONS. 15 

^ ^ V,d+^;2^^L:M, if c < and -^ > 0. 

z = \|"--^7 where a and ,3 are the voots of the equation 

A+Bx — af—0, if c<0 and ^— <0. 

By rationalization, or by the aid of reduction formulas, may 
be obtained the values of the following integrals : 

0. r^„ii„g('vx+w»+-^\«c>o. 

J --Jx Vc V i-JoJ 

1. f-J^. 4^.in-'f -j°-lJ \ if c<0. 
'J XVX sVX 

J x'-Jx 3?Vx Vx y 

'Jx-JX (2»-l)«X- 2.1-1 Jx-'VI 

J 8c V 2fcy 8fc^J VX 

J. r,Y'-/Xiia^ (2i»+6)VX /^, SX 15\ 5 rda; 

J 4(» + l)c ^2(« + l)J:J VX 

a rxdx _4X h rdx 
■J Vx « 2" VX 
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lERATIONAL ALGEBRAIC PDNCTtOKS. 

r xdx _ Vx b r dx 

VX"VX^ {'in-l)cX- ScJx-'Vx' 

"''XVX c?VX cJ vx 

r ar'da; ^ (2S'-4ac)ic+2«6 4«c+(2w-3)t^ r (fa) 
' VX"VX (27i-l)c3X''-^VX (2m-1)c2 -/ X-'-'VX 

'• J VX \3c 12c^ 8c= ScV Uc" 16c^jJvx" 

Vx&e. 



XVXtiB. 



r ar'X"(fo: ^ ikX-VX (2w + 3)& CxX^ 
J VX 2(,i + l)c 4(/i + l)cJ VX 

2(« + l)J Vx' 
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IREATIONAL ALGEBRAIC FUNCTIONS. 17 

, CJ^ = -L^^n-^{JB±2^\ if a<0. 

•^ x\IX bx ' 

r dx ^ VX 1 C_J^__ _ h_ C dx 

'■JxX'^-slX {■in-l)aX" aJ ^x^-'^X 2aJ X"Vx' 

/ • (ta ^ VX b r dx 
'•^ a?\IX Ml" 2aJ a;VX 

'■^ xslx (2ii-i)Vx -^ x-Zx 2J vx 

'■^, ^ ^ ■2-K-^X J -/x' 

r x''dx ^ 1 r af-^dx _ b rx'^'^dx _ a raf-^dx ^ 
'^X"VX cJ X"-WX cJ X"VX cJ X"VX 

r^^X^ ^ 3;"-'X"VX _ (2n + 2m-l)b r a:'---'-X"d 
J VX i2n + m)c 2c{2n + m) J VX 

(m-T 



(m-l)a J- a" ^X"(t 



52. f- 



^-X-'VX (m-ljas^-'X" 



(2w+2m-3)6 r (^a; (2n+m-2)c f 



=X"VX 
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B lERATIOSAL ALGEBRAIC FUKCTIOHS. 

'V^-VX (m-l)i,-'"^2(m-l)J^-.V: 



(2m-l)crX-^& ! 



D. — Miscellaneous Expressions. 
-' (a; + 1) V^^^^l ^ ^' + 1 

+ (a - 6) log (Vm^+ Vm=1). 

/I da; __ .-> . ^1 t x — a ^ 

V(a!-a)(/3-a^)~ "" "V^-a' 

r ^ = _2_si^-i E«±M. 

f v'a+^da; = — ^/(a + bx)*. 
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IRRATIONAL ALGEBRAIC FUNCTIONS. 

im. f-^4^ = -i(^i=lS^(iTS?. 
166. C^J^=.±y,e-l?^=^. 

^kV^-' + m' «" Va' + s^ + a 
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TRANSCENDENTAL FUNCTIONS, 



IV. TEANSCENDEWTAL FUNCTIONS. 



«'•/"« 


xrfa; = 


-cos:. 






«8.J,i„ 


=3:da; = 


= -Jco 


X^lBX+ix. 




leo. fsin 


icda!^ 


-icos 


x(^n'x + 2) 




170. fsin 


''xdx = 


sin" 


-^-°— +'-^ 


^J- 


lll.joo 


a>dx = 


sinx. 






I,2.Jco 


^xdx- 


= isiG^ 


cos a; + ^3;. 




1JB.JCO 


^xdx = 


= i9iu^ 


cos=x + 2). 




lI4.J"co 


..^ 


= ^coa- 


'3;sinfl; + ^^^^ 


ijc»- 


-•> 


IOCS. 


dx==i 


iu^a;. 




I!e. fsin 


■«o. 


xdx = ' 


^^{isinia;- 


I). 


-/- 


MCOS" 


xdx — — 


m + 1 




178. Tsiii 


"'a; COS 


xdx = - 


ir+'x 




71+1 




-•/» 


■"a; sin 


xdx = 


[;o8"-ia;sin"+ia; 


m + n 








+ 


^-Ifcos- 


fl:siii"Kd 


ISO.Jco 


™.sin 


xdx = 


sin""' a; cos" 


^K 


m + » 





H— 1 /" 

I I COS™!!; 

711 + nJ 
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TRANSCENDENTAL TCNGTIONS. 

181 f cQ^™^^^ cos^'^'j; _ m~ n + 2 P cos" xrlx 

*J ein"x "" (Ti--l)sin° =»! k-1 J am"-^a; ' 

182 r cos"a;rf3^ _ cos"-'a: m — 1 r cos'^-''xdx 
J 8iu"ii; {m~?t)siir"'3; iti — nJ siB"3! 

188. p5'^"^<^^ ^_ r V^ Mi^ y 

184. f-.^,^^ 
J sin" x cos" a; 

m + ii- 2 r ^3! 

a; H~l J siii"'a:.cos''"^K 

ft + ii-2 /• <i3! 

«i — 1 J sm""^;!;. cos' 



-1 8iQ'""'a;.cos""'a! 



-1 sin""' a,-, cos""' 



C Ax ^ 1 cosa! »t~2 r dx 

* J sm™a! m — 1 siQ"'"'3! mi~1./ 8m""'a; 

/ * (to; _ 1 sill IB It — 2 /" ' da: 

'i/ coa'a; n— 1 cos*'"'a! « — W cos""^!*! 

^7. I taniC(iB = — logeosiB. 

j8. I tan^a!(fa! = tana; — a;. 

W. rtan"a;(ia! = ^° -- ^ - rtaii"-^a3iJa;. 

>0. fet 

H./c. 

)2. rctu''a!da; = --5^5!__^'_ Cdn^-^xik 

)3. jaecKtZ^s^logtanf^ + ^V 



I ctii3;(?^ = !ogsiiia: 
( ctn'a:i3a;= ~ etna; 



I sec^a;rfa; = tana;, 
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22 TRAJJKCENDENTAL FUSCTIONS. 

196. r.e«<i«. fj^. 

196. I cscieiia: = logtan|». 

197. j esc^a:dit; = — cttta;. 

198. r»c-«<i«= f-^. 

,99. f— ^=_^L=-»n-.P-+J^l, 

•4W~(^ L Ct + 003 3; J 

200. r 



f 6 cos a; 



_,r y + e^ + ai 
LVP+^(a4 



Vfl^ — 6^-0^ LV&'+ c= (a + 6 cosic + c smai)J 

= , ' .log 

t y + c' + ct (& cosa; + e sin a;) + Vft^ + e^ — o'(5 simc — c cosa;) "! 
VEM^ (« + b cosic + c einai) J 

201. I fl!9ina:da!= siiiaj — iccosa;. 

202. ra;^siaa:da;=2a;sinii;-(«^-2)cosa!. 

203. rVsiua;(ia; = (3a;2— 6) sinic — (a;^- Ga;) eosai. 

204. j ii;°'ema!da! = — af cosai + Mi | a^~^ cos 3;dii;. 

205. r3!cos«(fo;=cosa! + a;sin3;. 

206. P*cosa:(^a: = 2a!C03a! + (a;^-2) ainar. 

207. rar* cos a; da; = (3 ar= - 6) cos a^ + (a;'^ -6 k) sin x. 
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TRANSCENDENTAL FUNCTIONS. 

208. C:]^(ioaxdx = !e"siax~mCx'--'^smxdx. 

209.pJ^dx = L-.!i^+^ r22^ 

210 rtiosa ^.,_ 1 cos a ; 1 /' siux 

211. C^^dx = x--^ + -^ ^ + ^-. 

218. reinraaiHiiin^cto^^ 

214. I coS:mxcosnxih! = 

215. I sw-'3!(fo = 

216. f CO 



2-2! 4-4! 6-6! 8-8! 

sia(m-n)x sm(m + n)x 

2(_m~n) 2(.«+>i) 



2{m-n) 2(m+«) 

217. Ctair'xdx=xta,n-''x~i\og{l + x'). 

218. j ctn"'a:d3! = 3!ctn"'fl; + ^lng(l +a^0' 

219. ( versin"'iEdii!= (a;— 1) versiii''a:+ V2^- — a^. 

220. f (siii-'a;)=rta- = a: (sin-'s)" - 2 a; + 2Vl - a'^ sin"'; 

221. J'a'. sin-'atrfa; = i [(23)=- 1.) sin-'a; + « VI^"^']. 

222. r:r.m-'.<i. = ^^^'""^- '— f^^l^. 

J n + l n + lJ -./izr^ 

223. C^cos-^xdx = ^—^^^-^ + — — C^ " ■ 

J « + i « + iJvn^ 

224. f^-tan-'atd.^ ^"^''^"""'^- L^ f^n^. 

J n + l jt + lJ 14-ic= 
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TRANSCENDENTAL PUNCTION'S. 



225. C\ogxdx^x\ogx — x. 

22J. r-^^ = iog.log3:. 
J a; log J! 

J^-llogi!)- («-l)(logj;)- 

230. Ce"'dx^—- 

231. Cxe-'dx^^^iax-l). 

232. j a^^e^ifcc^ ^ ■■ ■ — -- i x"''' e''dx. 

233. f— da! = L^^ + ^!_^ f^d 

Jar m-lnf'-' nt-lJ.t™-' 

234. j e*'loga:da.- = ^ — ^^ j — (?fl!. 

236. i^ao&xdx^ — |acosa,H-sm ) 
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PBFINITE INTEGRALS. 25 

DEJINITE INTIGEAIS. 



i. i"x-'e-ax=('hog-l'''dx = T(n). 

r(,i + i) = «.r(..). rc2) = r(i)=i. 

Tin + l) = n\, if n is an integer r(J)=Vi. 

0. j am''xdx= i GOs"xdx 

1.3.5...(ii-l) . ?[ if ^ is au even integer. 
2.4.6... 00 2' 

2.4.6...(w — I J jf jg j^^ Q^^ integer. 
1.3.5.7.. .« ' ^ 

= i J= ^ ^ ' , for any value of w. 

J r" svamxib _!, if m>0; 0, it in = i -"-, M in,<f!. 

12^ r" sin».co»m»iij; _n^ j, ,„^_i „ „,>!; 
J^ X 

I, it iii = -l or TO=1; !!, it -I<m<l. 
4 ^ 

.» /'" sia'a^(7 ;r_Ti 
'Jo a? ~2' 

H. J" cos W cte -J' sin (a?) cte = i ^'^■ 
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DEFINITE IKTEOEALS. 



245. f"22!S^ =!!.„-. 

246 f'° cosa;tfet! _ r' sinxdx & 
'A VS -^^ Vi "V2' 

247. r ■''' 

=i[i+<«''''+(~!)''+(lxl)"'"+-}«*"<i- 

= A-. 

248. J^ VlT^FsiQ'^'^.cJa; 

'2L V^-V 3 V2.4.6y 5 J 

= E. 

250. f\-.--rf.^^(" + i)=4L. 

Jo a»+' a"+i 

Jo Si-'+^a" \a 

253. r"e-'"cos«iiecia; = — -^— „, if a>0. 
Jc a^ + m=' 

254. ( e-°'sinm3;(^= -— ^^,, if tOO. 

255. ("'e-^''cosbxdx = ^^^^~^- 
Jo 1 - .i; 6 
Jo 1+a; 



257. ii^c;^ = -^. 
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DEFINITE INTEGRALS 



260._£"log(^tti^da, = i'. 
261. f ''" = ,Fi. 

263. I logsiiiKda;^ j log eosa;(?3! = — ^ • log2. 

264. I a!.logaina;(£c= — ^log2. 
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ao AUXILIARY FORMULAS. 

AUXILIAIW FOEMUUS. 

The following formuliis are somfitimcs useful in the reduction 
of integrals : 

265. log ii = log CM + ii constant. 

266. log(— m) = log!(-f ^ constant. 

{— sin"'Vl —u' +a constant. 
-|sin-i (2 M= ~ 1) + a constant. 
j9in"^2!(Vl — u^ + a constant, 
an"'- 4-a constant, 

"' — — h a coDstant. 

1 — cw 

269. log (x ± yi) = ^log {3? + y^) ± itan"'^- 

270. 9in"'w = cos-'Vl —u^= tan"' --^^~ = csc"' — 

VI — M^ '' 

271. eos"'M = sin-'Vl ~ ^i^ = tan"'* --— 1 = scc-^-- 

\m^ u 

272. tan"'a; ± tan"'w = tan"'f ^-V 

273. sm-^x ± sm-'>j = Bin-' {x-^/l ~y^ ±yjl -x'). 



274. eoa-'a: ± cos-'i/r^ cos"' (xy t vll - x^) {1-y'')). 

275. sina! = --^y — 

276. cos3; = ^ — -~ — 

277. smxi=ii(e'-e-') = ismhx. 

278. eosKi = H«' + «"') = cosha;. 

279. log.a; = (2.3025851) log.oie. 
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The Natural Logarithms o.f Nut 



s between 1,0 and !J.9. 



N. 


» 


1 


2 


^ 


4 


5 1 « 


7 j 8 


9 


1. 


0.00O 


0.095 


nift?. 


267, 


0.,136 


0,40.=; 


0.470 


0.S31 0.588 


0,64-2 


2. 


0.693 


0.742 


0,788 


nS3^ 


().S7,S 


0,916 


0,9,S6 


0,993 


1 ,030 


M)6S 








1,163 


1.19+ 


1.224 


1 7M 


1,281 


l.,H08 


1 ,33,S 


1,161 










1.459 




1.504 


1.526 


1.548 


1.569 


1.589 


6. 


1.609 


1.629 


1.649 


166S 




1 ,70,S 


1,723 


1,740 


1 ,7,SK 


1.77,5 






1.808 




1.841 


1.856 


1.872 


l,ft«7 


1.902 


1,917 


1932 












2.001 


2.015 


2.028 


2,041 


2,054 


2,067 


8. 


2,079 


2.093 


^,104 


?,I16 


?..\m 


2.140 


2.1S2 


2,163 


2,175 


2,186 


9. 


2.197 




2.219 


2.230 


2.241 


2.251 


2,262 


2.272 


2,382 


2,293 



The Natural Logarithms of Whole Numbers from 10 to 109. 



N. 


O 


1 


2 


3 


4 


5 


6 


7 


S 


9 


1 


2,303 


2,393 


2.485 


2 565 


2 639 


2,708 


2 773 


2 833 


2 890 


2.944 




2,996 


3 045 


3.091 






3.219 


3.258 


3.296 


3.332 


3.367 








3.466 




3.526 


3.S55 


3.584 


3.611 


3.638 


3.664 


4 


3 689 


3,714 


3.738 


,3,761 


3.784 


:i.m7 


3.829 


3.850 


3.871 


3.89Z 


5 


3.912 


3,932 


3 951 


3,970 


3,9H9 


4,007 


4025 


4043 


4,060 


4078 


6 


4.094 


4.111 


4.127 


4.143 


4.159 


4.174 


4.190 


4.205 


4.220 


4.234 


7 


4.248 


4.263 




4.290 


4.304 


4.317 


4.331 


4.344 


4.357 


4,369 


8 


4,382 


4.39+ 


+.407 


+,419 


4.431 


4.443 


4.454 


4.466 


4.477 


4,489 


9 


4 500 


4,511 


4,522 


4,5.33 


4,54.3 


4.5,54 


4.564 


4.,575 


4,585 


4,595 


10 


4,605 


4.615 


4,625 


4.635 


4.644 


4,654 


4.663 


4.673 


4,682 


4.691 



The Values In Circular Measure of Angles which a 
Degrees and Minutes. 









0,0026 




■0,0,524 


20° 


0,3491 


100° 




7' 


0,0006 


10' 


0.0029 


4-j 


0,0698 


:«p 


^0,5236 


110° 


1.9199 


3' 


0,0009 


20' 


0,0058 


5^ 


0,0873 


40" 


0,6981 


120" 


2,0944 


4' 


0,0012 


30^ 


0,0087 




0,1047 


,50- 


0.8727 


l.W 




5' 


0,0015 


41)' 


0,0116 




0.1222 


6iF 


1,0472 


140° 


2,4435 


6' 


0,0017 


50' 


0,0145 


X" 


0,1396 


70" 


1,2217 


150° 


2,6180 


T 


0.0020 


I'' 


0,0175 


L,u 


0,1571 


80- 


1,3963 


IMF 


2,7925 


8' 


0,0023 




0.0349 


10^ 


0,1745 


90- 


1,5708 


170" 


2,9671 
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NATURAL TRIGONOMETRIC FUNCTIONS. 



Angle, 


SiD. 


Cs=, 


Ton. 


cm. 


Bfo. 


Cos, 








CO 


0.000 


TO 


1.000 


1,000 


90'' 


1 


0,017 


57,30 


0,017 


57,29 


1,000 


1.000 




2 


0.035 


28,65 


0,035 


28.64 


1,001 


0,999 


88 


3 


0.052 


19,11 


0,052 


19,08 


1,001 


0,999 


87 


4 


0,070 


14.3+ 


0,070 


14,30 


1,002 


0,993 




5" 


0,087 


11,47 








0,996 






0,105 


9.567 


0.105 


9.514 


1.005 


0,995 


84 


7 


0,122 


8,206 


0,123 


8,144 


1,008 


0,993 


83 


S 


0,B9 


7.185 


0.141 


7,115 


1.010 


0.990 




9 


0,156 


6.392 


0,158 


6,314 


1.012 


0,988 


81 


10° 


0,174 


S.7S9 


0,176 




1,015 


0.985 


80° 


11 


0.191 


5,241 


0.194 


5.145 


1,019 


0-982 


79 


12 


0,208 


4,810 


0,213 


4.705 


1,022 


0.978 


78 


13 




4.4+S 


0,231 






0.974 


77 


14 


0,2-12 


4,134 


0,249 


4,011 


1.031 


0,970 


76 


15° 


0,259 


3,864 


0.268 






0.966 


75° 


16 


0.276 


3.628 


0.287 


3,437 


1,040 


0.961 


74 


17 


0.292 


3,420 


0,306 


3.271 


1,046 


0.9S6 


73 






3,236 


0,325 




1,051 


0,951 


72 


19 


0,326 


3.072 


0,344 


2.904 


1.058 


0.946 


71 


30° 


0,342 


2.924 


0,364 


2.747 


1.064 


0,940 


70° 


21 




2.790 


0.384 


2,605 


1,071 


0.934 


69 


23 


0,375 


2,669 


0,404 


2,475 


1.079 


0.927 


68 


23 


0,391 


2.SS9 


0.424 


2,356 


1,086 


0,921 


67 


24 


0,407 


2.459 


0,445 


2.246 


1,095 


0.914 


66 




47,^ 


S366 


0,466 


2.145 


1,103 


0.906 


66° 








0.488 


2.050 


1.113 


0,899 


64 


27 


0,454 


2.203 


0.510 


1,963 


1,122 


0.S91 


63 


28 


0.469 


2,130 


0,532 


1,881 


1.133 


0,883 






0,485 


2.063 


0.554 


1,804 


1.143 


0.875 


61 


30° 


0,500 


2,000 


0,577 


1.732 


1,155 


0,866 


G0° 








0,601 


1.664 


1.167 


0-857 


59 


32 


0„«0 


1.887 


0,625 


1,600 


1.179 


0,848 


58 




0.545 


1,836 


0.6+9 


1,540 


1,192 


0.839 


57 


34 


0,559 


1,788 


0,675 


1,483 


1.206 


0.829 


56 


35° 


0,574 


1,743 


0.700 




1,221 


0,319 


55° 








0,727 


1,376 


1.236 


0.809 


54 


37 


0,602 


1.662 


0.754 


1.327 


1.252 


0.799 


53 


38 


0,616 


1,624 


0,781 


1,280 


1,269 


0,783 


52 


39 


0,629 




0,S!0 


1.25S 


1,287 


0,777 


51 


40° 


0.643 


1S56 


0,839 


1,192 


1.305 


0,766 


50" 










1.150 


1.32S 


0,755 


49 


42 


0,669 


1.494 


O.90O 


1,111 


1.346 


0,743 


48 


43 


0-632 


1,466 


0,933 


1,072 


1,367 


0,731 


47 


44 


0,695 


1.440 


0.%6 


1.036 


1,390 


0,719 


46 


45° 


0,707 


1,414 


1,000 


1,000 


1.414 


0.707 


45" 




Cob. 


See. 


cm. 


T.11. 


Csc. 


Sin. 


Angle. 
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s of the Complete Elliptic Integrals, A" and li, for Different 
Values of the Modulus, Ic. 



sin-it 


K 


E 


Bin-U 


K 


E 


!!!2! 


K 


E 


0° 


LSTOS 


1,5708 


30° 


1,6858 


1.467S 


60° 


2,1565 


1.2111 




1.5709 


1.5707 


31° 


1-694: 


].460S 


61' 


2.1842. 


1.20)5 


2° 


1.5713 


1.5703 


32° 


1.7028 


1.4539 


62° 


2.2132 


1.1920 


3° 


1.5719 


1.5697 


33° 


1.7119 


1,4469 


63° 


2.2435 


1.1826 


4° 


1.5727 


1.S689 


34° 


1.7214 


1.4397 


64° 


2.2754 


1.1732 


5° 


1.5738 


1.5678 


35° 


1.7312 


1-4223 


65° 


2,3088 


1.1638 


6° 


1.5711 


1,5665 


36° 


1.7415 


1.4248 


66° 


2.3439 


1.1545 


•JO 


1.5767 


1.5649 


37° 


1.7522 


1.4171 


67° 


2.3809 


1.1453 




1.5785 


1.5632 


38° 


1.7633 


1.4092 


68° 


2.4198 


1.1362 


90 


1.5805 


1.5611 


39° 


1.7748 


1.4013 


69° 


2,4610 


1.1272 


10° 


1.5828 


1.5589 


40° 


1.7868 


1.3931 


70° 


2.5046 


1.1184 


11° 


1.5854 


1.5564 


41° 


1,7992 


1.3849 


71° 


2,5507 


1.1096 


12° 


1.5882 


1.5537 


42° 


1.8122 


1.3765 


72° 


2.5998 


1,1011 


13-^ 


1,5913 


1.5507 


43° 


1,8256 


1.3680 


73° 


2.6521 


1.0927 


14° 


1.5946 


1.5476 


44° 


1.8396 


1.3594 


74° 


2.7081 


1.0844 


15° 


1.5981 


1,5442 


45° 


1,8541 


1.3506 


75° 


2.7681 


1.0764 


16° 


1.6020 


1.S40S 


46° 


1.8691 


1.3418 


76° 


2.8327 


1.0686 


17° 


1.6061 


1.5367 


47° 


1,8848 


U329 


77° 


2.9026 


1.0611 


18° 


1.6105 


1.5326 


48° 


1.9011 


1.3238 


78° 


2.9786 


1.0538 


19° 


1.6151 


1.5283 


49° 


1.9180 


1.3147 


79° 


3.0617 


1.0468 


20° 


1.6200 


1.5238 


50° 


1,9356 


1.3055 


80° 


3.1534 


1.0401 


21° 


1.6252 


1.5191 


51° 


1,9539 


1.2963 


81° 


3.2553 


1.0338 


22° 


1.6307 


1,5141 


52° 


1.9729 


1.2870 


82° 


3.3699 


1,0278 


23° 


1.6365 


1,5090 


53° 


1.9927 


1.2776 


83° 


3.5004 


1.0223 


2+° 


1.6426 


1.5037 


54° 


2.0133 


1.2681 


84° 


3.6519 


1.0172 


25° 


1.6490 


1,4981 


55° 


2.0347 


1.2587 


85° 


3,8317 


1.0127 


26° 


1.65S7 


I.+924 


56° 


2.0571 


1.2492 


86° 


4.0S28 


1.0086 


27'' 


1.6627 


1.4864 


57° 


2.0804 


1.2397 


87° 


4.3387 


1.0053 


28° 


1.6701 


1.4803 


58° 


2.1047 


1.2301 


88° 


4.7427 


1.0026 


29° 


1.6777 


1,4740 


59° 


2,1300 


1.2206 


89° 


5.4349 


1.0008 
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